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Abstract
Several of the Eringen’s nonlocal stress models, including two-phase and purely nonlocal integral
models, along with the simplified differential model, are studied in case of free longitudinal vibrations
of a nanorod, for various types of boundary conditions. Assuming the exponential attenuation kernel
in the nonlocal integral models, the integro-differential equation corresponding to the two-phase
nonlocal model is reduced to a fourth order differential equation with additional boundary conditions
taking into account nonlocal effects in the neighbourhood of the rod ends. Exact analytical and
asymptotic solutions of boundary-value problems are constructed. Formulas for natural frequencies
and associated modes found in the framework of the purely nonlocal model and its ”equivalent”
differential analogue are also compared. A detailed analysis of solutions suggests that the purely
nonlocal and differential models lead to ill-posed problems.
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1. Introduction
The first ideas of nonlocal theory of elasticity arise from the publications of Kröner [1], Kunin [2],
Krumhansl [3], and Edelen and Laws [4], [5]. The conventional formulation of the nonlocal elasticity
was completed by Eringen in [6], [7], and, [8], summarized in his well-known monograph [9]. After
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these papers of Eringen, numerous contributions followed, studying deformations of nanoscale beams,
plates and shells, as well as discrete nanostructures including nanotubes and graphene within the general
framework of continuum mechanics.

According to the classical nonlocal elasticity, the stresses at a given local point of a continuum medium
depend on the strains evaluated not only at the point itself, but also in the overall volume. Clearly,
this general integral constitutive relation leads to sophisticated integro-differential equations, which are
challenging even for 1D problems. Therefore, a simplified differential form was proposed by Eringen
[6], which may be considered as equivalent to general integral formulation for certain problems, e.g.
propagation of plane waves in an unbounded medium.

Over the last fifteen years, this differential formulation has been often employed as a framework for
problems in stability and vibrations of nano- beams, plates and shells, as well as carbon nanotubes, see
e.g. relatively early works [10, 11], and also some more recent [12]-[18] to name a few. Below we refer
to the model with general integral constitutive relation as ”purely nonlocal integral model” (PNIM), and
to the ”effective” differential model as ”differential nonlocal model” (DNM).

Adoption of this model led to a number of novel mechanical effects. These are mostly related to
increase in deflections and decrease of the eigenfrequencies and critical loads as the effect of nonlocality.
The only exception from this pattern seemed to be the behaviour of a cantilever nanobeam. Indeed, for the
latter the action of a concentrated load does not reveal any nonlocal effects. This phenomena was noted
in [10], and also in [19] and [20], implying that the DNM is not consistent. Moreover, it has been shown
recently in [21], that the results provided by DNM for extension of a nanorod contradict the integral
constitutive relations of PNIM based on the exponential kernel.

This contradiction is seemingly due to the formulation of certain boundary conditions and the choice of
the kernel in the original PNIM as well. For example, the free ends boundary conditions within DNM are
commonly written in terms of macroscopic stresses, see e.g. [12], [13], [16], which is in obvious violation
with the general integral representation taking in consideration all of the near-boundary effects. So, for
the case of fixed-free boundary conditions, Aydogdu [16] found the natural frequencies (see Eq. (15) in
the paper) from the trigonometric solution which satisfies the boundary condition for a free end in terms
of the macroscopic axial stress but not the nonlocal stress. As will be shown later, in case of kinematic
boundary conditions (both ends are fixed) the differential model equivalent to PNIM with the exponential
kernel does not account for boundary effects, caused by nonlocal effects of nano-structures.

Thus, in general case, DNM is inconsistent since it does not allow rigorous treatment of boundary
conditions in terms of stresses, and does not provide an adequate description of deformations of a nano-
structure in the near-boundary domain. Similar conclusions were presented in a recent work [22] for the
conventional Gaussian kernel, comparing corrections arising from the boundary layer and the nonlocal
effect within the media. It is concluded in the abovementioned paper, that the nonlocal effects within the
media are of higher asymptotic order than those arising from rigorous asymptotic treatment of boundary
conditions. The approach was later extended to thin Kirchhoff plates, for more detail see [23].

We also note interesting results obtained in [24] for static deflection of a nonlocally elastic beam
subjected to transverse load of arbitrary profile. It turned out that the solutions provided by DNM and
PNIM for the same load are in good agreement only when the loading satisfies additional conditions,
formulated in [25].

Another situation, when DNM is apparently valid, is related to the case of strong localization of the
field, occurring far away from the boundaries of a nano-structure. For example, we mention [26, 27],
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studying free localized vibrations of carbon nanotubes, incorporated into inhomogeneous elastic matrix.
Indeed, within the framework of DNM applied to elongated thin shells the strongly localised solutions
were obtained, decaying rapidly away from certain contours located far away from the ends of single-
walled and double-walled nanotubes, see [26] and [27], respectively.

As for pure nonlocal integral model (PNIM), its application to a problem of static bending of a beam
[24] leads to a couple of canonical integral Fredholm equations of the first kind, hence, in case of arbitrary
load, the problem is ill-posed, see e.g. [28]. A rigorous proof of the fact for bending of a beam relying on
PNIM has recently appeared in [29].

The issue may be resolved, if one employs the so-called two-phase nonlocal model (TPNM), suggested
by Eringen [30, 31], which takes into account contributions of both local and nonlocal components in the
constitutive relation. We mention here the paper [20], along with more recent contributions [32], [33] and
[34], applying TPNM to Euler-Bernoulli beams and roads. It has been shown in [29] that the problem of
a static bending of a beam is well-posed and possesses a unique solution for TPNM. We also cite a recent
treatment of Timoshenko beams within TPNM [35].

The two-phase model was also applied to other problems, for example, to extension of nanorods,
see [21, 36]. The eigenforms for the Euler-Bernoulli beam were studied [37] using the discretisation of
TPNM. At the same time, the authors are unaware of existing analytical methods for dynamics of nano-
beams, plates and shells within the framework of TPNM. Such problems reduce to the Fredholm type
integro-differential equations, differing significantly from the previously known static results. Therefore,
additional investigation is of interest.

The aim of the present work is to study the problem of free longitudinal vibrations of a nanorod
described within the TPNM framework. Since the two-phase model admits PNIM as a limiting case, as
well as the conventional local elasticity theory, a comparison of natural frequencies will be performed,
including those obtained for DNM.

The main body of this paper begins, in Section 2, from a brief description of the models of nonlocal
elasticity, including PNIM, DNM and TPNM. Then, in Section 3 the formulation of the problem of
free vibrations of a nanorod is presented. Then, some preliminary insights related to comparison of the
nonlocal models, are discussed in Section 4. The exact and asymptotic solutions of the problem are
derived in Section 5, leading to discussions and qualitative conclusions in Sections 6 and 7.

2. Eringen’s nonlocal models

2.1. Purely nonlocal integral model
According to the purely nonlocal integral model of elasticity (PNIM), see e.g. [9], the stress tensor σkl at
any body point x = (x1, x2, x3) is governed by the following constitutive relation

σij(x) =
∫
V

K(|x− x′|, ε)σ(c)
ij (x′)dV (x′), (1)

where σ(c)
ij is the macroscopic (classical) stress tensor at x′, V is the region occupied by an elastic body,

K(|x− x′|, ε) is the kernel or attenuation function which is positive and decays rapidly at |x− x′| → ∞,
and ε is the dimensionless nonlocal parameter reflecting the size effect and expressed as

ε =
e0a

lc
. (2)
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Here, e0 is an appropriate material constant, a is an internal characteristic length (e.g., lattice parameter,
granular distance or C-C bond), and lc is an external typical length (e.g., wave-length, a characteristic size
of a body). In addition, when ε→ 0, the kernel functionK reverts to the Dirac delta function δ(|x− x′|).

The choice of the kernel K depends on the material and problem under consideration, its form
and parameters being determined by matching the dispersion curves of plane waves with those
of atomic lattice dynamics or experiments [7, 38]. The most commonly used kernel functions are
exponential [8, 24, 33, 35, 36] and Gaussian [39, 40, 41] ones, sometimes the modified Bessel function
is applied [8, 38, 42]. The exponential kernel are utilized, as a rule, in 1D-problems.

2.2. Differential nonlocal model
The differential nonlocal model (DNM) may be reduced from PNIM as follows [8]. We assume that K
is a Green’s function of a linear differential operator LE , i.e.

LEK(|x− x′|, τ) = δ(|x− x′|). (3)

Then, on applying this operator to Eq. (1), one can obtain the following equation:

LEσij(x) = σ
(c)
ij (x). (4)

In particular, considering the kernel K in the form of 2D Gaussian function, Eringen [8] proved that LE
is the diffusion operator, and for the kernel in the form of 2D Bessel function, he found

LE = (1− ε2l2c∇2), (5)

therefore,
(1− ε2l2c∇2)σij(x) = σ

(c)
ij (x). (6)

Eringen [8] has justified this equation by considering the Born-Kármán model of the crystal lattice
dynamics and equating the derived expression of the frequency to that of plane waves obtained in the
framework of the nonlocal elasticity theory. Also, matching the results obtained by different approaches,
he found e0 ' 0.39. Recently published papers, which adopted this model (DNM) for studying vibrations
of nonlocal beams, plates and shells, showed that the magnitude of e0 is influenced by the type of
vibration modes and scattered at the width range of zero to more than ten (e.g., see brief reviews of
related papers in [43, 44]). Furthermore, its application to carbon nanotubes has revealed that e0 depends
on the tube size and chirality as well [43].

We remind again that in spite of the inconsistency of DNM in a number of cases, it has been used in
numerous studies for analysis of mechanical behaviour of nano-beams and carbon nanotubes (we refer
again to papers [12]-[18]).

2.3. Two-phase nonlocal model
Consider the two-phase nonlocal model (TPNM) which is also called as the local-nonlocal mixed
constitutive one. According to Eringen’s formulation [30], it is expressed by equation

σij(x) = ξ1σ
(c)(x) + ξ2

∫
V

K(|x− x′|, ε)σ(c)
ij (x′)dV (x′), (7)
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where ξ1 and ξ2 are the volume fractions of the local and non-local phases, respectively. It is clear that
ξ1, ξ2 are positive constants and ξ1 + ξ2 = 1. When ξ1 → 0, Eq. (7) degenerates into (1) corresponding
to PNIM, and for ξ1 = 1, one has the constitutive equations

σij(x) ≡ σ(c)(x) = Cklijekl(x) (8)

for the classical (local) elasticity, where Cklij denotes the components of the fourth-rank tensor of
classical isotropic elasticity, and ekl are the components of the strain tensor at x. We will show below that
the limiting process at ε→ 0 also results in the classical constitutive equations, this degeneration being
uniform by ξ1.

The simplified version of Eq. (7) for 1D problem is used in what follows.

3. Governing equations and boundary conditions
We shall consider a uniform rod of length L with Young’s modulus E, and density ρ. Let x1 be the
coordinate directed along the rod’s length, u the longitudinal displacement of the rod’s cross section, and
σ = σ11 the axial stress corresponding to the linear stress-strain state in the rod. Then, the differential
equation governing the small longitudinal vibrations in absence of external load can be written as

∂σ

∂x1
− ρ∂

2u

∂t2
= 0, (9)

where t is time.
Let x, τ be the dimensionless counterparts for x1, t, respectively, which are introduced as

x1 = lcx, t = tc τ, (10)

where lc = L is the external characteristic size for the beam, and tc =

√
ρl2c
E

is the characteristic time.

For free vibrations,
u = lc y(x) exp (iω τ), (11)

where ω is a required dimensionless natural frequency.
Assuming one of the above mentioned models and substituting (10), (11) into (9), one obtains the

appropriate governing equations in the dimensionless form:

for PNIM :
1

2ε

d

dx

∫ 1

0

R(|x− s|, ε)y′(s)ds+ ω2y = 0, (12)

for DNM : (1− ε2ω2)
d2y

dx2
+ ω2y = 0, (13)

for TPNM : ξ1
d2y

dx2
+
ξ2
2ε

d

dx

∫ 1

0

R(|x− s|, ε)y′(s)ds+ ω2y = 0, (14)

where R(|x− s|, ε) = K(lc|x− s|, ε), and the prime {′} denotes differentiation by s.
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Here we consider three types of boundary conditions, namely, conditions of clamped ends, free ends,
and their combination. For clamped ends (CC conditions),

y(0) = y(1) = 0, (15)

for free ends (FF conditions),
σ(0) = σ(1) = 0, (16)

and for clamped and free ends (CF conditions),

y(0) = σ(1) = 0. (17)

It should be noted that the boundary condition for a free edge written in terms of the displacement y
depends on the type of a model accepted. Indeed, for the PNIM and TPNM, these conditions are given
by ∫ 1

0

R(|x− s|, ε)y′(s)ds = 0 (18)

and

ξ1
dy

dx
+
ξ2
2ε

∫ 1

0

R(|x− s|, ε)y′(s)ds = 0, (19)

respectively, at x = 0 or/and x = 1. As for the DNM represented by Eq. (13), to state the appropriate
condition(s), one needs first to find the stress σ from either Eq. (9) or the differential equation

ε2
d2σ

dx2
− σ = −E dy

dx
. (20)

Obviously, in order to find the natural frequency ω and the associated eigensolution of (20), an additional
boundary condition at the free edge should be derived, depending on the kernel in the original PNIM.
Another option is to revert to the original PNIM and satisfy the boundary condition (18).

4. Brief analysis of nonlocal models. Equivalent differential equation
Let e0a� lc, so that a parameter ε defined by (2) may be considered as a small one. When ε→ 0, each
of the above nonlocal models reverts to the classical local model with the governing equation

d2y

dx2
+ ω2y = 0 (21)

and the boundary conditions y = 0 and y′ = 0 for the clamped and free edges, respectively.
As a preliminary, consider the DNM, which is relatively simple and used frequently by many authors.

The brief analysis shows that it is inconsistent, since the total degree of the differential equations (13),
(20) is higher then the number of boundary conditions. Indeed, although equation (13) admits the explicit
solution

y = c1 sinλx+ c2 cosλx, (22)

where
λ =

ω√
1− ε2ω2

, (23)
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and c1, c2 are arbitrary constants, the substitution of (22), (23) into (20) does not allow to find neither
stress distribution σ(x) for the CC conditions, nor the natural modes and frequencies, if some of the ends
are free.

To resolve this contradiction, in many papers the boundary conditions for nano-scale stresses σij
are replaced by conditions for the classical (macroscopic) stresses σ(c)

ij . In particular, when considering
bending vibrations of a nanobeam, the boundary conditions for simply supported ends turn out to coincide
for both DNM and classical (local) elasticity [12], however, they are different from those in the framework
of nonlocal integral models (PNIM and TPNM). If we follow this simplified approach in the framework
of DNM, then for the longitudinal vibrations of a nanorod the condition of a free edge (σ = 0) should
be replaced by y′ = 0. As will be shown below, this simplification results in ignoring the size effects
(the edge effect integrals) in the neighbourhood of the beam edge and may lead to serious errors for a
sufficiently short rod.

Now, we shall consider the nonlocal integrals models (PNIM and TPNM) with the exponential kernel

R(|x− s|, ε) = 1

2ε
e−
|x−s|
ε (24)

which is the most commonly used for one-dimensional problems, see e.g. [20, 21], [33] -[37]. Since
PNIM is the limiting case of TPNM as ξ1 → 0, the subsequent transformations will be performed for
equation (14).

Note that
d

dx

∫ 1

0

e−
|x−s|
ε z(s)ds =

1

ε

[
e
x
ε

∫ 1

0

e−
s
ε z(s)ds− e− xε

∫ 1

0

e
s
ε z(s)ds

]
(25)

and
d2

dx2

∫ 1

0

e−
|x−s|
ε z(s)ds =

1

ε2

∫ 1

0

e−
|x−s|
ε z(s)ds− 2

ε
z(x). (26)

Assume the solution y(x) is sought on the set y(x) ∈ C4[0, 1]. Differentiating equation (14) twice and
taking into account equations (24)–(26), one obtains the integro-differential equation

ε2ξ1
d4y

dx4
+
ξ2
2ε

d

dx

∫ 1

0

e−
|x−s|
ε y′(s)ds− ξ2

d2y

dx2
+ ε2ω2 d

2y

dx2
= 0. (27)

Using (14) to exclude the second term in (27), we arrive at the following differential equation of the
fourth order

ε2ξ1
d4y

dx4
−
(
1− ε2ω2

) d2y
dx2
− ω2y = 0, (28)

which will serve as the governing one in our analysis. It should be noted that the same fourth-order
equation (28) has been obtained by Challamel [20, 34] for a special exponential kernel different from (24).

Using equation (25), one can rewrite the boundary conditions (16) for free edges. They read as

ε ξ1y
′(0) +

1− ξ1
2

∫ 1

0

e−
s
ε y′(s)ds = 0 (29)

and

ε ξ1y
′(1) +

(1− ξ1) e−
1
ε

2

∫ 1

0

e
s
ε y′(s)ds = 0 (30)
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for the ends x = 0 and x = 1, respectively. If both ends are clamped, then the boundary conditions are
given by (15).

The number of listed boundary conditions is not sufficient to solve the above boundary-value problems.
The additional conditions may be readily obtained from the initial integro-differential equation (14):

ε2 ξ1y
′′(0) +

1− ξ1
2

∫ 1

0

e−
s
ε y′(s)ds+ ε2ω2y(0) = 0, (31)

ε2 ξ1y
′′(1)− (1− ξ1) e−

1
ε

2

∫ 1

0

e
s
ε y′(s)ds+ ε2ω2y(1) = 0. (32)

Note that conditions (31), (32) are not natural boundary conditions. They reflect the internal nonlocal
effects near the edges. Another variant of the additional boundary conditions associated with the special
kernel in the constitutive equation (7) have been derived in [34], see Eq.(41) in the cited paper.

It is seen that for ξ1 = 0 the governing equation (28) coincides with equation (13) corresponding
to DNM. As for conditions (29)–(30), they revert to the boundary conditions for PNIM, which
do not coincide with the boundary conditions for DNM, and also become inconsistent with the
additional conditions (31), (32) at ξ1 = 0. Thus, within the framework of PNIM (ξ1 = 0), the governing
equation (27) with appropriate boundary conditions (15) or (29), (30) does not have a solution inC4[0, 1].
It should be noted that the revealed defect of the dynamical PNIM model has been recently proved by
Romano et al. [29] addressing static problems for beam bending.

5. Exact and asymptotic solutions of the boundary-value problem

5.1. Exact solution in the TPNM framework
Consider the differential equation (28). It is clear that for y(x) ∈ C4[0, 1], it is equivalent to the integro-
differential equation (14). For any ξ1, ε > 0, this equation has a straightforward exact solution

y = c1 sinαx+ c2 cosαx+ c3e
−βx + c4e

β(x−1), (33)

where

α =

√√
(1− ε2ω2)2 + 4ε2ξ1ω2 − (1− ε2ω2)

2ε2ξ1
,

β =

√√
(1− ε2ω2)2 + 4ε2ξ1ω2 + (1− ε2ω2)

2ε2ξ1
,

(34)

and ci are constants to be determined from the boundary conditions. We note that the third and fourth
terms in (33) describe the edge effects, which are not taken into account within the DNM.

On substitution of (33), (34) into one of the boundary conditions considered, we result in a relation

F (ω, ξ1, ε) = 0 (35)

with respect to the eigen-frequency ω. As ξ1 → 0, we have α→ λ and β →∞, where λ is defined
by (23), and solution (33) transforms to a solution corresponding to PNIM. However, this limiting
passage may lead to considerable computational difficulties when solving the transcendental frequency
equation (35) containing small parameters.
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5.2. Asymptotic solutions (TPNM)
Since ε is a small parameter, the differential equation (27) is a singularly perturbed one, corresponding
to (21) at ε→ 0. In this subsection we construct asymptotic solutions of equation (27) for all studied types
of boundary conditions at ε→ 0. These solutions will provide simple estimates for natural frequencies,
allow the limiting process at ξ1 → 0 and ε→ 0 and also provide a foundation for comparison of different
nonlocal models as well.

We seek the solution in the form of superposition of the two functions, namely ym(x) and ye(x),
corresponding to the main stress state and the edge effect integrals, respectively

y = ym(x) + εγye(x), (36)

where γ is the index of intensity of the edge effect integrals accounting for the influence of non-locality
near the edges. As will be shown below, the value of γ depends on the type of boundary conditions
assumed. The procedure for the index of intensity of the classical edge effect integrals in thin shells is
described in details in [45].

The functions ym(x), ye(x) and required eigenvalue ω are expanded as asymptotic series

ym = ym0 + εym1 + ε2ym2 + . . . , (37)

ye = ye0 + εye1 + ε2ye2 + . . . , (38)

ω = ω0 + εω1 + ε2ω2 + . . . . (39)

It is assumed that

dymk
dx

∼ ymk(x),
d yek
dx
∼ ε−τyek(x) at ε→ 0 for any x ∈ [0, 1], (40)

where τ > 0 is an unknown index of variation of edge effect integrals.
To derive an equation accounting for the edge effects, one needs to assume x = ετζ and x = 1 + ετζ

near the left and right ends of the rod, respectively. In both cases, transforming to a new variable ζ gives
τ = 1 and results in the following differential equation

ξ1
d4ye
dζ4

− (1− ε2ω2)
d2ye
dζ2

− ε2ω2ye = 0 (41)

which is the same for both ends.
Inserting series (38) and (39) into (41) generates a perturbation procedure with respect to yek(ζ). The

resulting two-term solution in terms of the original variable x is given by

ye = a01 e
− x

ε
√
ξ1 + a02 e

x−1

ε
√
ξ1 + ε

[
a11 e

− x

ε
√
ξ1 + a12 e

x−1

ε
√
ξ1 +

ω2
0(1− ξ1)
2
√
ξ31

(
a01 xe

− x

ε
√
ξ1 − a02 (x− 1) e

x−1

ε
√
ξ1

)]
+O(ε2).

(42)

The function ym(x) corresponding to the main stress state may be found from substitution of the
series (37), (39) into the governing equation (28). Equating coefficients by the same powers of ε, we
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deduce

L0ym0 =
d2ym0

dx2
+ ω2ym0 = 0, (43)

L0ym1 = −2ω0ω1ym0, (44)

L0ym2 = −2ω0ω1ym1 + ξ1
d4ym0

dx4
+ ω2

0

d2ym0

dx2
− (2ω0ω2 + ω2

1)ym0, . . . . (45)

Note that (43) is a homogeneous equation of second order, whereas there are four boundary conditions.
Hence, one needs to split the boundary conditions and assign the two main conditions for ym0, with the
additional ones used to determine ymk for k ≥ 1 and the constants ak1, ak2 appearing in (42). To this
purpose, we substitute (36), (37) and (42) into the boundary conditions and, taking into account the
asymptotic estimates (40), impose the following conditions:

• the main boundary conditions for ym0(x) should be homogeneous;
• for any k = 0, 2, . . ., there are equations coupling ak1, ak2 with y′mk(0), y

′
mk(1);

• for any k = 1, 2, . . ., there is an inhomogeneous equation for ymk(x) at each of the ends.

In what follows, a detailed consideration is carried out only for one type of boundary conditions.
Let both ends be clamped (C-C conditions) with the associated boundary conditions (15), (31) and

(32). Taking into account the above requirements, one obtains the index of intensity for the edge effect
integrals, γ = 1, with the main boundary conditions taking the form

ym0(0) = ym0(1) = 0. (46)

In the first-order approximation, conditions (15) give

ym1(0) = −ye0(0) = −a01, ym1(1) = −ye0(1) = −a02, (47)

and the additional boundary conditions (31), (32) result in

(1−
√
ξ1) y

′
m0(0) + a01 = 0,

(1−
√
ξ1) y

′
m0(1)− a02 = 0.

(48)

The second-order approximation yields

ym2(0) = −a11, ym2(1) = −a12, (49)

and
(1−

√
ξ1) [y

′
m1(0) + y′′m0(0)] + a11 = 0,

(1−
√
ξ1) [y

′
m1(1) + y′′m0(1)]− a12 = 0.

(50)

When deriving relations (48) and (50), we have taken into account relations (40) and the holding
asymptotic estimates for integrals:∫ 1

0

e−
s
ε y′m(s)ds = ε

[
y′m(0) + εy′′m(0) + ε2y′′′m(0) +O

(
ε3
)]
,

∫ 1

0

e
s
ε y′m(s)ds = εe

1
ε

[
y′m(1)− εy′′m(1) + ε2y′′′m(1) +O

(
ε3
)]
.

(51)
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Furthermore, when calculating integrals in (31), (32), the terms of εke−
1
ε for any k were neglected.

Consider now boundary-value problems arising in the first three asymptotic orders.
In the leading order approximation, the classical homogeneous boundary-value problem (43), (46),

corresponding to local elasticity, results in

ym0(x) = C sinω0x, ω0 = π n, n = 1, 2, . . . , (52)

where C is an arbitrary constant.
In the first-order approximation, one obtains

a01 = −πn(1−
√
ξ1)C, a01 = (−1)nπn(1−

√
ξ1)C (53)

and the boundary conditions

ym1(0) = πn(1−
√
ξ1)C, ym1(0) = (−1)n+1πn(1−

√
ξ1)C (54)

for the non-homogeneous equation (44). The existence of solution of the eigenvalue problem (44), (54)
implies a correction for the eigenfrequency

ω1 = −2πn(1−
√
ξ1). (55)

Then,
ym1(x) = Cπn(1−

√
ξ1)(1− 2x) cosπnx, (56)

and equations (50) give

a11 = 2πn
(
1−

√
ξ1

)2
C, a12 = (−1)n+1 2πn

(
1−

√
ξ1

)2
C. (57)

Now, we can consider the next order boundary-value problem (45), (49). The compatibility condition
of this problem leads to the next approximation for the eigenfrequency

ω2 = 4πn
(
1−

√
ξ1

)2
− 1

2
(πn)3(1− ξ1). (58)

The following approximations may be constructed in a similar manner. Thus, we can write down the
following approximate formulas for the dimensional natural frequencies

ω = πn

{
1− 2ε

(
1−

√
ξ1

)
+ ε2

[
4
(
1−

√
ξ1

)2
− 1

2
(πn)2(1− ξ1)

]
+O

(
ε3
)}

, (59)

and modes

y(x) = sinπnx+ επn
(
1−

√
ξ1

)
[(1− 2x) cosπnx−

e
− x

ε
√
ξ1 + (−1)ne

x−1

ε
√
ξ1

]
+O

(
ε2
)
, n = 1, 2, . . . ,

(60)
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with normalized amplitudes.
Similar asymptotic considerations for the remaining two types of boundary conditions lead to

ω = π

(
1

2
+ n

){
1− ε

(
1−

√
ξ1

)
−

1

2
ε2
(
1−

√
ξ1

)[(1

2
+ n

)2 (
1 +

√
ξ1

)
− 2

(
1−

√
ξ1

)]
+O

(
ε3
)}

,

y(x) = sinπ

(
1

2
+ n

)
x+ επ

(
1

2
+ n

)(
1−

√
ξ1

)
×[

(1− x) cosπ
(
1

2
+ n

)
x− e

− x

ε
√
ξ1

]
+O

(
ε2
)
, n = 0, 1, 2, . . .

(61)

and

ω = πn

[
1− 1

2
ε2(πn)2(1− ξ1) +O

(
ε3
)]
, n = 0, 1, 2, . . .

y(x) = cosπnx− ε2(πn)2
(
1−

√
ξ1

)[
e
− x

ε
√
ξ1 + (−1)ne

x−1

ε
√
ξ1

]
+O

(
ε3
) (62)

for the CF and FF conditions, respectively.
It is seen, that for both the CC and CF rods, γ = 1, while for the FF conditions, one has γ = 2. In other

words, in the first two cases (for CC and CF conditions) the corrections induced by the nonlocal effect
are of order O(ε), and for rods with free ends it is smaller, being of order O(ε2).

At ξ1 → 1 or ε→ 0, Eqs. (59)–(62) degenerate into the well-known simple formulas for the classical
(local) model. It is important to note that this limiting process is uniform by ε and ξ1 (if ξ1 → 1 and
ε→ 0, respectively). This property provides the asymptotic justification of TPNM when comparing it to
the classical ”local” elasticity theory.

It is of interest to compare the eigenfrequencies (59) and the associated modes (60) with the analogous
solution obtained by Challamel [34] for the CC nanorod. Assuming the special kernel

R(x, s) =


cosh( 1−s

ε )
ε sinh( 1

ε )
cosh

(
x
ε

)
, if x ≤ s,

cosh( 1−x
ε )

ε sinh( 1
ε )

cosh
(
s
ε

)
, if x ≥ s,

(63)

it was found that

ω = πn
√

1+ε2ξ1(πn)2

1+ε2(πn)2 = πn
[
1− 1

2ε
2(1− ξ1)(πn)2 +O

(
ε4
)]
,

y(x) = sin(πnx).
(64)

It may be observed that the result strongly depends on the assumed kernel in the constitutive equation. In
our case, for the exponential kernel (24), the correction to the eigenfrequencies found in the framework
of the classical elasticity theory is the value of order O(ε), while for the special kernel (63), it is of order
O(ε2).
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5.3. Asymptotic solutions in the PNIM framework
Although the asymptotic solutions (59)-(62) are valid for positive values of ξ1, it is of interest to consider
the limiting case (corresponding to PNIM) at ξ1 → 0. Eqs. (59)–(62) become

ω = πn
{
1− 2ε+ ε2

[
4− 1

2 (πn)
2
]
+O(ε3)

}
, n = 1, 2, . . . ,

y = sinπnx+ επn(1− 2x) cosπnx+O(ε2)
(65)

for CC conditions,

ω = π
(
1
2 + n

){
1− ε− 1

2ε
2
[(

1
2 + n

)2 − 2
]
+O(ε3)

}
, n = 0, 1, 2, . . . ,

y = sinπ
(
1
2 + n

)
x+ επ

(
1
2 + n

)
(1− x) cosπ

(
1
2 + n

)
x+O(ε2)

(66)

for CF conditions, and

ω = πn
[
1− 1

2ε
2(πn)2 +O(ε3)

]
, n = 0, 1, 2, . . . ,

y = cosπnx+O(ε3)
(67)

and for FF conditions.

5.4. Solutions in the DNM framework
Consider Eq. (13) related to DNM. Its asymptotic solutions are

ω = πn√
1+ε2(πn)2

= πn
[
1− 1

2ε
2(πn)2 +O(ε4)

]
, n = 1, 2, . . . ,

y = sin ωx√
1−ε2ω2

(68)

for rods with CC conditions,

ω =
π( 1

2+n)√
1+ε2π2( 1

2+n)
2
= π

(
1
2 + n

) [
1− 1

2ε
2π2

(
1
2 + n

)2
+O(ε4)

]
, n = 0, 1, 2, . . . ,

y = sin ωx√
1−ε2ω2

(69)

for CF conditions, and

ω = πn√
1+ε2(πn)2

= πn
[
1− 1

2ε
2(πn)2 +O(ε4)

]
, n = 0, 1, 2, . . . ,

y = cos ωx√
1−ε2ω2

(70)

for the FF case.
Note that in the process of derivation of results (69) and (70), we have assumed y′ = 0 at the free ends

as it has been, particularly, made in paper [16]. We note also that formulas (69) were obtained before by
Aydogdu [16] on the basis of the DNM.

In the next Section, we compare and discuss the above solutions found within the framework of
different nonlocal models.
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Figure 1. The lowest dimensionless frequency ω (at n = 1) of the rod with CC ends vs. parameter ξ1:
(a) exact results for different values of ε: 1− ε = 0.02, 2− ε = 0.015, 3− ε = 0.01, 4− ε = 0.005;
(b) comparison of exact and asymptotic results for ε = 0.02

6. Analysis and discussions
The common and expected conclusion following from the aforementioned solutions is that incorporation
of the nonlocal parameter ε results in a decrease in eigenfrequencies ω for any nonlocal model. However,
the nature of this effect is different for the so-called ”equivalent” differential model and integral ones.
The approach based on DNM allows taking into account the general nonlocal effect only, involving the
correction of orderO(ε2) to the classical eigenvalues, while the integral models (PNIM and TPNM) allow
incorporation of the nonlocal edge effects and give the contribution of orderO(ε). Thus, the DNM, which
is used rather frequently, gives overestimated results. Also, simple solutions (69) and (70) for a rod with
one or two free ends do not satisfy the real boundary conditions in terms of stresses (see Eqs. (29), (30) at
ξ1 = 0). Obviously, an error of results obtained on the basis of DNM may be enourmous if a nanorod is
sufficiently short. This conclusion on inconsistency of DNM is also confirmed by results of [22], studying
the dynamic response of a non-locally elastic half-space with a traction-free surface.

As for PNIM, solutions (65) and (66) satisfy the boundary conditions of clamped ends with accuracy
of O(ε), and modes (66) and (67) obtained for the rods with one and two free edges, respectively, do not
satisfy the additional conditions (31), (32). Thus, the purely nonlocal integral model (PNIM) also turns
out to be ill-posed.

To analyse further the results based on TPNM, numerical illustrations of the dimensionless natural
frequencies ω for rods with different boundary conditions are presented below. Figs. 1(a), 2(a), and
3(a) show exact values of the lowest eigenvalue ω, found from equation (35) for the CC, CF and FF
conditions, versus the volume fraction ξ1 ∈ (0, 1] and different scale parameters ε = 0.02, 0.015, 0.005.
The assumed values of ε were calculated at e0 = 0.39, a = 0.142 nm associated with a carbon nanotube
and different lengths lc varying from 2 to 10 nm. Figs. 1(b), 2(b), and 3(b) display comparison of
asymptotic results obtained from (59), (61), (62) against exact solutions of equation (35) for ε = 0.02.
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Figure 2. The lowest dimensionless frequency ω (at n = 0) of the rod with CF ends vs. parameter ξ1:
(a) exact results for different values of ε: 1− ε = 0.02, 2− ε = 0.015, 3− ε = 0.01, 4− ε = 0.005;
(b) comparison of exact and asymptotic results for ε = 0.02
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Figure 3. The lowest dimensionless frequency ω (at n = 1) of the rod with FF ends vs. parameter ξ1:
(a) exact results for different values of ε: 1− ε = 0.02, 2− ε = 0.015, 3− ε = 0.01, 4− ε = 0.005;
(b) comparison of exact and asymptotic results for ε = 0.02

Although the exact and asymptotic solutions are plotted only in the small interval ξ1 ∈ (0, 0.1], the
comparative analysis of calculations performed for any ξ1 ∈ (0, 1] shows that the relative error of the
asymptotic formulas is very small. For example, for ε = 0.02, it is equal to 0.022, 0.025, 0.004 % for
the CC, CF and FF conditions, respectively.
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It is observed that the eigenvalue ω decreases together with the volume fraction ξ1. Thus, the PNIM
gives the lowest values of eigenfrequencies in comparison with TPNM for any type of boundary
conditions.

7. Conclusions
The problem of free longitudinal vibrations of an elastic nanorod, has been examined within the
framework of several nonlocal Eringen’s constitutive models (TPNM, PNIM and DNM). First, assuming
the exponential attenuation kernel in the Eringen’s nonlocal integral models, we have reduced the integro-
differential equation governing vibrations of a nanorod in the TPNM framework to the differential
equation of the fourth order. Considering three different types of boundary conditions, namely, clamped-
clamped, clamped-free and free-free ends, we have supplemented those with two additional conditions
accounting for nonlocality near the ends. The analytical exact solutions, as well as the asymptotic ones,
have been derived for all three types of the boundary conditions.

Comparison of the results has revealed that natural modes for rods with CF and FF boundary
conditions, found within the DNM framework, do not satisfy the realistic free end boundary conditions
and do not take into account the edge effect near a clamped end. Moreover, the solutions relying on PNIM
do not satisfy the additional boundary conditions, following from the governing integro-differential
equation. Also, the natural modes found in the PNIM framework satisfy the boundary condition of a
clamped edge only approximately, with the error of order O(ε). Thus, both approaches based on the
purely nonlocal Eringen’s stress theory (PNIM) and its ”equivalent” differential analogue (DNM) are
inconsistent and give erroneous results in the analysis of free vibrations of nanorods.

The numerical calculations performed for different values of a scale parameter ε, predictably revealed
that for any type of boundary conditions the natural frequencies are monotonically increasing functions
of the volume fraction ξ1 corresponding to the classical (local) component in the two-phase nonlocal
Eringen’s stress theory model. The important result of our study is that when ε→ 0, then all the natural
frequencies and modes degenerate into results corresponding to the classical elasticity theory for any
ξ1 ∈ (0, 1], and and vice versa, this limiting process at ξ1 → 1 is valid for any ε. That means that TPNM
degenerates into the classical model uniformly with respect to both parameters ε and ξ1 and allows a
conclusion that the two-phase nonlocal Eringen’s stress theory is asymptotically consistent.

Finally, we remark that the analytical and asymptotic solutions constructed in this work for the simplest
case of a nanorod, may be considered as a benchmark for subsequent investigations of vibrations of
nanosized beams, plates and shells.
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