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Abstract

New symmetry properties are found for pointlike scalar and Dirac particles (Higgs boson and
all leptons) in Riemannian and Riemann-Cartan spacetimes in the presence of electromagnetic
interactions. A Hermitian form of the Klein-Gordon equation for a pointlike scalar particle in an
arbitrary n-dimensional Riemannian (or Riemann-Cartan) spacetime is obtained. New conformal
symmetries of initial and Hermitian forms of this equation are ascertained. In the above spacetime,
general Hamiltonians in the generalized Feshbach-Villars and Foldy-Wouthuysen representations
are derived. The conformal-like transformation conserving these Hamiltonians is found. Corre-
sponding conformal symmetries of a Dirac particle are determined. It is proven that all conformal

symmetries remain unchanged by an inclusion of electromagnetic interactions.
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I. INTRODUCTION

A determination of symmetry properties of elementary particles is one of the most im-
portant problems of contemporary particle physics. Symmetries of basic relativistic wave
equations describing pointlike particles with spin 0 (Higgs boson) and 1/2 (all leptons) retain
an important place among these properties. Intensive studies of such symmetries began fifty
years ago with the seminal work by Penrose [1]. He discovered the conformal invariance of
the covariant Klein-Gordon (KG) equation [2] for a massless scalar particle in Riemannian
spacetimes and supplemented this equation with a term describing a nonminimal coupling to
the scalar curvature. Chernikov and Tagirov [3] have studied the case of a nonzero mass and
n-dimensional Riemannian spacetimes. The inclusion of the additional Penrose-Chernikov-
Tagirov (PCT) term has been argued for both massive and massless particles [3]. Accioly
and Blas [4] have performed the exact Foldy-Wouthuysen (FW) transformation for a massive
spin-0 particle in static spacetimes and have found new telling arguments in favor of the
predicted coupling to the scalar curvature. A derivation of the relativistic FW Hamiltonian
is very important for a comparison of gravitational (and inertial) effects in classical and
quantum gravity because the FW representation restores Schrodinger-like forms of Hamil-
tonians and equations of motion. These forms are convenient for finding a semiclassical
approximation and a classical limit of relativistic quantum mechanics (see Refs. [5-9] and
references therein).

However, the transformation method used in Ref. [4] is not applicable to either mass-
less particles or nonstatic spacetimes. To find a specific manifestation of the conformal
invariance in the FW representation which takes place just for massless particles, the gen-
eralized Feshbach-Villars (GFV) transformation [10] applicable for such particles have been
performed [11]. The subsequent relativistic FW transformations has made it possible to
derive the FW Hamiltonians for the both massive and massless scalar particles in general
noninertial frames and stationary gravitational fields. The new manifestation of the confor-
mal invariance for massless particles consisting in the conservation of the FW Hamiltonian
and the FW wave function has been discovered. New exact FW Hamiltonians have been
obtained for both massive and massless scalar particles in general static spacetimes and in
frames rotating in the Kerr field approximated by a spatially isotropic metric. The high-

precision expression for the FW Hamiltonian has been derived in the general case. It has also



been shown that conformal transformations change only such terms in the FW Hamiltonians
that are proportional to the particle mass m.

In the present work, we consider the much more general problem of scalar and Dirac
particles in arbitrary gravitational (noninertial) and electromagnetic fields and find (on a
quantum-mechanical level) new symmetry properties relative to conformal transformations
not only in the FW representation but also in initial representations. These properties are
attributed to all known pointlike scalar and Dirac particles (Higgs boson and leptons) and
also to the hypothetic pseudoscalar axion.

We denote world and spatial indices by Greek and Latin letters o, p,v,... =
0,1,2,3, 4,7, k,... = 1,2,3, respectively. Tetrad indices are denoted by Latin letters from
the beginning of the alphabet, a,b,c,... = 0,1,2,3. Temporal and spatial tetrad indices are
distinguished by hats. The signature is (+ — ——), and the Ricci scalar curvature is defined

by R = ¢"R,, = ¢"R"

« . a . .
oy Where R® 5 = 051", — ... is the Riemann curvature tensor.

The denotation f, means 0f/(0x"). We use the system of units h =1, ¢ = 1.

II. HERMITIAN FORM OF THE KLEIN-GORDON EQUATION AND CONFOR-
MAL SYMMETRY FOR A POINTLIKE SCALAR PARTICLE

The covariant KG equation with the additional PCT term |1, 13] describing a scalar particle

in an n-dimensional Riemannian spacetime is given by

(O+m?> - ARy =0, O= \/%_gau\/—_gg’“’@w (1)
Minimal (zero) coupling corresponds to A = 0, while the PCT coupling is defined by A =
(n — 2)/[4(n — 1)] [3]. The sign of the Penrose-Chernikov-Tagirov term depends on the
definition of R. For noninertial (accelerated and rotating) frames, the spacetime is flat and

R =0.

For a massless particle, the conformal transformation

g/u/ = O_2g;w (2)

conserves the form of Eq. (Il) but changes the wave function and the operators acting on it

11, 13]:

n+2
2

O-AR=0""% (O-AR)0Z, ¢=0"71. (3)
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To specify symmetry properties of the initial KG equation (), it is instructive to present

it in the Hermitian form. Amazingly, this can be achieved with the simple nonunitary

’QD = f_lq)a .f = \/ 900\/__’ g= det Guv- (4)

Since § = O~ *"g, ® is invariant relative to the conformal transformation (2)). This invariance

transformation

takes place only for a massless particle. After the transformation (4]), we multiply the

obtained equation by the factor f/¢” and come to the Hermitian form of the KG equation:
1 o1 m?* AR

The use of Eqs. ([@)—) shows that Eq. (Bl is conformally invariant for a massless
particle. However, it is not conformally invariant for a massive one. To determine its
conformal symmetry in the latter case, it is sufficient to find a physical quantity that when
substituted for m restores the conformal invariance of Eq. (B). For this purpose, we can use

the quantity m’ which is equal to m in the initial spacetime and takes the form
m' = Om' (6)

after the conformal transformation (2)). The equation obtained from Eq. (Bl) with the

substitution of m’ for m,
1 Lo 1 m”® AR
<?auv —99" 8,,? + 70 W) ¢ =0, (7)

is conformally invariant. While this equation does not describe a real particle and is not
equivalent to Eq. (), finding the appropriate substitution (@) determines the conformal
symmetry of the suitable equation (Bl). The determination of a new symmetry property for
massive particles is rather important because the only discovered pointlike scalar particle,
the Higgs boson, is massive.

Thus, we can conclude that Eq. () is not changed by the conformal-like transformation
Guw =072gu, m-—m m = Om'. (8)

In particular, this transformation does not change the wave function ®. In the general case,
we can substitute any quantity satisfying Eq. (6) for m into Eq. ().
We can now state the conformal symmetry of the initial KG equation (). The substi-

tution of m’ for m makes the changed equation conformally invariant with the following
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properties:
O+ m? - AR =030+ m - AR)O™,
V=079

These properties establish the conformal symmetry of the covariant KG equation (II) and

(9)

the specific form of its invariance relative to the conformal-like transformation ().

The method of the FW transformation used in Ref. [11] is applicable to nonstationary
spacetimes. However, only the stationary case has been considered in this work. To make
a more general investigation of symmetry properties in the FW representation, we need to
present Eq. (@) in another (equivalent) form.

Let us introduce the following denotations:

M- veag 60 =g - (10)
Lengthy but straightforward calculations bring Eq. () to the form
Gij m2
[(80+T)2+8iﬁaj+ﬁ+/\] d =0, (11)
where . L o
. g i
YT=—10,1"}===20;, ==
2f' {?Z’ } f 2 ' a’l? 00 ) '
~ Joo 9"\ fo 59" fou 9"\ [t
AN=—2m — | = | == —27— — =) =
f 9°) . 9™ f 9%°) o f
1 (g% 1 (g% . PUA (12)
_ (9 () o .
9 <900>0i 22 <goo)i d 9 2g00 i

1, G\ f; G9f.; AR
Ly o (G Lo Gl AR
afz \ g0 ) g f g0

This form of the KG equation is also Hermitian and the wave function is not changed as
compared with Eq. (). The replacement of m with m’ makes Eq. (I to be conformally

invariant. Therefore, Eq. (1)) is invariant relative to the conformal-like transformation (8)).

III. CONFORMAL SYMMETRIES OF HAMILTONIANS

To fulfill the successive GFV and FW transformations, we use the method developed in
Ref. [10] and applied to the covariant KG equation in Ref. [11]. The original Feshbach-
Villars method does not work for massless particles while its generalization |10] makes it

possible to extend the method to such particles.



We introduce two new functions, ¢ and y, as follows [10, [11]:

D=6+x, i(B+T)D= N6 (13)

where N is an arbitrary nonzero real parameter. For the Feshbach-Villars transformation,

it is definite and equal to the particle mass m. These functions form the two-component

wave function in the GFV representation, ¥ = ¢ . Equations ([Il) and (I3]) result in
X

(cf. Ref. [11])

L0 N2+ T ~N?>+T

=HU, ’ — Y
8t = = pé 2N P2 2N v (14)
T =0 50+ A,
g%

where H is the GFV Hamiltonian and p; (z = 1,2,3) are the Pauli matrices. Equation (I4])
is exact.
For a massless particle, this Hamiltonian is not changed by the conformal transformation
([@). In the general case, it is invariant relative to the conformal-like transformation (8]).
The general methods developed in Refs. [6, 18, [10] allow us to perform the FW transfor-
mation of the Hamiltonian (I4]) for a relativistic particle in external fields. These methods

are iterative. The initial Hamiltonian can be presented in the general form

H=psM+E+0O, psM=Mps, (15)
ps€ =Eps,  psO = —0Ops,
where £ and O denote the sums of even (diagonal) and odd (off-diagonal) operators, respec-

tively. In the considered case, [M, O] = 0,

N24+T _N24+T
:—.T :. —_—
ON & [ @ L2 IN )

and the transformation operator found in Ref. [8] reduces to the form [10, [11]

o FNTole=N) Ao VT (17)
2vVeN

This transformation operator is ps-pseudounitary (UT = psU ™' ps).

M =

(16)

It is important that the Hamiltonian obtained as a result of the transformation with the

operator (I7) does not depend on N [10]:
H =pse + &+ O pgé'/ E'ps,  p30' = —0O'ps,
1
F =—igy —iT.



This shows a self-consistency of the used transformation method. The ezact intermedi-
ate Hamiltonian (I8)) describes massive and massless particles and is not changed by the
conformal-like transformation (8]).

The next transformation [10] eliminates residual odd terms and leads to the final form of

the approximate relativistic FW Hamiltonian:

Hew = pac —iT - 7 Ve, [V, (id +iT)]] %

This final Hamiltonian is also invariant relative to the conformal-like transformation (8)). As

(19)

a rule, the relativistic FW Hamiltonian is expanded in powers of the Planck constant and
is useful when the de Broglie wavelength is much smaller than the characteristic distance
[8]. In such a Hamiltonian, terms proportional to the zeroth and first powers of the Planck
constant are determined exactly while higher-order terms are not specified (see Ref. [12]).
As a result, the last term in Eq. (I9) can be omitted if it is proportional to the second or
higher orders of h.

IV. INCLUSION OF ELECTROMAGNETIC INTERACTIONS

Fortunately, an inclusion of electromagnetic interactions does not lead to any significant

complication of the above derivations. The initial covariant KG equation takes the form
(6" (V. + ieA,)(V, +ied,) + m® — AR ¢ = 0, (20)

where V,, is the covariant derivative and A, is the electromagnetic field potential. This

equation is equivalent to the following one:

1
(\/—__gDu\/—_gg'uyD,, + m2 — >\R) ¢ = 0, (21)

where D, = 0, + ieA,. The nonunitary transformation () brings it to the Hermitian form

corresponding to Eq. (H):
2 AR
( “\/ g'uVD + ;n— - W) b =0. (22)

It is convenient to present this equatlon in the equivalent form [cf. Eq. ()]

(D0+T’)2+D,GOOD + — +A o =0,
g g%
1 , 1 g%
T=—{0,T"}=-=-4D;, = 23
2f{8’ }f 2{ ’QOO}’ (24)
i m2
T’:DZQOOD + 5 + A,
g%



where G¥ and A are defined by Eqgs. ([0) and (IZ), respectively.
A repeat of the transformation given above allows us to derive the Hamiltonian in the

GFV representation:

N2+ T — N2+ T
27\, + o 2; _ T + eA,. (24)

H=ps

The FW transformation can be fulfilled with the operator (I7) where ¢ = v/T’. The
transformed operator H' is independent of N. The final approximate FW Hamiltonian is
given by (e = VT7)

HFW = pP3€ — Y’ + €A0
1 . . 1 (25)
_2—\/E [\/E, [\/E, (7180 + ZT/ - 6A0)]:| %

The last term in Eq. (25]) can be omitted if it is proportional to the second or higher orders
of h (see previous section).

All Hamiltonians obtained with the inclusion of electromagnetic interactions (H, H', and
Hpw) are invariant relative to the conformal-like transformation (). The Hamiltonians are
conformally invariant for a massless particle. Thus, this inclusion does not change the
conformal symmetries of the Hamiltonians.

In Secs. MHIV], we considered a scalar particle in Riemannian spacetimes. However, all
results obtained remain applicable to Riemann-Cartan spacetimes. The spacetime torsion
does not affect the Hamiltonian of a massless particle and the corresponding equation of
motion. In particular, the torsion couples only to the particle spin and is not attached to

the orbital angular momentum of a test particle [13].

V. CONFORMAL SYMMETRY PROPERTIES OF DIRAC PARTICLES

It is easy to determine the conformal symmetry properties of a pointlike Dirac particle.
It has been established in Ref. [11] that the Dirac and FW Hamiltonians for a massless
particle and the corresponding wave functions are invariant relative to the conformal trans-
formation (2)). The initial covariant Dirac equation is also conformally invariant relative to
this transformation. After the conformal transformation (2)), the wave function of the Dirac
equation for a massless particle acquires the additional factor O%/2 [11].

These results can be extended to massive particles. A pointlike particle in Riemannian

spacetimes is described by the covariant Dirac equation (see Refs. [14, [15] and references
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therein)
(thy*Dy — me) 1 = 0, - D, =¢elD,, (26)
D, =8, +ieA, + ia"bfwb,
where D,, is the covariant derivative, o® (7 AP vbva) /2, and the Dirac matrices 7* are
defined in local Lorentz (tetrad) frames. The anholonomic components of the connection
are |14, [15]

1
Fuab = _Fuba = 6ZFcaba Fcab = 5 (_Ccab + C1abc - C1bca) 5 Cabc = QZQZ(QCV,M - 6cp,u)a (27)

where ¢}, is the tetrad and e} is the inverse tetrad. It is convenient to parametrize the

spacetime metric as follows [15]:
ds* = V3(d2®)? — 5=W" W, (da* — K*da®) (da' — K'dz"). (28)

The functions V and K*, as well as the components of the 3 x 3 matrix W?j may depend
arbitrarily on 2*. It can be proven [15] that this parametrization defines ten independent
variables that describe the general spacetime metric. This is a modified version of the well-
known parametrization of a metric proposed by Arnowitt et al. |16] and De Witt [17] in the
context of the canonical formulation of the quantum gravity theory; the off-diagonal metric
components g% = K'/V? are related to the effects of rotation. The parametrization (28) is
general and covers any Riemannian and Riemann-Cartan spacetimes.

The preferable choice of the tetrad [18] is the Schwinger gauge

el = V50 ¢, = W' (81 — K76,
eh== 7 (5’3+5’;KZ), et = KW,

where the inverse 3 X 3 matrix, W’;W@- = 5;»,

(29)

is introduced. The Schwinger gauge is
characterized by the conditions ei6 =0, e% = 0.

For the general metric (28)) with the tetrad (29) we find explicitly [15]

T = % W0,V e, — % Q) e (30)
T = % Qe + (Qt P+ Gt Qt,w> e, (31)
where
Q; = ggW'; (Wh+ Km0, Wh + Wh,aK™), (32)
o T N L 1 (33)



The dot * denotes the derivative with respect to the time ¢t = 2°. Here Q}i;E is nothing but
the anholonomity object for the spatial triad sz. The indices (which all run from 1 to
3) are raised and lowered with the help of the spatial part of the flat Minkowski metric
gar = diag(l, =1, =1, —1), gz = —d;;.

In Riemann-Cartan gravity, the connection (27) should be added by a contribution of a

spacetime torsion and takes the form
1 C
F,uab = §eﬂ (_Ccab + Cabc - Cbca) - K,uab- (34>

The post-Riemannian contortion tensor is given by [19]

1
K,uab = D pba = 5 (_T,uab + Tabu - Tb,ua) )

b b
Tiva = ~Typa = €avy — Capw + L pa€y — Tipac,- (35)

To calculate the contribution of the spacetime torsion, it is convenient to use the compo-

nents of the axial torsion vector

1
T — — 5 nadeTbcda (36)

where 7" is the totally antisymmetric Levi-Civita tensor (1155 = —néié‘s’ =+1).

A direct check shows [20] that the Hamiltonian form of the initial Dirac equation (20])
is characterized by a non-Hermitian Hamiltonian. To avoid this difficulty, one can define a

new wave function as follows [15, 19, 20]:

¥ = (v=ged) """ v. (37)

This form of the nonunitary transformation operator is universal and is applicable to any
Riemannian and Riemann-Cartan spacetimes.

For both the Riemannian and Riemann-Cartan spacetimes, the Hermitian Hamiltonian
is given by [19]

H = pBmV +eAy+ 1ozz{]:j;, 7}
+1(K-w+w-K)+Z(E-2—T%), (38)

2
T=-Veres + VI, == Qq - VT,

where ]-"j; = Vng, V5 = —i767T7§7§, and €7F is the three-dimensional totally antisymmet-

ric Levi-Civita tensor (e'** = 1).
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The conformal transformation of the metric parameters has the form
V=0V, Wi,=0"'W), Wi.=0W": K-=K.

As a result,

Cure = OCue, Q= Qp, €= 0, Fip = Fi, (39)

ijk ijk?

The conformal transformation (2)) does not change the contortion tensor K, 4. In compliance
with this, 7% = OT".

Thus, ZE == and T = T. The above-mentioned relations show that the Hermitian
Dirac Hamiltonian (B8] is invariant relative to the conformal transformation (2]) for massless
particles [11] and relative to the conformal-like transformation (8) for massive ones.

We can also note that the anholonomic components of the connection (local Lorentz
connection [19]) I',, o remain unchanged by the conformal transformation. These components
together with the tetrad e, form the Poincaré gauge potentials [19]. Among these potentials,
only the tetrad is changed by the conformal transformation.

It is easy to find the conformal symmetry of the FW Hamiltonian. Equation (38]) can be
presented in the form (I5) (with p3 — /), where

1 1 1 - .
M =mV, 526A0+§(K'7T—|—7T-K)—I—ZE-E, 0:50/{]:3;,%]-}—’1'75. (40)

Equation ([d0) shows that

M=0""M, £€=¢£ 0O=0. (41)
The unitary operator of the FW transformation is given by [§]

M=0 %
" i (ﬁﬁe:tﬁﬁ/\/l —0)? g e VMO )

This operator is invariant relative to the conformal-like transformation (§]). After the first

iteration with the operator (42), next iterations eliminate residual odd terms. The final

approximate FW Hamiltonian is equal to [§]

1 1 0
Hpw = fe+E+ 1 {ma (810,10, M]| -0, [O,]:H)} , F=E- Zha-
(43)
Evidently, this Hamiltonian (whose explicit form is obtained in Ref. [19]) is also invariant

relative to the conformal-like transformation () in the general case.
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The wave function of the equation for the Hermitian Dirac Hamiltonian,

OV

iy = HU, (44)
satisfies Eq. (B7). It is invariant relative to the conformal-like transformation. The FW
wave function also possesses this property. The use of Eq. (B1) allows us to obtain the
following property of the wave function of the initial Dirac equation (26) relative to the

conformal-like transformation:

b = 0%y, (45)

Contrary to the conventional conformal invariance, this property is valid for both massive
and massless particles.

All properties stated in this section are valid in the presence of electromagnetic interac-
tions.

We can conclude that the previously ascertained similarity between massless scalar and
Dirac particles in Riemannian spacetimes |11] exists for any pointlike particles in both
the Riemannian and Riemann-Cartan spacetimes and is not violated by electromagnetic

interactions.

VI. SUMMARY

In the present work, new symmetry properties have been found for fundamental pointlike
scalar and Dirac particles (Higgs boson and all leptons) in Riemannian and Riemann-Cartan
spacetimes. All results are general and have been obtained in the presence of electromagnetic
interactions. The KG equation for a pointlike scalar particle in arbitrary n-dimensional
Riemannian (or Riemann-Cartan) spacetimes has been brought to the Hermitian form ().
This form is useful to derive the general Hamiltonians in the GFV and FW representations.
The GFV Hamiltonians (I4]) and (24]) are exact. The corresponding FW Hamiltonians (19)
and (25) are approximate. They are expanded in powers of the Planck constant and are
useful when the de Broglie wavelength is much smaller than the characteristic distance.
Nevertheless, these Hamiltonians are rather general. They cover the nonstationary case and
can be applied for a relativistic particle in arbitrarily strong gravitational and inertial fields.
In the FW Hamiltonians, terms proportional to the zeroth and first powers of the Planck

constant are determined exactly while higher-order terms are not specified.
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New conformal symmetries of the initial and Hermitian forms of the KG equation were
ascertained. When the mass is replaced with any quantity m’ satisfying the conformal
transformation (@), the changed equations become conformally invariant. This property
defines the conformal symmetries of the conventional and Hermitian KG equations. The
latter equation as well as the obtained Hamiltonians in the GFV and FW representations is
invariant relative to the conformal-like transformation (8]).

Corresponding conformal symmetries are also determined for both massive and massless
Dirac particles. The Dirac and FW Hamiltonians are invariant relative to the conformal-like
transformation (&]). This transformation also defines the conformal symmetry of the initial
Dirac equation for a massive particle. When m’ defined by Eq. () is substituted for m, the
Dirac wave function has the property (45).

It has been proven that all conformal symmetries remain unchanged by an inclusion of
electromagnetic interactions. Thus, the results obtained in the present study have allowed
us to state the general properties of conformal symmetry for pointlike scalar and Dirac
particles (Higgs boson and all leptons) in Riemannian and Riemann-Cartan spacetimes in

the presence of electromagnetic interactions.
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