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220030 Nezaležnasci Av. 4, Minsk, Belarus

cICRANet, 65122 Piazza della Repubblica, 10, Pescara, Italia

Abstract

The non-equilibrium electron-positron-photon plasma thermalization process is
studied using relativistic Boltzmann solver, taking into account quantum cor-
rections both in non-relativistic and relativistic cases. Collision integrals are
computed from exact QED matrix elements for all binary and triple interac-
tions in the plasma. It is shown that in non-relativistic case (temperatures
kBT ≤ 0.3mec

2) binary interaction rates dominate over triple ones, resulting
in establishment of the kinetic equilibrium prior to final relaxation towards the
thermal equilibrium, in agreement with the previous studies. On the contrary,
in relativistic case (final temperatures kBT ≥ 0.3mec

2) triple interaction rates
are fast enough to prevent the establishment of kinetic equilibrium. It is shown
that thermalization process strongly depends on quantum degeneracy in initial
state, but does not depend on plasma composition.

Keywords: Uehling-Uhlenbeck equations, collision integral, binary
interactions, triple interactions, relativistic plasma.

Relativistic plasma is a matter of interest in many fields of physics and
astrophysics [1]. One of the peculiar properties of such a plasma is that the
mean energy per particle exceeds the rest mass of the electron, so it contains
pairs of particles (electrons) and antiparticles (positrons). Attempts to create
such a plasma in laboratory [2] are linked with the development of ultra-intense
lasers [3, 4, 5, 6, 7] within large projects, such as ELI 1 and XCELS 2. A
number of interesting phenomena such as relativistic transparency [8], ultrafast
thermalization in magnetized plasma [9] and current-driven instability [10] are
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predicted and observed in such a plasma. The presence of the pairs greatly
enhances plasma opacity, in many cases making it optically thick to photons.
In astrophysics, optically thick electron-positron plasma is considered as the
source of emission in gamma-ray bursts, soft gamma repeaters, neutron and
quark stars and, possibly, blazars. Given highly variable energy release in these
sources and their non-thermal spectra the question arises: how such plasma
thermalize and how thermalization timescale can be determined.

With the aim of answering this question, relativistic Boltzmann equations
for non equilibrium plasma must be solved. In a series of works [11, 12, 13, 14]
numerical method was developed for a solution of the system of such equations,
describing time evolution of distribution functions for electrons, positrons and
photons, also in presence protons admixture [15, 16]. It was shown that not only
direct and inverse binary reactions between particles are essential for relaxation
to thermal equilibrium, but also triple ones. Thermalization timescales were
determined as functions of the total energy density and the baryonic load [17].
Two assumptions were adopted in all these works: 1) quantum degeneracy was
neglected and 2) reaction rates for triple processes were computed assuming
that detailed balance in all binary reactions (kinetic equilibrium) is established
in advance.

In this work we report the study of the relaxation process of uniform isotropic
electron-positron-photon plasma towards thermal equilibrium, both in non-
relativistic and relativistic cases, relaxing both above mentioned assumptions.
The computational scheme is presented in Refs. [1, 18, 19]. The general scheme
of collision integral calculation is presented in [20]. Generalization of the scheme
to triple interactions is straightforward, details will be given elsewhere. Time
evolution of one-particle distribution functions of electrons e−, positrons e+

and photons γ is obtained by numerical integration of relativistic Boltzmann
equations [1] including quantum corrections:

1

c

∂fi
∂t

=
∑
q

(ηqi − χ
q
i fi) , (1)

where fi(ε, t) are their distribution functions, index i denotes the sort of parti-
cles, ε is their energy, ηqi and χqi are the emission and the absorption coefficients
of a particle of type ”i” via the physical process labelled by q, c is the speed
of light. The emission and absorption coefficients for the particle I in a binary
process I + II � III + IV have the following form:

η2pI =

∫
d3p2d

3p3d
3p4 W(3,4|1,2) fIIIfIV (1 + ξfI) (1 + ξfII) , (2)

χ2p
I fI =

∫
d3p2d

3p3d
3p4 W(1,2|3,4) fIfII (1 + ξfIII) (1 + ξfIV ) , (3)

where transition rates areW(3,4|1,2)d
3p3d

3p4 = V dw(3,4|1,2) andW(1,2|3,4)d
3p1d

3p2 =
V dw(1,2|3,4), V is normalization volume, dw is differential reaction probability
per unit time, ξ = ψh3/2 and ψ is +1,-1,0 for Bose-Einstein, Fermi-Dirac,
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Binary processes Triple processes

Møller, Bhabha Bremsstrahlung

e±e±′ ↔ e±
′′
e±
′′′

e±e±′↔e±′′e±′′′γ
e±e∓ ↔ e±′e∓

′
e±e∓↔e±′e∓′γ

Single Compton Double Compton
e±γ↔e±γ′ e±γ↔e±′γ′γ′′

Pair production Radiative pair production
and annihilation and three photon annihilation
γγ′↔e±e∓ γγ′↔e±e∓γ′′

e±γ↔e±′e∓e±′′
e±e∓↔γγ′γ′′

Table 1: Binary and triple QED processes in the pair plasma.

Maxwell-Boltzmann statistic, respectively. In what follows we refer to these
cases as quantum (ψ = ±1) and classical (ψ = 0), respectively, h is Planck’s
constant.

The emission and absorption coefficients for the particle I in a triple process
I + II � III + IV + V have the following form:

η3pI =

∫
d3p2d

3p3d
3p4d

3p5 W(3,4,5|1,2) fIIIfIV fV (1 + ξfI) (1 + ξfII) , (4)

χ3p
I fI =

∫
d3p2d

3p3d
3p4d

3p5 W(1,2|3,4,5) fIfII (1 + ξfIII) (1 + ξfIV ) (1 + ξfV ) , (5)

whereW(3,4,5|1,2)d
3p3d

3p4d
3p5 = V dw(3,4,5|1,2) andW(1,2|3,4,5)d

3p1d
3p2 = V 2dw(1,2|3,4,5).

The expression for dw is given in QED as:

dw = c(2π~)4δ(εin − εfin)δ(pin − pfin)|Mfi|2V

×

(∏
in

~c
2εinV

)∏
fin

d3pfin
(2π~)3

~c
2εfin

 , (6)

where pfin and εfin are respectively momenta and energies of outgoing particles,
pin and εin are momenta and energies of incoming particles, Mfi is the corre-
sponding matrix element, δ-functions stand for energy-momentum conservation,
~ = h/2π. Therefore, collision integrals, i.e. right-hand side of eqs. (1), are
integrals over the phase space of interacting particles, which include the QED
matrix elements, see e.g. [21, 1] for binary reactions and [22] for double Comp-
ton scattering, [23] for relativistic bremsstrahlung and [24] for substitution rules
in computation of remaining matrix elements for triple reactions. We consider
all binary and triple interactions between electrons, positrons and photons as
listed in Tab. 1. The coupled system of integro-differential equations (1) is
solved numerically using a finite difference method by introducing a computa-
tional grid in the phase space to represent the distribution functions and to
compute collisional integrals. We introduce spherical coordinates in momentum
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space, they are energy and two angles for momentum direction. We use logarith-
mic energy grid with 60 nodes both for binary and triple interactions. Angular
grid contains 64x128 nodes for binary interactions and 24x48 nodes for triple
interactions. Computational time for collisional integrals of triple interactions
is much greater than that of binary interactions (about 1 week vs. 1 hour). As
particle interactions have different rates (timescales) this system of equations is
stiff: it is solved with implicit Gear method [25].

The kinetic equilibrium is a state of plasma in which all direct and inverse
binary reactions compensate each other η2pi = χ2p

i fi. As a consequence, in such
a state, all components have a common temperature and chemical potential,
and their distribution functions have a Fermi-Dirac/Bose-Einstein shape:

fi(ε) =

(
1

2π~

)3 [
exp

(
ε− ϕi
θi

)
− ψ

]−1
, (7)

with chemical potentials ϕi ≡ µi/mec
2 and temperatures θi ≡ kBTi/mec

2,
where ε ≡ ε/mec

2 is the energy of the particle, me is electron mass, kB is Boltz-
mann’s constant. In this work energy density spectra dρi/dε = 4π|p|ε2c−2fi are
used instead of distribution functions. One can estimate a timescale of emer-
gence of kinetic equilibrium starting from arbitrary non-equilibrium state as
τ−12p = (n+ + n−)cσT , where σT is Thompson cross-section.

Thermal equilibrium is a state in which all direct and inverse reactions com-
pensate each other. In such a state, all plasma components obey distributions
(7) with equilibrium temperature and zero chemical potential. Assuming that
cross-sections of triple processes are limited by the value ασT , one can estimate
the corresponding timescale as τ−13p = α(n+ + n−)cσT . We have performed a
number of numerical simulations in a range of energy densities corresponding
to the final temperatures 0.1 < θfin < 4.5 with arbitrary initial energy density
spectra. We also considered two different initial states: electrons and positrons
only (photoless) and photons only (pairless).

First, we present a particular result for non-relativistic case with total en-
ergy density ρtot = 8.7 × 1020 erg cm−3 corresponding to a final equilibrium
temperature θfin = 0.1. Total initial particle number density is nintot = 0.3nfintot ,

where nfintot = 3.5×1027 cm−3 is the final total particle number density in equilib-
rium. The initial energy density spectrum has a power law shape dρ/dε ∼ ε−κ,
where κ is a constant. The initial state is pairless. The time evolution of basic
thermodynamic quantities is shown on Fig. 1, while energy density spectrum
for selected time moments is shown on Fig. 2. Chemical potentials and tem-
peratures are computed from the total energy and the number densities [15].
Total energy density does not change in time due to energy conservation. Total
particle number density changes only due to imbalance in triple processes. As
the initial state of plasma is pairless, we observe a growth of a pair number
density up to 10−13 sec. The kinetic equilibrium is established at t ' τ2p, when
chemical potentials and temperatures of plasma components become equal: at
t = 10−11 sec we find ϕγ = ϕ± = −0.65 and θγ = θ± = 0.2, see Fig. 1. At this
point the spectrum has the shape (7) near its maximum, and deviations occur
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Figure 1: From top to bottom: time evolution of energy density, particle number density,
chemical potential and temperature of photons (blue), electrons/positrons (orange), all to-
gether (green). Black line represents the final equilibrium quantities. Solid (dashed) curves
are obtained for quantum (classical, with ψ = 0) statistics. Final equilibrium temperature is
θfin = 0.1.
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Figure 2: Energy density spectra at selected time moments (dots). Solid curves repre-
sent fits to numerical results: photon Boltzmann spectrum (blue), photon Bose-Einstein
spectrum (cyan), pairs Boltzmann spectrum (orange), pairs Fermi-Dirac energy spectrum
(red). Green solid curve represents photon Bose-Einstein spectrum fit at t = 10−11 sec with
ϕkin = −0.65, θkin = 0.2. Final equilibrium temperature is θfin = 0.1.

only at low and high energy tails, which thermalize at later times, compare
cyan and green curves on Fig. 2. From this moment on, chemical potentials
and temperatures shown on Fig. 1 acquire physical meaning. On Fig. 2 we also
present the final particle spectra fulfilling quantum and classical, setting ξ = 0
in equations (2)-(5), statistics. The photon spectra have respectively Planck
and Boltzmann shapes: compare Rayleigh-Jeans and Wien low energy slopes in
cyan and blue curves. The thermal equilibrium is reached with zero chemical
potential and final temperature θfin = 0.1 at t ∼ 10−8 sec. Analogous evolution
is observed for the photonless initial state. Dashed and solid curves on Fig.
1 coincide up to few percent, so Bose enhancement and Pauli blocking factors
in eqs. (2)-(5) are not significant. These results are in full agreement with a
previous work [15].

Second, we present the result for relativistic case with total energy density
ρtot = 2.1 × 1027 erg cm−3 corresponding to a final equilibrium temperature
θfin = 3. Initial total particle number density is nintot = 1.5nfintot , where nfintot =
2.8 × 1032 cm−3 is the final total particle number density in equilibrium. The
initial state is pairless, with a power law spectrum. Time evolution of energy
density and particle number density is shown on Fig. 3. At the beginning pair
number density is increasing with time up to t = 10−20 sec. Instead of chemical
potential and temperature, we show energy density spectra on Fig. 4. It is clear
that spectral evolution starts much earlier in this case, with the low energy
part of the spectrum approaching thermal shape as early as at 10−18 sec. The
spectrum acquires the shape (7) at t ' τ3p ' 10−16 sec (green dots), with
ϕfin = 0 and θfin = 3. Unlike the non-relativistic case, the spectrum at time
τ2p ' 10−18 sec (orange dots) is far from equilibrium. Such a behaviour of
the spectrum shows that the kinetic equilibrium stage is absent and relativistic
plasma relaxes directly to thermal equilibrium. Note that deviations at low
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Figure 3: Time evolution of energy density and particle number density for relativistic plasma
with quantum statistics. The final equilibrium temperature is θfin = 3. Colors are as in Fig.
1.

energy part of the photon spectrum from final equilibrium fit are caused by the
loss of numerical precision in calculation of triple reactions, which is of a high
computational cost.

Third, we discuss the role of Bose enhancement and Pauli blocking terms
in eqs. (2)-(5) in highly degenerate plasma. The degree of plasma degeneracy
can be parametrized as D = (ntotλ

3
th)−1, where λth = c~/(kBT ) is thermal

wavelength. This parameter depends on temperature (or total energy of plasma)
and total particle number, which can take arbitrary values. Degenerate plasma
has D < 1. Note that Pauli principle imposes strong constraint on the choice of
initial state, so total electron (or positron) number density in a fully degenerate
relativistic plasma cannot exceed ≈ 5 times its thermal value. Therefore we
choose pairless initial state. On Fig. 5 we compare thermalization processes
for relativistic plasma with quantum statistics for different initial states with
D = 1.12 (ntot = 1.5× 2.8× 1032cm−3, kBT = 3mec

2) and D = 0.0419 (ntot =
40× 2.8× 1032cm−3, kBT = 3mec

2).
Clearly, the thermalization process in these two cases is different. In highly

degenerate plasma, electron-positron pairs are created much earlier, at about
10−22 sec, compared to 10−20 sec in plasma with D ∼ 1. This is essentially
due to the presence of Bose enhancement terms in eqs. (2)-(5). The dominance
of Bose enhancement terms is verified by performing simulations with identical
initial conditions neglecting these terms. Despite this obvious difference, the
final equilibrium state is reached almost simultaneously in both cases, because
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Figure 4: Photon and pair quantum energy spectrum at different moments of time evolution:
t = 10−20 sec (blue), t = 10−18 sec (orange), t = 10−16 sec (green), t = 10−15 sec (red). The
final equilibrium temperature is θfin = 3.
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Figure 5: Time evolution of energy density and particle number density for relativistic plasma

with quantum statistics. Solid and dashed curves correspond to the cases nin
tot = 1.5nfin

tot and

nin
tot = 40nfin

tot , respectively. The final equilibrium temperature is θfin = 3. Colors are as in
Fig. 1.
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of the slower progress to final equilibrium in the highly degenerate case. Indeed,
thermalization timescales for low and high degenerate cases are 2.0× 10−17 sec
and 1.1× 10−17 sec, respectively.

One can estimate thermalization timescale τth by considering the approach
of any thermodynamic variable to its final value [17]. In this work, we fit the
photon energy density with a function ργ(t) = ρfinγ + A exp(−t/τth), where A
is a constant. We solve the optimization problem for different time intervals
near the final state, and find best fit to numerical data. Our results are pre-
sented on Fig. 6, compared with the timescale τ3p. Surprisingly, such a rough
estimate reasonably agrees with our results. Nevertheless, computed timescales
may differ from estimates essentially. Inspection of Fig. 6 shows that thermal-
ization occurs slightly faster when quantum corrections in collision integrals are
taken into account. Photonless and pairless initial states thermalize on similar
timescales.

In this work, for the first time, we computed collision integrals of triple inter-
actions by integration of QED matrix elements, in full analogy with binary ones.
Our results show that the assumption made in the previous works [11, 15], that
reaction rates of triple processes are α times smaller than binary ones, is valid
for non-relativistic case. Indeed, detailed balance in binary processes occurs
before triple ones, and kinetic equilibrium is set before the final equilibrium is
established, see Fig. 1, where total particle number density ntot is almost con-
stant at early times and it starts to change after the establishment of kinetic
equilibrium. We found that reaction rates for triple processes are no longer sub-
dominant, in particular bremsstrahlung and double Compton scattering play
crucial roles in thermalization process changing the total number density of
particles at sufficiently early times (compared to non-relativistic case). The
spectrum at low energies approaches thermal equilibrium form, whereas high
energy part of the spectrum relaxes to equilibrium at later times. As a conse-
quence, in relativistic case kinetic equilibrium is absent, both binary and triple
processes simultaneously reach detailed balance at the final thermal equilibrium
state. Reaction rates in initially pairless degenerate plasma are enhanced by or-
ders of magnitude, so the role of Bose enhancement in plasma kinetics is crucial
at early times. As soon as number densities approach thermal values, plasma
degeneracy decreases. In fact, thermalization timescales are determined by re-
laxation kinetics near equilibrium, and Bose enhancement and Pauli blocking
factors at this stage are irrelevant. Finally, performing simulations with pho-
tonless degenerate plasma we do not find significant effects of Pauli blocking in
thermalization process.

In summary, in this work relaxation of relativistic pair plasma is studied for
the first time using relativistic Boltzmann equations with quantum corrections.
Collision integrals for all binary and triple reactions are computed from the
first principles. Thermalization timescales in the final temperature range 0.1 ≤
θfin ≤ 4.5 are determined. We show that kinetic equilibrium is established prior
to the thermal equilibrium in non-relativistic case (θfin < 0.3) and is absent in
relativistic case (θfin > 0.3). Finally, quantum degeneracy leads to enhanced
pair production in initially pairless state.
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Figure 6: Thermalization timescales for electron-positron-photon plasma as a function of the
final temperature. Classical statistics with initial pairless state (blue), quantum statistics with
initial pairless state (cyan), classical statistics with initial photonless state (orange), quantun
statistics with initial photonless state (red). Black curve represents estimated timescales τ3p.
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