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1 Introduction

The Skyrme model [1] is very well known as a prototype example of a field theory which
supports topological soliton solutions, the Skyrmions. The properties of Skyrmions were ex-
tensively studied over last decades, for a review see, for example [2, 3]. The standard (3+1)-
dimensional Skyrme model was can be considered as a non-linear low energy effective theory
of Quantum Chromodynamics, in the limit of a large number of quark colours [4]. In this
framework the baryons are considered as solitons of the effective mean field theory, which
can be constructed after integration over the quarks, see e.g. [5-7]. Then the pions corre-
spond to the linearized fluctuations of the baryon field whereas the fermions, like quarks,
do not appear as fundamental physical fields. Functional integration over the fermionic
degrees of freedom yields so called chiral quark model [8-10], an alternative description of
baryons as chiral solitons is given by the bosonized Nambu-Jona-Lasinio model [11].

A peculiar feature of the spectrum of the Dirac fermions in the background of a
Skyrmion is that, in agreement with the index theorem, it shows a spectral flow of the
eigenvalues with one normalizable bounded mode crosses zero [12-15]. Considering this
problem, Kahana and Ripka evaluated the contribution of the energy of quarks coupled to
the Skyrmion [13-15], it was shown that it does not destabilize the soliton.

The original Skyrme model shares many properties with its lower dimension planar
analogue, O(3) non-linear sigma model, which is known as the baby Skyrme model [16—
20]. This simplified model finds various physical realizations, for example it naturally
arise in ferromagnetic structures with intrinsic and induced chirality [21, 22], or in chiral
nematic and anisotropic fluids [23, 24]. In such a context the baby Skyrme model is no
longer considered as an effective low energy theory, constructed via integration over the
fermionic degrees of freedom.

Indeed, fermionic zero modes naturally appear in supersymmetric extensions of the
O(3) non-linear sigma model [30] and baby-Skyrme model [31, 32]. Since there are four
bosonic collective coordinates of the charge one soliton solution of the O(3) sigma model,
there are 2 complex zero energy fermionic states. In the baby Skyrme model the scale



invariance is broken, so there are only 3 bosonic modes. Correspondingly, the spinors pos-
sess three Grassmannian degrees of freedom, the N=1 SUSY baby Skyrmion preserves only
1/4 supersymmetry [32]. We can expect that, as the supersymmetry becomes completely
broken, the number of the fermionic zero modes become further reduced.

Note that the fermionic fields coupled to the O(3) non-linear sigma model in (241)-
dimensions were studied before in the context of the spin-statistic properties of the solitons.
In this approach the chiral field also appears as a result of an integration over fermions.
The leading term of the gradient expansion yields the usual action of the O(3) sigma
model [25-27] supplemented by the topological #-term, which is proportional to the Hopf
number Hy. This term is an analogue of the Wess-Zumino-Witten term in the (3+1)-
dimensional Skyrme model. As a result, the spin of the soliton becomes equal to a half
of the fermionic number. On the other hand, the Dirac fermions coupled to the baby
Skyrmion were considered an a six-dimensional brane world model [28, 29]. However, in
these studies, no backreaction from the fermions was taken into account.

A main purpose of the present paper is to examine the effects of backreaction of the
fermionic modes coupled with baby-Skyrme model. Our numerical simulations confirm
that, for a certain set of values of other parameters of the model, there is one zero energy
fermionic state. In other words, there is just a single fermionic level, which flows from
positive to negative value as coupling decreases. This observation agrees with the statement
of the index theorem, which sets a correspondence between the number of zero modes and
the spectral flow of the fermionic Hamiltonian.

We found that similar to the case of the spherically symmetric (3+1)-dimensional
fermions, coupled to the chiral field without backreaction, there are localized modes of
different types. Our numerical results reveal that, apart the nodeless quasizero mode,
there are various shell-like modes, which can be classified by the number of nodes k of the
fermionic field. We observe that as a result of backreaction, the coupling to the fermionic
modes may yield strong deformation of the Skyrmion, in particular the regions of negative
topological charge density appear. This effect can be interpreted as production of a tightly
bounded Skyrmion-anti-Skyrmion pair.

This paper is organised as follows. In section 2 we present the planar Skyrme model,
coupled to the spin-isospin fermionic field. We restrict our consideration to simple rotation-
ally invariant configuration of topological degree one. Numerical results are presented in
section 3, where we describe the solutions of the model and discuss the energy spectrum of
the localized fermionic states. Conclusions and remarks are formulated in the last section.

2 The model

The Lagrangian density of the coupled fermion-Skyrmion system in (2+1) dimensions can
be written as

L=Lsp+Ly. (2.1)
where Lgy, is the Lagrangian of the planar Skyrme model [16-20]

Lps = % (0,9)% — % (0,0 % 0,0)% — KoV . (2.2)



Here we are using the flat metric g** = diag(1, —1, —1) and the real triplet of scalar fields
¢ = (¢1, ¢2, ¢3) is constrained to the surface of a sphere of unit radius: ¢ - ¢ = 1. The
coupling constants kg, ko and k4 are some real positive parameters. The Lagrangian of
the planar Skyrme model (2.2) also includes a potential term V', which, in the absence of
other fields stabilizing the solitons. Here we consider the most common choice of the O(3)
symmetry breaking potential

V=1-¢3. (2.3)

The topological restriction on the field ¢ is that on the spatial boundary ¢, = (0,0, 1).
This allows a one-point compactification of the domain space R? to S? and the field of the
finite energy soliton solutions of the model, so called baby Skyrmions, is a map ¢ : S? — S?
which belongs to an equivalence class characterized by the homotopy group ma(S?) = Z.
The corresponding topological invariant is

1
Q=1 [¢: (06 x00) s (24)
The Lagrangian for fermions coupled to the baby Skyrmions is given by
Lr=V(i)—gr-¢d—m) VT, (2.5)

Note that the fermion field ¥ is a spin and an isospin spinor, the isospin matrices are
defined as 7 = I ® o, whereas the spin matrices are 7, = v, ® . Here I is two-dimensional
identity matrix, @ = YuO! and o are the usual Pauli matrices. The coupling constant
g and the fermions mass m are parameters of the model. In order to satisfy the usual
anticommutation relations of the Clifford algebra, the two-dimensional gamma-matrices
are defined as follows: v1 = —ioy,v2 = —ioe and 3 = 03.

There are five parameters of the coupled fermion-Skyrmion system (2.1), ko, k2, k4, g
and m. The dimensions of the parameters and the fields are

Ko [L_g} , Kg: [L_l} , R4 [Ll] gt [L_l}
m: [L_l] , @ [LO] , v [L_l] .

Thus, an appropriate rescaling of the action by an overall constant, and rescaling of the
length scale and the fermion field

2
Ky Ko K Ko Ko
r— o —r, U W, kg = 2Ky, G 4] —g, M= ] —m, (2.6)
) K4 K4 K4 R4

effectively reduces the number of independent parameters to four, \/k2r4, ko, m and g.
Hereafter we fix \/k2r4 = 1 without loss of generality.

Considering the model (2.1) we do not impose the usual assumption that the Skyrmion
is a fixed static background field [12, 33-35]. We restrict our consideration to the rota-
tionally invariant stationary configuration of topological degree Q = 1, thus ¥ = e~
and we suppose that the Skyrmion field ¢ is static. Then the rescaled Hamiltonian of the
coupled system can be written as:

1= [ vt + i [ (; (08 + (06 x 0,6 + FJOV> L@



where
H =3 (—Z’fkak + g7 -9+ m) (2.8)

is the fermionic Hamiltonian.
Variation of the action of the model (2.1) with respect to the fermion field 1 yields
the Dirac equation

Hapi) = (000 (2.9)

with eigenvalues £, Here the superscript i corresponds to a particular fermionic level
(with no sum on repeated indices in (2.9)).

Apart the topological density of the Skyrme field (2.4) we also consider the fermionic
density

p =iz =Ty, (2.10)

As we will see there are fermionic configurations localized by the Skyrmion.
The field equation for the Skyrme field can be conveniently written in the form

. g
0" = ot x 8+ — b x (virw) (2.11)

where the scalar current is defined as [16-18, 20]

Ju=@ X 0udp+ 0,9 (0" - (¢ x 0u0)) (2.12)

2.1 Rotationally invariant configurations

Thereafter we consider simple rotationally invariant baby Skyrmion, which is parametrized
by the ansatz:

¢ = (sin f(r) cos ne, sin f(r) sin nep, cos f(r)) . (2.13)

Here f(r) is some monotonically decreasing radial function, n € Z and ¢ is the usual
azimuthal angle. Since the field must approach the vacuum on the spacial asymptotic, it
satisfies the boundary condition cos f(r) — 1 as r — oo, i.e., f(c0) — 0.

Further, the fermionic Hamiltonian can be written explicitly in the matrix form as

gcosf+m  ge "MPsinf —e W (87« — Za%) 0
e ge™sinf  —gcosf+m 0 —e ( - — i%"’) (2.14)
e’y (& + iaT“’) 0 —gcosf—m —ge P sin f '
0 el (ar + “%‘") —ge'™¥ sin f gcos f—m

The corresponding rotationally invariant spin-isospin eigenfunctions with the eigenvalues
() can be written as

vy etle
,U2ei(l+n)go
i(l4+1)p ’
I+n+1)p

@ = N (2.15)
ule

Ugei(



where spinor components u; and v; are functions of radial coordinate only, [ € Z and N
is a normalization factor, which is defined from the usual condition

. . N e
/de w(’)Tzﬂ(z) = 27N / rdr(vi 4 vi +ud +u3) =1. (2.16)
0
We restrict our consideration below to the fermionic states with filling factor one.
The rotationally invariant fermionic Hamiltonian (2.14) commutes with the total an-
gular momentum operator
0 93 T3
Ky=—i—+ = —. 2.17
T T2 T (217)

The corresponding half-integer eigenvalues k = % (1 +mn+2l) can be used together with
the topological charge of the soliton to classify different field configurations. The ground
state corresponds to £ = 0 and thus [ = —3(14n) and in the ground state { = 0 asn = —1.

It is instructive to investigate the asymptotic behavior of the fields at spatial infinity.
Then the Skyrme field is approaching the vacuum, ¢ ~ ¢, + d@, where ¢ - ¢, = 0. Thus,
the asymptotic expansion of the equations (2.9), (2.11) at r — oo yields two decoupled
linearized equations

(=60, + g3 + m)1p =0,

(A — kg)dp = 0. (2.18)

As is well known [20, 36], the asymptotic solution for the rotationally symmetric field of
the Skyrmion of topological degree () = n is given by the modified Bessel function

0¢p ~ K (/kor)(cos (ny — x) , cos (np — x),0) , (2.19)

where the angle x corresponds to the orientation of the Skyrmion. Thus, the soliton is
exponentially localized and the asymptotic field d¢ may be thought of as generated by a
pair of orthogonal 2™-poles.

Consequently, the first asymptotic equation (2.18) on the fermionic spin isospin spinor
¥ = (v1,v2,u1,u2) can be expressed in components in the form of two pairs of identical
second order equations:

(A —4(g+ m)2)u172 = 52u172 ;

(2.20)
(A—4(g+m)*)v12 =c’v1.
Thus, the components of the rotationally symmetric fermionic field decay as
V] ~ eil(“"_X)Kl 4(g+m)2 —e2r),
1 (Valg+mP=1) o)

Vg ~ ei(H")(‘F’_X)KHn( 4(g —m)2 —¢e?r),

and similar for the components u;12. Evidently, the real and imaginary parts of these
components are of the form (2.19). In other words, for some set of eigenvalues |¢| < g —m
there are fermionic fields exponentially localized on the Skyrmion. Further, the fermion
field asymptotically represents a pair of orthogonal 2!-poles, together with a pair of collinear
247 poles.



Substitution of the ansatz (2.13) and (2.15) into the action of the coupled model (2.1)
after some algebra yields the system of variational equations

<r + nZSanf> "+ Mfﬂ + <1 — anme> - M — korsin f (2.22)
r

2r 72 2r
gT'NQ
_l’_
\/KR2K4

(sin f(v? +u2 —u? —v2) + 2cos f(ujug — v102)) =0,

[+1
u) i —gsin fug + (e —gcos f —m) vy =0,
I+ 1 .
u’2+++uz—951nfvl+(€+gcosf—m)v2 =0,

[
v] — —v1 — gsin fus — (e + gcos f +m)uy =0,
r

, l+n
Vg —

_—" —gsin fu; — (e —gcos f +m)ug = 0.
Solutions of these equations give the symmetric stationary point of the total energy func-
tional.

The equations (2.22), together with constraint imposed by the normalization condi-
tion (2.16), yields a system of integro-differential equations, which can be solved numerically
as we impose appropriate boundary conditions. As usual, they follow from the conditions
of regularity of the fields both at the origin and at the spatial boundary, and condition
of finiteness of the energy of the system. In particular we have to take into account that
the asymptotic value of the scalar field is restricted to the vacuum and we are looking for
localized solutions.

Regularity at origin leads to the following restrictions on the fields:
f‘ro—qﬂ, lvl‘ =(+n) UQ‘ =({+1) ul‘ =({l4+n+1) uz‘ =0, (2.23)

where ¢ € Z. Regularity at the spacial boundary and the condition of localization of the
fermionic field yields

7—00

’1)2‘ = ul‘ = 'UQ‘ =0. (2.24)

vl
1 7—00 7—00 7—00

f‘r—wo

Evidently, with these conditions the topological charge (2.4) of the baby Skyrmion
becomes

Q=5((-1-1). (2.25)

However, it is well known that higher charge planar Skyrmions generally do not possess
rotational invariance [20, 36, 37]. Therefore we will restrict our consideration below to the
case n = —1, ¢ = 1, i.e. Q = 1. Note that for the anti-Skyrmion with topological charge
@ = —1 we have n = ¢ = 1 and, in the ground state [ = —1. Thus, the corresponding
system of the field equations for the fermions, localized on anti-Skyrmion, is identical
with (2.22) up to replacements u; — v;, n — —n and € — —¢, i.e. the isospin reflection
swaps the components of the fermionic field and inverts the sign of the fermion energy.
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Figure 1. Normalized energy % of the localized fermionic states as a function of the fermion-
Skyrmion coupling g for several fermion modes at m = 0 and kg = 0.1.

3 Numerical results

To solve the system of integro-differential equations (2.22) with constraint (2.16) numer-
T so z € [0,1]. The
system is solved iteratively using Newton-Raphson method, based on 6" order central finite

ically, we restrict the radial variable r to a compact interval x =

difference scheme. The resulting system of linear algebraic equations is solved with direct
PARDISO solver [39]. Method is implemented in Wolfram Language. The simulations use
a grid size of N = 1000 nodes, selected runs were repeated with other values of N to check
the stability of our results. The relative errors of calculations are lower than 1078,

Let us now restrict our consideration to the rotationally invariant fermionic ground
state, thus we fix [ = 0. Then the boundary conditions at the origin (2.23) become simple

floco=m vi|,_g=1b],_y =i,y =u2|,_, =0, (3.1)
while the asymptotic boundary conditions (2.24) remain the same. Note that for the
massless fermions the ground state becomes accidentally degenerated, since in that case
us = v1 and u; = —vsy.

The energy spectrum e of the spin isospin fermions coupled to the background field of
the Skyrmion was considered in several papers [12, 33-35]. In this approximation the profile
function f(r) of the Skyrmion field is not affected by the coupling strength g. It corresponds
to the case of weak coupling limit of our numerical simulations. The pattern becomes
different as we take into consideration the backreaction of the strongly coupled localized
fermions. Indeed, for a finite value of the coupling strength g, the profile of the Skyrme field



Figure 2. Fermionic field profile functions v; = us (upper left) and vy = —uy (upper right) and
the fermionic densities for Ax modes pa (lower left) and for By modes pp (lower right) are plotted
as functions of the radial coordinate r at ¢ =1, m = 0 and kg = 0.1.

deforms as the fermion occupied an energy level, further, the energy levels move accordingly.
Our numerical calculations continue until the self-consistency is attained. In this sense, as
the coupling g grows, we obtain an infinite tower of new Skyrmion solutions corresponding
to the different filling factors and types of the fermions occupying the energy levels.

In figure 1 we display the fermion energy (in unit of g) as a function of the cou-
pling strength g. We observe one zero-crossing mode from positive to negative continuum,
which corresponds to zero mode supported by the index theorem. Notably, this pattern
is similar to the discrete energy spectrum which has been found in previous studies of
the spherically symmetric (3+1)-dimensional fermions, coupled to the chiral field without
backreaction [13-15]. Further, in the latter case there also are localized modes of different
types, which are counterparts of the modes of the types A and B, respectively.

Considering the fermion modes localized by the Skyrmion with backreaction, we find
that there are two groups of the modes showing different behaviors, which we shall refer
to as Ag-modes and Bj-modes (k = 1,2,3,...), respectively. Our numerical results reveal
that for growing the coupling constant g, there appears an infinite tower of the fermionic



Figure 3. The total energy (2.7) for changing the coupling constant g.

excitations localizing on the Skyrmion. The eigenvalues of the Bi-modes are always pos-
itive, and are always close to the positive continuum threshold (see figure 1). Similarly,
the eigenvalues of the excited modes Ay, k > 1 are negative, these modes are linked to the
negative energy continuum (Dirac sea) approaching it at some set of critical values of the
fermion-Skyrmion coupling g.

In order to clearly see the difference, in figure 2, we plot the components of the wave
function vy, vo of the Ay, By, and also the fermionic densities. As can be seen, the fermionic
density distribution of the Aj possesses a maximum at the center of the Skyrmion core, it
monotonically reduces to zero at infinity. The fermionic density distributions of the By are
vanishing both at the center of the Skyrmion and at infinity, is featuring an annular shape.
Apart the nodeless mode Ay, the shell-like modes of both types somewhat resemble the
Bartnik-McKinnon solutions in the Einstein-Yang-Mills theory [38], in which the solutions
are classified by number of nodes k of the fields. The difference between the modes of the
type A and B is related with their decoupling limit; the Ax-modes are linked to the Dirac
sea while the By, modes emerge from the positive continuum. Later we shall discuss this
pattern in more detail.

We observe that for a certain set of values of the parameters of the model, there is only
one zero energy fermionic state. It corresponds to the mode of type Ay with eigenvalue
€ = 0. In other words, there is just a single fermionic level, which flows from positive to
negative value as coupling g decreases, see figure 1. This agrees with the statement of the
index theorem, which sets a correspondence between the number of zero modes and the
spectral flow of the fermionic Hamiltonian (2.14).
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Figure 4. Fermionic density distributions of the localizing modes Aq (upper left plot), A; (upper
right plot) and A, (bottom plot) as functions of the radial coordinate r for m = 0, ko = 0.1 and
several values of coupling constant g : 10 < g < 100.

We evaluate the total energy (2.7) with the ansatz (2.13), (2.15) for the Aix-modes and
By-modes. Figure 3 plots for the Ax, k =0,...,4 and By, k = 0,1. Again we confirm that
the A, and B, modes behave quite differently, as the coupling constant grows, all modes
of type Aj become strongly bounded to the Skyrmion decreasing the total energy of the
system. Oppositely, coupling to the modes of type Bj increase the total energy of the
bounded system.

In figure 4, we plot the fermionic density distributions (2.10) of the first three localizing
modes Ay, Ay, A for several values of coupling constant g : 10 < g < 1000. At small values
of the coupling constant g there is only one localizing mode Ay which should exists according
to the index theorem. As the coupling g increases, the effects of the backreaction becomes
more visible, also the higher A; modes become localized by the Skyrmion. Further increase
of the coupling g yields stronger bounding of the modes, also larger number of localized
modes are extracted from the positive and negative continuum.

Next, we consider dependence of solutions on the value of the fermion mass m for
fixed g. It is well known that for several model parameters the spectral flow behaviour

,10,
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can be realized. In figure 5, we present the plot which shows changing the mass parameter
m induces again a new spectral flow. The energy of the nodeless mode A is negative at
m = 0, and as increasing m it crosses zero at around m ~ 0.97 (we also supply the zoomed
subplot in figure 5). The spectral flow is more explicit as the coupling g becomes stronger.
The energy of the localized fermionic states is restricted as |e| < |g — m|. The excitations
of both types, Ay and By are delocalizing at some critical values of the fermion mass m.
On the other hand, decrease of the coupling constant g also leads to delocalization of the
fermionic modes, only massless m = 0 quasi zero mode Ay remains as g < 1, see figure 1.

In figure 6 we plot the topological charge density distribution and the fermionic fields,
for some set of values of the fermion mass 0 < m < 1. An interesting observation is that
for large values of the parameter m additional nodes may appear in the fermionic field
profile functions, thus the issue of classification of the modes, based on the number of
nodes becomes more subtle. For example, for Ay mode with kg = 0.1 additional node of vq
function appears at g = 1, m ~ 0.95, see figure 6, left upper plot. Increase of the coupling
g makes this effect more explicit.

Let us consider how the fermionic modes are affected by the variation of the Skyrmion
mass parameter kg, as the coupling constant g remains fixed. In figure 7 we display the
normalized fermion energy in units of ¢ as a function of the coupling kg at ¢ = 1. As it
is seen in figure 1, in this case there are two localized modes of type A and one mode of
type B, the number of localized fermionic states increases for larger values of g. First,
we observe that increase of the “pion mass” parameter kg also causes the spectral flow,

— 11 —
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plot), and the topological charge density distribution (2.4) (bottom plot) as functions of the radial
coordinate r for some set of values of the fermionic mass m at g =1, kg = 0.1.

the energy of the nodeless mode Ay, which is negative at kg = 0, increases and crosses
zero at some critical value of kg. Further increase of kg drives the eigenvalue e towards
positive energy continuum, it approaches it in the limiting case kg — co. In a contrast, the
energy of the A; mode is decreasing, it approaches the negative continuum and decouples
at kg ~ 0.61. The energy of the mode By, which arise from the positive continuum at
some small value of kg, is initially decreasing, it has a minimum at some value of the “pion
mass” parameter. As ko continue to grow, the corresponding eigenvalue starts to increase,
it tends to the positive energy continuum at kg — oo.

Note that the modes of type A remain localized on the baby Skyrmion in the limiting
case ko = 0. Indeed, our numerical results show that coupling to the fermionic mode may
stabilize the configuration, then the strength of the coupling ¢ yields the characteristic scale
of the soliton. In figure 8 we plotted the corresponding profiles of the fermionic density p
and the topological density distribution for some set of values of the parameter k.

Now, let us consider the radially excited modes, localized by the Skyrmion. Numerical
evaluation shows that, as a result of backreaction, the coupling to higher fermionic modes

— 12 —
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yield much stronger deformations of the Skyrmion than the coupling to the modes Ag and
By, which we discussed above. However, since the corresponding numerical errors rapidly
grows, we restrict our consideration to the first a few A modes.

As an example, in figure 9 we present the radial distributions of the fermionic density
of the localized Ay, A1 modes and the topological charge density of the baby Skyrmion,
coupled to these modes.

First, we observe that coupling to the higher modes strongly deforms the Skyrmion,
see figure 9, right plots. In the strong coupling limit the profile function of the soliton is
no longer monotonically decreasing with r, a node of f(r) appears and large amplitude
oscillations of the profile function are observed. This effect becomes much more explicit
for small values kg. Physically, the oscillations of the topological charge density in the cou-
pled fermion-Skyrmion system may be interpreted as production of the strongly bounded
Skyrmion-anti-Skyrmion pair, thus the total topological charge of the configuration does
not change. However, the fermionic A; mode is now coupled to the concentric multi-
Skyrmion like configuration, it can be thought of as decomposed into the individual Ag
modes, localized by each of the constituents, see figure 9, left plots.
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Figure 10. Distributions of the fermionic density of the localized mode A; (left plot) and the
topological density of the Skyrmion coupled to this mode (right plot) as functions of the radial
coordinate r for some set of values of mass of fermions m at g = 100 and xg = 0.

Variation of the fermion mass parameter m also affects the structure of the solutions.
As a particular example, we considered the dependency of the fermionic density of the
localized mode A; and the topological density of the Skyrmion coupled to this mode, for a
fixed value of the coupling constant g, see figure 10. Increase of the fermion mass smooths
out the spatial distribution of the densities, also the characteristic size of the configuration
increases.

Finally, let us note that there can be several fermionic modes localized by the soliton.
For low values of coupling g topological and fermionic density profiles are almost unchanged
relative to the case of localization of single fermion, though for higher ¢ deformations
appears to be stronger. As a particular example, in figure 11 we represent the Ag and Ay
modes localized by the Skyrmion at g = 100, this is the configuration with filling factor 2.

4 Summary and conclusions

The objective of this work is to investigate the effects of backreaction of the fermions
coupled to the planar Skyrmions. We found that there are two different types of the
fermionic modes, localized on the Skyrmion, in particular there is only one zero crossing
bounded nodeless mode. Other modes, which are linked to the positive and negative
continuum, do not cross zero in agreement with the index theorem. Decrease of the coupling
constant leads to delocalization of the fermionic modes, only massless quasi zero mode
remains in the weak coupling limit. We show that the coupling to the fermions may stabilize
the soliton in the limiting case of vanishing potential, then the coupling strength defines
the characteristic size of the Skyrmion. Considering the strong coupling limit we found
that the coupling to the fermionic modes strongly deforms the Skyrmion, in particular we
observe production of tightly bounded Skyrmion-anti-Skyrmion pair.

The work here should be taken further by considering the multisoliton solution in the
planar Skyrme model with fermionic fields. The additional long-range interaction mediated
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Figure 11. Distributions of the fermionic density of the localized modes A; and As (left plot)
and the topological density of the Skyrmion coupled to these modes (right plot) as functions of the
radial coordinate r at g = 100 and ko = 0. The solid line corresponds to the state with filling factor
2, dashed lines correspond to the states with filling factor 1.

by the fermions, localized on the solitons, may strongly affect the usual pattern of interac-
tion between the Skyrmions. Another direction can be related with investigation of prop-
erties of fermions localized on solitons in the baby Skyrme model with the Dzyaloshinskii-
Moriya interaction term. We hope to address these problems in our future work.
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