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Abstract

Until recently, the interaction of electromagnetic waves with crystals built from parallel
metallic wires (wire media) was analyzed in the approximation of isotropic scattering of the
electromagnetic wave by a single wire. However, if the wires are thick (kR ∼ 1), electromagnetic
wave scattering by a wire is anisotropic, i.e., the scattering amplitude depends on the scattering
angle. In this work, we derive the equations that describe diffraction of electromagnetic waves
and spontaneous emission of charged particles in wire media, and take into account the angular
dependence of scattering amplitude. Numerical solutions of these equations show that the
radiation intensity increases as the wire radius is increased and achieves its maximal value in
the range kR ∼ 1. The case when the condition kR ∼ 1 is fulfilled in the THz frequency
range is considered in detail. The calculations show that the instantaneous power of Cherenkov
and parametric (quasi-Cherenkov) radiations from electron bunches in the crystal can be tens–
hundreds megawatts, i.e., high enough to allow experimental observation as well as possible
practical applications.

Introduction

Emission of photons by relativistic charged particles moving in natural or artificial spatially-periodic
structures (photonic crystals, metamaterials) has come under intensive theoretical and experimental
investigation in recent years [1–7]. It has been found that spatial-periodic structure of crystals is
facilitating for new mechanisms of radiation from a uniformly moving particle to occur in addition to
already known Cherenkov and transition radiations: Smith-Purcell effect (diffraction radiation and
resonance radiation) [8–11] and parametric X-ray radiation [1].

Parametric radiation in X-ray frequency range (PXR) caused by particles moving in natural
crystals has been theoretically and experimentally studied in numerous works (see [1]) and the
references therein. Parametric radiation from a relativistic particle moving in a photonic crystal has
been considered in [2, 5]. The theoretical description of PXR is based on Ewald’s and von Laue’s
dynamical theory of X-ray diffraction. It is important to note that here the perturbation theory well
applies to the description of photon scattering by a single atom, whereas in microwave and optical
ranges the perturbation theory does not always apply to describe photon scattering by scatterers
that form a photonic crystal (ball, wire, etc.). Nevertheless, as it has been demonstrated in [2], it
is possible to derive equations defining process of dynamical diffraction in photonic crystals and to
describe the emission of photons from relativistic particles moving in such crystals.

1

ar
X

iv
:1

60
9.

05
68

9v
1 

 [
ph

ys
ic

s.
op

tic
s]

  1
9 

Se
p 

20
16



Radiation produced by charged particles moving in crystals built from parallel metallic wires has
been studied in [2,5,6,12–18]. The authors of [6,15–18] have considered the case when the wavelength
is much greater than the crystal period, and so the diffraction conditions are not fulfilled. Here the
crystal was presented as an equivalent uniform medium characterized by certain permittivity and
permeability tensors. Inversely, the authors of [2,5,12–14] have not confine themselves to the analysis
of long-wave approximation, because diffraction in crystals is paramount for the considered radiation
mechanisms (parametric, diffraction). According to the results reported in [5], when the wavelength
λ = 2π/k becomes comparable with the wire radius R (kR ∼ 1) a noticeable increase in the intensity
of parametric radiation is observed. As a result, say, electron bunches with ne ∼ 109–1011 that are
produced through laser acceleration can generate GW-level THz pulses in such crystals [5].

Let us note here that until now (see [2, 6, 15–17], a review article [19] and the reference therein),
the authors concerned themselves only with the case when kR� 1, where scattering of the electro-
magnetic wave with a “parallel” polarization (vector E is parallel to the axes of the wires) by a single
wire is isotropic, and scattering of a wave with a “perpendicular” polarization can be neglected. The
analysis in [5] relies on extrapolation of the results obtained for the theory valid at kR � 1 to the
frequency range kR ∼ 1, where, generally speaking, scattering by a single wire is anisotropic (the
scattering amplitude depends on the scattering angle).

The equations describing the dynamical diffraction theory in 2D crystals that are valid for the
case of anisotropic scatering by a single constituent element of the crystal (e.g. wire) were first
obtained in [20]. In this paper, we use the theory developed in [20] to give a detailed analysis of
refraction and diffraction of waves in crystals built from metallic wires in the case when kR ∼ 1.
We derive the equations that describe spontaneous radiation from charged particles moving in such
crystals with due account of angular dependence of the scattering amplitude. Numerical solution of
the derived equations shows that, as concluded in [5], the radiation intensity increases with increasing
wire radius, achieving its maximum in the range kR ∼ 1. We give a special consideration to the case
when the condition kR ∼ 1 is fulfilled in THz range of frequencies.

The paper is arranged as follows. The first section describes the general approach that we take
to find the characteristics of radiation produced by a charged particle moving in arbitrary targets
(photonic crystals). The second section considers the theory of diffraction in photonic crystals built
from metallic wires and derives the dispersion equation describing the possible types of waves in the
crystal that also holds true in the case when the wires cannot be regarded as thin (kR ∼ 1). The
third section analyzes radiation produced by a charged particle moving in crystals built from metallic
wires, at different kR.

1 Emission of photons by a charged particle moving in the

crystal

Let a relativistic particle of charge eQ move at a constant velocity in a crystal built from parallel
metallic wires, as shown in Fig. 1. The crystal thickness L is assumed to be much less than its
transverse dimensions and the wire radius R is much less than the crystal periods a, b. Let us denote
the unit cell area by Ω2 = ab.

To study the process of emission of electromagnetic waves by a charged particle, we shall use
the general approach described in [1, 21, 22]. The spectral density of radiation energy per unit solid

angle Wnω (n = k/k), differential number of quanta
d2N

dωdΩ
≡ dNnω = Wnω/~ω, and the polarization

characteristics of radiation can be obtained readily if we know the field E(r, ω), produced by a
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Figure 1: Photonic crystal built from metallic wires and the used coordinate system.

charged particle at a large distance r from the target (crystal):

Wnω =
cr2

4π2
|E(r, ω)|2 , (1)

where c is the speed of light.
To find the field E(r, ω), we need to solve Maxwell’s equations describing the interaction of

particle with a medium. The transverse solution can be found using the Green function G of these
equations, which satisfies the relationship (see [1, 21,22])

G = G0 +G0
ω2

4πc2
(ε̂− 1)G. (2)

Here G0 is the transverse Green function of Maxwell’s equations at ε̂ = 1 (it is given, for example,
in [23]) and ε̂ is the permittivity tensor of the medium. Using G, we can find the field we are
concerned with

En(r, ω) =

∫
Gnl(r, r

′, ω)
iω

c2
j0l(r

′, ω)d3r′, (3)

where n, l = x, y, z, and j0l(r, ω) is the Fourier transform of the l-th component of the current
produced by a moving charged particle.

According to [1, 21], the Green function at r →∞ is expressed through the solution of homoge-

neous Maxwell’s equations containing at infinity a converging spherical wave E
(−)s
kl :

lim
r→∞

Gnl(r, r
′, ω) =

eikr

r

∑

s

esnE
(−)s∗
kl (r′, ω), (4)

where k = k r
r
, es is the unit polarization vector, s = 1, 2, and e1 ⊥ e2 ⊥ k. At r →∞, the expression

for wave E
(−)s
kl (r′) takes the form

E
(−)s
k (r′, ω) = eseikr

′
+ const

e−ikr
′

r′
.
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The solution E
(−)s
k (r, ω) is associated with the solution of homogeneous Maxwell’s equations E

(+)s
k (r, ω)

that describes photon scattering by a target and contains at infinity a diverging spherical wave
(E

(+)s
k (r, ω) = e seikr + const e

ikr

r
), [1, 21]:

E
(−)s∗
k = E

(+)s
−k . (5)

Using (3) and (4), we obtain

En(r, ω) =
eikr

r

iω

c2

∑

s

esn

∫
E

(−)s∗
k (r′, ω)j0(r′, ω)d3r′ =

eikr

r

iω

c2

∑

s

esn

∫
E

(+)s
−k (r′, ω)j0(r′, ω)d3r′. (6)

Then the spectral density of radiation for photons with polarization vector es can be written in the
form:

W s
n,ω =

ω2

4π2c3

∣∣∣∣
∫

E
(−)s∗
k (r, ω)j0(r, ω)d3r

∣∣∣∣
2

, (7)

where

j0(r, ω) =

∫
eiωtj0(r, t)dt = eQ

∫
eiωtv(t)δ(r− r(t))dt, (8)

and v(t) and r(t) are the particle velocity and trajectory, respectively.
Substitution of (8) and (5) into (7) finally gives

dN s
n,ω =

e2Q2ω

4π2~c3

∣∣∣∣
∫

E
(+)s
−k (r(t), ω)v(t)eiωtdt

∣∣∣∣
2

. (9)

Integration in (9) is performed over the entire domain of particle motion.
Thus, for the analysis of radiation emitted by a particle passing through a photonic crystal, we do

not need a complete solution of Maxwell’s equations; suffice it to know the solution of homogeneous
Maxwell’s equations describing plane-wave diffraction by the crystal. Solving homogeneous Maxwell’s
equations instead of inhomogeneous significantly simplifies the analysis of the radiation problem and
enables considering different cases of radiation.

2 Propagation of waves in a crystal built from parallel metal-

lic wires

Let us consider refraction and diffraction of electromagnetic waves in a photonic crystal for the case
when kR ∼ 1. We shall start with solving the problem of plane-wave scattering by a single wire
(metallic cylinder), then consider scattering by an one-dimensional grating (a single crystal plane)
formed by periodically spaced wires, and finally proceed to deriving the dispersion equation for a
infinite crystal.

2.1 Amplitude of electromagnetic wave scattering by a wire

Let a plane electromagnetic wave E0 = e0e
ik1r (e0 is the polarization unit vector) be scattered by

an infinite cylinder of radius R. We shall assume that the cylinder is placed in the medium whose
permittivity and permeability are ε1 and µ1, respectively; we shall denote the permittivity and the
permeability of the cylinder material by ε2 and µ2, respectively. It is also assumed that the axis of
the cylinder is oriented along the x-axis of the Cartesian rectangular coordinates and the wave vector
of the incident wave is k1 = (k1x, 0, k1z). We shall also introduce a polar coordinate system (ρ, ϕ) in
the (z, y)-plane using the relations z = ρ cosϕ and y = ρ sinϕ.

It is necessary to consider two possible polarizations of the incident wave :
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• transverse electric (TE) polarization, when the vector E0 of the electric field strength is per-
pendicular to the axis of the cylinder (E0x = 0). Hereinafter the quantities referring to this
polarization will bear the index “⊥”;

• transverse magnetic (TM) polarization, when the vector H0 of the magnetic-field strength is
perpendicular to the axis of the cylinder (H0x = 0). Hereinafter the quantities referring to this
polarization will bear the index “‖”, since in this case vector E has a nonzero component which
is parallel to the cylinder axis x.

If the incident wave is TM-polarized, then the x-component of the field E can be presented as a
series in terms of cylindrical functions [24–26]:

Ex =





∞∑

n=−∞
inJn(kρρ)e−inϕ +

∞∑

n=−∞
inanHn(kρρ)e−inϕ, ρ ≥ R

∞∑

n=−∞
inbnJn(k′ρρ)e−inϕ, ρ ≤ R,

(10)

where Jn and Hn are the Bessel cylindrical function of the n-th order and the Hankel cylindrical
function of the first kind of the n-th order, respectively, kρ = (k1y, k1z), kρ =

√
k2ε1µ1 − k2

1x, k
′
ρ =√

k2ε2µ2 − k2
1x, k = ω/c. For brevity, we shall omit the factors eik1xx in expressions for the field (10),

as well as hereinafter in this paper. The component Hx of the magnetic field can be represented in
a similar way:

Hx =





∞∑

n=−∞
incnHn(kρρ)e−inϕ, ρ ≥ R

∞∑

n=−∞
indnJn(k′ρρ)e−inϕ, ρ ≤ R.

(11)

For -polarization, the expansion (11) must be used for Ex and the expansion (10) for Hx. Other
components of the fields are expressed in terms of Ex and Hx as follows:





E⊥ ≡ (Ey, Ez) =
ik1x

k2
ρ

~∇⊥Ex −
ikµ1

k2
ρ

ex × ~∇⊥Hx

H⊥ ≡ (Hy, Hz) =
ik1x

k2
ρ

~∇⊥Hx +
ikε1

k2
ρ

ex × ~∇⊥Ex,
(12)

where ~∇⊥ = ey
∂
∂y

+ ez
∂
∂z

, and (ex, ey, ez) are the unit vectors of the corresponding axes. Equations

(12) are valid for ρ ≥ R; in the case when ρ < R, we should replace kρ → k′ρ, ε1 → ε2, µ1 → µ2. The
unknown coefficients an, bn, cn, and dn are found from boundary conditions at ρ = R.

Let the condition |k1x| � kρ be fulfilled. Then for the coefficients a
‖
n and a⊥n (i.e., the expansion

coefficients for the electric field outside the cylinder in the case of TM-polarization (‖) and for
the magnetic field in the case of TE-polarization (⊥)), we can obtain the following approximate
expressions (see [24,26]):





a‖n ≈
−Jn(k′ρR)J ′n(kρR) +

√
ε
µ
J ′n(k′ρR)Jn(kρR)

Jn(k′ρR)H ′n(kρR)−
√

ε
µ
J ′n(k′ρR)Hn(kρR)

,

a⊥n ≈
−Jn(k′ρR)J ′n(kρR) +

√
µ
ε
J ′n(k′ρR)Jn(kρR)

Jn(k′ρR)H ′n(kρR)−
√

µ
ε
J ′n(k′ρR)Hn(kρR)

,

(13)
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where ε = ε2/ε1, µ = µ2/µ1. Formulas (13) are exact for n = 0. If n 6= 0, these formulas are exact

only when k1x = 0, whereas at small values of k1x provide the relative error of the order of |k1x|
kρ

.

For a wire made from a nonmagnetic metal and placed in a vacuum, the permeability µ and the
permittivity ε in (13) should be taken as µ = 1 and ε = 1 + i4πσ

ω
, where σ is the conductivity of the

metal. Let us write the expressions for the coefficients an in the case of perfectly conducting wires
for their particular simple form. Since the permittivity ε→ i∞ as σ →∞, then from (13) we find





a‖n = − Jn(kρR)

Hn(kρR)
,

a⊥n = − J
′
n(kρR)

H ′n(kρR)
.

(14)

Let us pay attention to the fact that if the incident plane wave is TM(TE)-polarized, then in the
case of perfectly conducting wire, the scattering field is also completely TM(TE)-polarized (Hx = 0 or
Ex = 0, respectively). But this is not so in the general case when ε is an arbitrary value. For example,
when a TM-polarized wave is incident onto the wire (i.e., Hx,inc = 0), then in the series expansion of

the scattering field Hx,sc =
∞∑

n=−∞
inc
‖
nHn(kρρ)e−inϕ, the coefficients c

‖
n, generally speaking, differ from

zero (except for c
‖
0). Thus, in this example, the TM-polarized wave incident on the wire produces a

diffracted one that contains the components with TM- and TE-polarizations with their amplitudes
determined by the coefficients a

‖
n and c

‖
n, respectively. It can be shown, however, that in the case

under consideration, at |k1x| � kρ, the amplitudes |cn| � |an|, and so can be neglected.

-1
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0

0.5

1

1.5

2

πA
‖
n

n = 0 n = 1 n = 2

-0.8

-0.4

0

0.4

0.8

1.2

0 0.5 1 1.5 2

πA⊥
n

kρR

0 0.5 1 1.5 2
kρR

0 0.5 1 1.5 2
kρR

ReπAn
ImπAn

|πAn|

Figure 2: The amplitudes A0, A1 and A2 of electromagnetic wave scattering by a perfectly conducting
wire versus kρR for two polarizations

Using the asymptotic forms for Hankel functions of large argument and the integral representation
of Hankel functions [23, 27], the expressions for Ex and Hx at large distances from the axis of the
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cylinder (kρ� 1) can be written as

Ψ =

{
Ex

Hx

}
= eikρρρρ +

{
A‖(ϕ)

A⊥(ϕ)

}
×

∞∫

−∞

eik
√
ρ2+x2

√
ρ2 + x2

dx, (15)

where

A‖(⊥)(ϕ) = − i
π

(
a
‖(⊥)
0 + 2

∞∑

n=1

a‖(⊥)
n cos(nϕ)

)
≡

∞∑

n=0

A‖(⊥)
n cos(nϕ). (16)

Other unknown components of the fields can be expressed in terms of Ex and Hx using (12). Following
the analogy of a three-dimensional case, by A(ϕ) we shall mean the amplitude of scattering of the
electromagnetic wave by a cylinder at an angle ϕ [28].

Figure 2 exemplifies the expansion coefficients An for the amplitudes of scattering by a perfectly
conducting cylinder as a function of kρR (they have a similar form for a cylinder made from a finite-
conductivity metal). It may be seen that in the range 0 < kρR . 1, we can take account only of the
expansion terms n = 0, 1 to consider scattering by a cylinder, because other terms are small. So the
expression for a wave scattered by a wire with the coordinates ρ0 = (y0, z0) can be written in the
form:

Ψ = eikρρρρ + iπA0H0(kρ|ρρρ− ρρρ0|)− πA1H1(kρ|ρρρ− ρρρ0|) cos(k⊥, ρρρ− ρρρ0), (17)

where the upper index of the scattering amplitude is omitted for simplicity. In the case when kρR & 1,
we need to consider many terms (n = 0, 1, 2, ...) in expansion of the scattering amplitude (16), and
the expression for a wave scattered by the wire becomes quite complicated. In our further analysis
we shall confine ourselves to the case when 0 < kρR . 1, and scattering by a single wire can be
described by equation (17).

2.2 Scattering of electromagnetic waves by one-dimensional grating

Now, let us consider scattering of a plane wave by one-dimensional grating formed by periodically
spaced parallel wires (Fig. 3). Let the coordinates of the wire axes be ρρρn = (zn, yn), yn = bn, zn = 0,

y

z

b

(z, y)

z

ϕn

(0, nb)

ρρρ− ρρρn

k1

Figure 3: Scattering of a plane wave by a one-dimensional grating formed by metallic wires

where b is the grating period, and the wave vector of incident wave k1 = (kx, ky, kz) (the index “1”
on the components of the vector is omitted). The general solution for the wave scattered by the
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grating has the form

Ψ = eikρρρρ + iπF0

∞∑

n=−∞
eikybnH0(kρ|ρρρ− ρρρn|)− πF1

∞∑

n=−∞
eikybnH1(kρ|ρρρ− ρρρn|) cosϕn

− πF ′1
∞∑

n=−∞
eikybnH1(kρ|ρρρ− ρρρn|) sinϕn, (18)

where summation is made over the coordinates ρρρn of all wires, and the amplitudes F0, F1, and F ′1
are independent of the position of the wire (index n) because the grating is assumed to be infinite.

The cylindrical wave of amplitude F (ϕn) = eikybn(F0 + F1 cosϕn + F ′1 sinϕn) diverging from the
n-th wire is produced through scattering by this wire of two waves: 1) the incident plane wave
and 2) the sum of cylindrical waves (of amplitudes F (ϕm), m 6= n) coming from all other wires.
Scattering of the initial plane wave by the wire is described by the expression (17); to describe
scattering of cylindrical waves, we can also use (17) provided that each cylindrical wave is presented
as a superposition of plane waves [20]. In a similar manner as in [20], formulation a system of linear
algebraic equations for F0, F1, and F ′1, enables us to find





F0 = F0(ky, kρ) = A0
1 + A1(S3 + S2ky/kρ − S1)

1− S1A0 − (S1 − S3)A1 − A0A1(S1S3 + S2
2 − S2

1)
,

F1 = F1(ky, kρ) = A1
kz/kρ

1− A1S3

,

F ′1 = F ′1(ky, kρ) = A1
ky/kρ + A0(S2 − S1ky/kρ)

1− S1A0 − (S1 − S3)A1 − A0A1(S1S3 + S2
2 − S2

1)
,

(19)

where S1, S2, and S3 are

S1 = iπ
∞∑

n=1

H0(kρbn)(eikybn + e−ikybn) =
2iπ

kz0b
− iπ + 2

(
log

kρb

4π
+ C

)
+
∑

n6=0

{
2iπ

kznb
− 1

|n|

}
, (20)

S2 = π
∞∑

n=1

H1(kρbn)(eikybn − e−ikybn) = −2
ky
kρ

+
iπ

kρb

∞∑

n=−∞

{
ky,−n
kz,−n

+
kyn
kzn

}
, (21)

S3 = iπ

∞∑

n=1

H1(kρbn)

kρbn
(eikybn + e−ikybn) =

2iπ

kρb

kz0
kρ
− iπ

2
+

(
log

kρb

4π
+ C − 1

2
+
k2
y

k2
ρ

+
2π2

3k2
ρb

2

)
+

+
2π

kρb

∑

n6=0

{
ikzn
kρ

+
|kyn|
kρ
− kρb

4π|n|

}
. (22)

In these formulas C ≈ 0.5772 is the Euler constant, kyn = ky − 2πn/b, and kzn =
√
k2
ρ − k2

yn.
The root is taken arithmetically, while in the case when the radicand is negative, we assume that√
−|{...}| = +i

√
|{...}|. Let us note that for kyb = πn the expressions (19) simplify appreciably,

because in this case S2 = 0.
Let us concentrate on the analysis of scattering of a TM-polarized wave. Using the Poisson

summation formula in (18), we can obtain the following expressions for the electric field E in the
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case of scattering by a one-dimensional grating of a plane TM-polarized wave of unit amplitude:

Ex =
kρ
k1

{
eikρρρρ +

∞∑

n=−∞

(
F0 + F1

kzn
kρ

sgn z + F ′1
kyn
kρ

)
2iπ

kznb
eikynyeikzn|z|

}
,

Ey = −kx
k1

{
ky
kρ
eikρρρρ +

∞∑

n=−∞

(
F0 + F1

kzn
kρ

sgn z + F ′1
kyn
kρ

)
2iπ

kznb

kyn
kρ
eikynyeikzn|z|

}
,

Ez = −kx
k1

{
kz
kρ
eikρρρρ +

∞∑

n=−∞

(
F0 + F1

kzn
kρ

sgn z + F ′1
kyn
kρ

)
2iπ

kznb

kzn
kρ
eikynyeikzn|z| sgn z

}
.

(23)

To help grasp the physical meaning of the expressions (23) more readily, we can write them in a
simpler, more compact form

E(r) = e0e
ik1r +

∞∑

n=−∞
e±nΦ±n e

ik±n r, (24)

where e0 is the polarization unit vector of the wave incident onto the grating, e±n = kρ
k1

ex− kxkyn
k1kρ

ey ∓
kxkzn
k1kρ

ez are the polarization unit vectors of waves diverging from the grating (scattered waves),

k±n = (kx, kyn,±kzn) are their wave vectors, and Φ±n are their amplitudes:





Φ+
n =

2iπ

kznb

(
F0 + F1

kzn
kρ

+ F ′1
kyn
kρ

)
=

2iπ

kznb
F (φn),

Φ−n =
2iπ

kznb

(
F0 − F1

kzn
kρ

+ F ′1
kyn
kρ

)
=

2iπ

kznb
F (π − φn),

(25)

where F (ϕ) = F0 +F1 cosϕ+F ′1 sinϕ is the effective amplitude of wave scattering by the wire of the
grating, sinφn = kyn

kρ
, cosφn = kzn

kρ
. The sign “+” in (24)-(25) refers to the case z > 0, whereas the

sign “−” refers to the case z < 0.
Formula (24) reflects a simple physical fact: in a general case, diffraction of a plane wave having

a unit amplitude at a 1D periodic grating gives rise to a set of diverging from the grating plane waves
whose amplitudes are Φ±n . As follows from the expression for k±n , the y-components of wave vectors
of the scattered waves differ from one another by the reciprocal lattice vector τy = 2πn

b
. We shall

note here that for chaotically placed in the z-plane wires (by contrast to periodically placed) there
would appear two plane waves; transmitted through and mirror-reflected from the wire array (with
wave vectors k+

0 ≡ k1 = (kx, ky, kz) and k−0 = (kx, ky,−kz), respectively).
We should also state that at |kyn| > kρ, the wave with index n in (24) is evanescent wave, so

at large distances from the grating (at sufficiently large |z|), summation in (24) should be confined
only to such values of n at which |kyn| < kρ. However, in analyzing the propagation of waves in a
2D crystal, it may be essential that the evanescent waves be taken into account, particularly if the
crystal period along the z direction is not large enough, and so here we use the complete expressions
for the field (23)-(24).

2.3 Diffraction and refraction in crystals at arbitrary scattering ampli-
tudes

Let now a plane wave with TM polarization be scattered by two gratings instead of one. The gratings
are placed at a distance a from one another in a medium whose permittivity and permeability are

9



ε1 and µ1, respectively (Fig. 4). The general solution has a similar form as (23)-(24) i.e., for the
Ex-component of the field E we can write

Ex =
kρ
k1

eik1r +
kρ
k1

∑

n

Φ±n1e
ik±n (r−z1) +

kρ
k1

∑

n

Φ±n2e
ik±n (r−z2), (26)

where z1 = 0, z2 = aez are the vectors defining the positions of the first and second gratings,
respectively; the sign “+” or “−” in the first sum is chosen according to the sign of the z-coordinate,
whereas in the second sum the sign is chosen according to the sign of the difference (z − a). The
remaining components of the field can be expressed in terms of Ex using (12) in a similar manner as
was done earlier in this paper.

z

eik1r

∑
n

Φ−
n1e

ik−
n (r−z1)

∑
n

Φ+
n1e

ik+
n (r−z1)

∑
n

Φ−
n2e

ik−
n (r−z2)

∑
n

Φ+
n2e

ik+
n (r−z2)

b

a

z1 z2

Figure 4: Scattering of a plane wave by two one-dimensional gratings

The unknown amplitudes Φ±n1 and Φ±n2 can be expressed in terms of the amplitudes Φ±n calculated
for the case of scattering by a single grating. We should bear in mind here that each grating scatters
not only the initial plane wave Ex0 ≡ Ψ0 = kρ

k1
eik1r, but also waves coming from the other grating

(see Fig. 4). For example, the first grating scatters the wave Ψ0 + Ψ2, where

Ψ2 =
kρ
k1

∑

n

Φ−n2e
ik−n (r−z2).

As a result, we have a set of plane waves diverging from the first grating:

Ψsc
1 =

kρ
k1

∑

n

Φ±n1e
ik±n (r−z1).

in a similar way, the second grating is affected by the wave Ψ0 + Ψ1, where

Ψ1 =
kρ
k1

∑

n

Φ+
n1e

ik+
n (r−z1),

10



and as a result, we have a scattered wave

Ψsc
2 =

kρ
k1

∑

n

Φ±n2e
ik±n (r−z2).

Knowing the law describing scattering of a unit-amplitude plane wave by a single grating (see (24)-
(25)), we can write a system of linear algebraic equations for finding Φn1 and Φn2.

Let us consider a very simple example of normal incidence of wave onto a grating when k1 =
(0, 0, k1) and kρ = k1. Let the wave number satisfies the condition k1b < 2π; then in (24) all the
waves with |n| > 0 are evanescent and can be neglected if the distance a between the gratings is large
enough. Taking into account that for normal incidence F ′1 = 0 (see (19)) and Φ±0 = 2iπ

k1b
(F0 ± F1),

expressions (24)–(25) yield the following equation for scattering by a single grating placed at z = z0

Ex ≈ eik1z +
2iπ

k1b
(F0 + F1 sgn(z − z0)) eik1|z−z0|. (27)

In the case of scattering by two gratings, Φ±0m = 2iπ
k1b

(F0m ± F1m), where m = 1, 2 and the earlier
written formulas for Ψ0, Ψ1, Ψ2 take the form

Ψ0(z) = eik1z, Ψ1(z) =
2iπ

k1b
(F01 + F11) eik1|z−z1|, Ψ2(z) =

2iπ

k1b
(F02 − F12) eik1|z−z2|. (28)

Now we can write the sought system of equations as:




F01 = F0 · [Ψ0(z1) + Ψ2(z1)] ,

F11 = F1 · [Ψ0(z1)−Ψ2(z1)] ,

F02 = F0 · [Ψ0(z2) + Ψ1(z2)] ,

F12 = F1 · [Ψ0(z2) + Ψ1(z2)] .

(29)

Here the sign “−” before the second term in the second equation is because the wave Ψ2(z) is incident
onto the first grating from the positive values of z (it propagate in the direction opposite to that of
the wave Ψ0).

Taking account of evanescent waves and generalization of the obtained results to the case of
arbitrary (non-normal) incidence of the initial wave onto the gratings requires cumbersome arithmetic
transformations but do not present serious difficulties. The same refers to the case when there are
several (M) gratings instead of two. The general solution for the field Ex in here has the form

Ex =
kρ
k1

{
eikρρρρ +

∑

n,m

(
F0m + F1m

kzn
kρ

sgn(z − zm) + F ′1m
kyn
kρ

)
2iπ

kznb
eikynyeikzn|z−zm|

}
, (30)

where zm = (m− 1)a, the summation over m is made from 1 to M (i.e., over all gratings), and F0m,
F1m, and F ′1m are found from the system of linear equations:

F0m

F0

= eikzzm +
∑

n6=m

∑

l

eikzl|zm−zn|
F0(kyl)

F0(ky0)

2iπ

kzlb

(
F0n + F1n

kzl
kρ

sgn(m− n) + F ′1n
kyl
kρ

)
,

F1m

F1

= eikzzm +
∑

n6=m

∑

l

eikzl|zm−zn|
F1(kyl)

F1(ky0)

2iπ

kzlb

(
F0n sgn(m− n) + F1n

kzl
kρ

+ F ′1n
kyl
kρ

sgn(m− n)

)
,

F ′1m
F ′1

= eikzzm +
∑

n6=m

∑

l

eikzl|zm−zn|
F ′1(kyl)

F ′1(ky0)

2iπ

kzlb

(
F0n + F1n

kzl
kρ

sgn(m− n) + F ′1n
kyl
kρ

)
.

(31)
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This system of equations has a structure very similar to (29) and considers scattering by each (m-
th) grating of the initial plane wave Ψ0 (the first term on the right-hand side of (31)) as well as
the waves coming from all other gratings (the second term). These equations are more awkward
than (29) because they consider all evanescent waves and the general case of arbitrary (non-normal)
incidence onto the grating.

Now let us proceed from a set of M -number of one-dimensional gratings to an infinite (in the
z direction) crystal. We shall consider the problem of finding the refractive index of an infinite
crystal as an eigenvalue problem as proposed by P.P. Ewald in the development of dynamical theory
of diffraction [29–31]. A coherent wave propagating through a crystal is a result of summation of
elementary waves emitted by single wires. Production and propagation of these elementary waves in
an infinite, unbounded crystal should be considered as free oscillations (eigenmodes) of the system
(crystal) rather than forced ones (excited by an external incident wave) [29–31]. An important feature
of this system is self-consistency manifested in excitation of each wire by the wave field formed by the
superposition of elementary waves from all other wires. The same is true not only for single wires,
but also for crystal planes (1D gratings discussed earlier in this paper), i.e., each plane starts to emit
waves under the effect of the field induced by all other planes. Let us note that similar reasoning
was used in the analysis of wave propagation in crystals formed by anisotropically scattering centers
in [20,32] and in [33] for the case of isotropic scattering.

The above can also be stated as follows. The solution of Maxwell’s equations (30) describes the
field induced in crystal through scattering of a plane wave E = e0e

ikr, and F0m, F1m, and F ′1m in
(30) are the solutions of the system of linear nonhomogeneous equations (31), whose column (vector)
of constant terms is just determined by the amplitude of the incident wave. To find the eigenmodes
of infinite crystal, we need to solve the appropriate system of homogenous equations [34]. According
to Bloch’s theorem, we assume that F0n = F00e

iqzzn , F1n = F10e
iqzzn , F ′1n = F ′10e

iqzzn , where qz is the
unknown z-component of the wave vector in the crystal, and F00, F10, and F ′10 are independent of zn.
Substitution of these expressions into (31) and elimination of the constant terms eikzzm corresponding
to the wave incident onto the crystal, gives the system of linear equations for F00, F10, and F ′10, having
nonzero solution only when its determinant is zero. After the summation over n (it can be easily
done by the formula for geometric series), the substitution of (19) and some other transformations,
we obtain the dispersion equation for finding qz in the form

detD = 0, (32)

whereD is a certain 3×3 matrix. Because in the general case the elements of D are quite cumbersome,
we shall define them in the Appendix A.

By way of example, let us consider the case of normal incidence of the wave onto the crystal
(kx = ky = 0). The dispersion equation in this case takes the simplest form:

k1b

2π
= − C1A0

1 + iπA0 − S ′1A0

− C5A1

1 + iπA1/2− S ′3A1

+
2π

k1b

(C2
3 − C1C5)A0A1

(1 + iπA0 − S ′1A0)(1 + iπA1/2− S ′3A1)
, (33)

where S ′1 = ReS1 and S ′3 = ReS3, whereas the functions C1, C3, and C5 depend on the crystal
periods a and b and the wave numbers k1 = k

√
ε1µ1 and q (see Appendix A). Let q = kn, where n is

the crystal refractive index. If the condition |n2 − ε1µ1| � 1 is fulfilled, and k1a, k1b < 2π, then the
functions C1, C3, and C5 will be approximately equal to

C1 ≈ C5 ≈ −C3 ≈ −
2
√
ε1µ1

ka(n2 − ε1µ1)
. (34)

Substitution of these values into (33) readily gives the expression for the refractive index n and the
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crystal’s effective dielectric susceptibility g0:

g0 ≡ n2 − 1 ≈ ε1µ1 − 1 +
4π

k2ab

{
A0

1 + iπA0 − S ′1A0

+
A1

1 + iπA1/2− S ′3A1

}
, (35)

If ε1 = µ1 = 1 and the scattering amplitudes are small (so as we can neglect S ′1A0 and S ′3A1), this
expression, in fact, coincides with the results obtained in [20].

In a similar way we can solve the dispersion equation in the case when the diffraction conditions
in the crystal are fulfilled. Thus derived expressions for effective polarizabilities gτττ (coefficients of
Fourier expansion of the crystal’s effective dielectric susceptibility in terms reciprocal lattice vectors
τττ) are also the same as those given in [20] (see Appendix A).

If the condition |n2 − ε1µ1| � 1 for the refractive index is not fulfilled and if the scattering
amplitude is not small (|πA0,1| . 1), we need to use (52) in Appendix A instead of the approximate
expressions (34). Of course in this case, the solutions of the dispersion equations (complete (32) or
simplified (33), depending on the geometry of the problem) shall be found numerically.
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Figure 5: Left: dispersion curves for a crystal built from parallel metallic wires, placed in a vacuum
(ε1 = µ1 = 1); Right: absolute values of effective polarizabilities g0 and gτ versus kρR for the selected
values of the parameters

Figure 5 gives an example of calculating g0 and gτ using the dispersion equation (32). We consider
a crystal with square lattice a = b ≡ d and it is assumed that ky = 3π

d
(i.e., at least the conditions of

symmetric two-wave diffraction in Laue geometry are fulfilled in the crystal). The left graph shows
the general view of the dispersion curves for a TM-polarized wave at R/d = 5 · 10−3. The black
curve represents the solution of the dispersion equation for vacuum (k2 = k2

z + k2
y, kz ≡ qz). The

magnified image shows the range of high frequencies and indicates two roots corresponding to the
two close solutions of the dispersion equations. The right graph shows the corresponding absolute
values of the effective polarizabilities calculated for the selected geometry with varied parameter kρR
in the range 0 < kρR < 1.2. It can be seen that for a TE-polarized wave, g⊥0 and g⊥τ increase as
kρR is increased, attaining the maximum in the vicinity of kρR ∼ 1. For a TM-polarized wave,

the absolute values |g‖0| and |g‖τ | increase monotonically. Let us note here that for a TM-polarized
wave, the values of g0 and gτ are negative, while for a TE-polarized wave they are positive (i.e., the
refractive index for a TE-wave is greater than unity). In the considered case, the maximum values of

g⊥0 and g⊥τ even exceed the corresponding values |g‖0| and |g‖τ |, though in the general case, according to
the calculations, the relation between these values can change. However, it is important that in our
calculations, the behavior of effective polarizabilities remains almost the same: for a TM-polarized
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wave |g0| and |gτ | increase monotonically as kρR is increased from 0 to 1, while for a TE-polarized
wave |g0| and |gτ | have a maximum at large kρR (kρR ∼ 1; the exact position of the maximum may
shift within a narrow range.)

3 Radiation in crystals built from wires at kρR . 1

3.1 Formulas for spectral-angular distribution

The expressions (30) for the fields and the system (31) derived in the previous sections enable the
analysis of photon emission from a charged particle in a crystal built from metallic wires in the case
when kρR ∼ 1. Let a particle velocity v = (vx, vy, vz); then the particle trajectory r(t) = vt. Let us
assume for simplicity that ε1 = µ1 = 1. Substitution of (30) into the formula for spectral-angular
distribution of radiation (9) followed by certain transformation gives

d2N s

dΩdω
=
e2Q2

~c
· 1

ω
· |Is|2, (36)

where for TM-polarization

I‖ =
1

kρb

∑

n

1

kzn

{(
F0n + F1n

kzn
kρ

+ F ′1n
kyn
kρ

)
ex[kn, [kn,v]]

ω − knv
−

−
(
F0n −F1n

kzn
kρ

+ F ′1n
kyn
kρ

)
ex[k

(−)
n , [k

(−)
n ,v]]

ω − k
(−)
n v

}
, (37)

for TE-polarization

I⊥ =
1

kρb

∑

n

1

kzn

{(
F⊥0n + F⊥1n

kzn
kρ

+ F ′⊥1n
kyn
kρ

)
ex[kn,v]

ω − knv
−

−
(
F⊥0n −F⊥1n

kzn
kρ

+ F ′⊥1n
kyn
kρ

)
ex[k

(−)
n ,v]

ω − k
(−)
n v

}
, (38)

F0n, F1n, and F ′1n equal

F0n =
M∑

m=1

F0me
i zm
vz

(ω−kxvx−kynvy), F1n =
M∑

m=1

F1me
i zm
vz

(ω−kxvx−kynvy), F ′1n =
M∑

m=1

F ′1me
i zm
vz

(ω−kxvx−kynvy),

(39)

where the notations kn = (kx, kyn, kzn) and k
(−)
n = (kx, kyn,−kzn) are introduced.

Formulas (36)-(39) together with the set of equations (31) describe the emission from a charged
particle passing through the crystal built from wires. Let us suppose that we have a photonic crystal
consisting of a small number of one-dimensional gratings (several tens or hundreds). In this case, the
set of equations (31) can be efficiently solved numerically. If (31) is successfully solved and the values
of the amplitudes F0m, F1m, and F ′1m are found, then the spectral-angular distribution of radiation
can be calculated using (36)-(39). But since these expressions in the general form can hardly be
integrated analytically, we need to apply the numerical integration when using them for calculating
the total intensity of radiation.

To simplify the analysis of the radiation process let us make use of the parameters g0, gτττ pre-
calculated by the dispersion equation. Let the diffraction conditions in the crystal be violated. If
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|g0| � 1, then the wave vector in the crystal q ≈ k + ωg0
2cγ0

N, where N is the normal to the crystal

surface and γ0 = kN/k. By solving the boundary-value problem for plane-wave refraction by a
crystal plate of thickness L placed at 0 < z < L we can show that

E
(−)s
k ≈ ese

ikrθ(z − L) + ese
iqre

i
ωg0L
2cγ0 θ(L− z)θ(z) + ese

ikre
i
ωg0L
2cγ0 θ(−z), (40)

where θ(z) is the Heaviside function (θ(z) = 1 at z ≥ 0 and θ(z) = 0 at z < 0). Substitution of (40)
into (9) yields a well-known expression for spectral-angular distribution of Cherenkov and transition
radiations:

d2N s

dωdΩ
=
e2Q2ω

4π2~c3
(esv)2

∣∣∣∣e
i
ωLgs0
2cγ0

[
1

ω − kv
− 1

ω − qv

](
e
i(ω−qv) L

cγ0 − 1
)∣∣∣∣

2

. (41)

a) b) c) d)

Figure 6: Parametric (quasi-Cherenkov) radiation in photonic crystal for the case of two-wave diffrac-
tion in Laue (a, b) and Bragg (c, d) geometries. The x-axis is perpendicular to the figure’s plane.

Now, let the two-wave diffraction conditions in the crystal be fulfilled. Substitution of the formulas
for E

(−)s
k , which are valid in the case of diffraction, into (9) yields the expression for spectral-angular

distribution of parametric (quasi-Cherenkov) radiation (see Fig. 6). Because the procedure is fully
described in [5,22], we shall not be concerned discuss it here but shall be concerned with some results
only.

According to [5], in the Laue case (when the incident and diffracted waves leave the crystal
through the same surface) we have the following equation for parametric radiation at a small angle
to particle velocity (Fig. 6(a)):

d2N s
0

dωdΩ
=

e2Q2ω

4π2~c3
(esv)2

∣∣∣∣∣
∑

µ=1,2

ξ0
µse

i ω
cγ0

εµsL

[
1

ω − kv
− 1

ω − qµsv

](
e
i(ω−qµsv) L

cγ0 − 1
)∣∣∣∣∣

2

, (42)

and for radiation in the diffraction direction (Fig. 6(b))

d2N s
τ

dωdΩ
=

e2Q2ω

4π2~c3
(eτsv)2

∣∣∣∣∣
∑

µ=1,2

β1ξ
τ
µse

i ω
cγ0

εµsL

[
1

ω − kτv
− 1

ω − qτµsv

](
e
i(ω−qτµsv) L

cγ0 − 1
)∣∣∣∣∣

2

,(43)

where qµs are the roots of the dispersion equation, kτ = ((k +τττ)⊥,
√
k2 − (k + τττ)2

⊥), qτµs = qµs +τττ ,
εµs = γ2

0(qzµs/kz − 1), γ0 = kN/k, γ1 = (k + τττ)N/|k + τττ |, β1 = γ0/γ1, N is the normal to the
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entrance surface of the crystal directed to the crystal’s interior, the subscript “⊥” denotes the vector
components perpendicular to N, e1||[k× τττ ], e2||[k× e1], and

ξ0
1(2)s = ∓ 2ε2(1)s − gs0

2(ε2s − ε1s)
, ξτ1(2)s = ± gsτ

2(ε2s − ε1s)
.

Similar expressions are obtained in [5] for parametric radiation in the Bragg diffraction case, too
(when the incident and diffracted waves leave the crystal through the opposite surfaces, Fig. 6(c–d)).

3.2 Cherenkov and transition radiations

Now let us give a more detailed consideration to different radiation cases that occur as charged
particles moves uniformly through a crystal built from metallic wires. Let us state, first, that
because the crystal’s refractive index for a TE-polarized wave is greater than unity, Cherenkov
radiation is emitted in the crystal [3,4]. Moreover, transition radiation is also emitted when a charged
particle crosses the “crystal-vacuum” boundary. In our analysis we shall use (41) for spectral-angular
distribution of transition and Cherenkov radiations.

For simplicity, we shall assume that the crystal has a square lattice (a = b ≡ d). Figure 7 shows

the typical values of g⊥0 g
‖
0 as a function of the parameter kρR calculated by (33) for a crystal made

from metallic wires.
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Figure 7: Effective polarizability g0 as a function of the parameter kρR for crystal made from metallic
wires with a square lattice (normal incidence; kd ≈ 35.5, which at d = 2 mm corresponds to the
frequency 0.85 THz)

As is seen, for a TE-polarized wave, g0 > 0, i.e., the crystal’s refractive index for this wave
is n⊥ ≈ 1 + 1

2
g⊥0 > 1. If the particle velocity is less than than the phase velocity v⊥ = c/n⊥ of

a TE-wave in crystal, then only transition radiation is emitted as the particle passes through the
crystal. But if the particle velocity is greater than the phase velocity of a TE-wave, then ω−qv can
vanish, and the term in (41) whose denominator contains ω−qv will increase as the crystal thickness
is increased. At significantly large L (L � l0 = λγ2; l0 (l0 is the coherent radiation length in the
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vacuum and λ is the wavelength), this term will make the major contribution to the total radiation
intensity. This picture fully corresponds to the ordinary Cherenkov radiation emitted as the charged
particle moves through optically transparent medium at a velocity greater than the phase velocity
of light for this media. As is known, this radiation is emitted at an angle θ to the direction of the
particle velocity determined from the condition cos θ = 1

βn⊥
, where β = v/c. In the ultra-relativistic

case, when γ � 1, in view of smallness of g⊥0 the Cherenkov cone angle for the considered crystal

can be written as θc ≈
√
g⊥0 .

It should be noted, however, that at typical values γ ∼ 102 ÷ 103 and λ ∼ 0.3 mm, the coherent
length l0 takes on rather large values in the range from several meters to several hundreds of meters,
so in the general case, to find spectral-angular distribution, we need to consider all terms appearing
in (41). By way of example, Figure 8 compares the spectral-angular distributions of Cherenkov and
transition radiations calculated considering all terms between the square brackets in (41) with those
calculated considering only the first or only the second term. In our calculations the particle Lorentz
factor was γ = 100, only radiation of TE-polarized wave was considered, and the assumed value of
g⊥0 ≈ 1.7 · 10−3 corresponded to kρR ≈ 0.9 (see Fig. 7). As is seen, with the selected values of these
parameters, the results obtained using the complete formula (41) and those obtained taking into
account only the term proportional to (ω − qv)−1 are almost the same when the crystal thickness
L & 1 m.
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Figure 8: Spectral-angular distributions of Cherenkov and transition radiations in a crystal made
from metallic wires for a TE-polarized wave: 1 – only the first term between the square brackets in
(41) is taken into account, 2 – only the second term between the square brackets in (41) is taken into
account, 3 – all terms are taken into account. The given dependence is on the polar angle θ alone
(the polarization factor sin2 ϕ is omitted). Particle Lorentz factor γ = 100, crystal period d = 2 mm,
radiation frequency f = 0.85 THz, l0 = λγ2 ≈ 3.5 m, g⊥0 ≈ 1.7 · 10−3.

For a TM -polarized wave, g0 < 0 (see Fig. 7), and the denominator of the second term in (41)
cannot vanish. In this case only transition radiation is possible in the crystal; its spectral-angular
distribution is analyzed with due account of all terms in (41).

The total radiation intensity (without separation of contributions coming from Cherenkov and
transition radiations) can be found by numerical integration of (41) with respect to angular coordi-
nates and frequency. By way of example we calculated the intensities of Cherenkov and transition
radiations in a crystal built from metallic wires using the known values of g0 (Fig. 7). To avoid
ambiguity, the crystal thickness was set equal to 10 cm, the particle (electron) velocity was per-
pendicular to the crystal surface, γ = 100. The results are given in Fig. 9. As is seen in the plot,
the intensity of transition and Cherenkov radiations in a crystal made from metallic wires has a
maximum in the vicinity of kρR ∼ 1 that corresponds to the maximum value of g⊥0 . At kρR ≈ 0.9,
in particular, the total radiation intensity for two polarizations is as high as 1.4 · 10−2 photons/THz

17



0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0 0.2 0.4 0.6 0.8 1 1.2

2π
d
N d
ω

,1
/T

H
z

kρR

a = b = 2 mm, L = 10 cm, γ = 100, f ≈ 0.85 THz

TM(‖)
TE(⊥)

TM+TE

Figure 9: Intensities of transition and Cherenkov radiations in the crystal formed by metallic wires
as a function of kρR. Radiation intensity from TM and TE-polarized waves and total radiation
intensity (for both polarizations) are shown. The results are obtained by formula (41) with due
account of all terms.

at the frequency f = 0.85 THz. Then, for example, in a narrow frequency range from f1 = 0.99f
to f2 = 1.01f (∆f = 0.02f = 17 GHz) the number of photons emitted per one electron is on aver-
age Ntot ∼ 2.4 · 10−4 photons. Of course, in a wider frequency range, the total number of photons
emitted per electron will be greater, achieving , e.g., Ntot ∼ 2.4 · 10−3 at ∆f = 0.2f = 170 GHz.
Note here that the intensity of radiation, being proportional to Q2 according to (41), is much higher
for particles with greater charge (Q > 1). Thus, for a relativistic nucleus of charge Q ∼ 50 passing
through the same crystal of thickness 10 cm, the intensity of radiation at kρR ∼ 1 increases by more
than three orders of magnitude up to more than 1 photon per nucleus [5].

3.3 Parametric (quasi-Cherenkov) radiation

We shall proceed to the discussion of parametric radiation in a crystal made from metallic wires.
For definiteness, we shall consider radiation in the case of two-wave symmetric Laue diffraction (see
Fig. 6a-b). Here the reciprocal lattice vector is τττ = 2πm

d
ey, where m is the integer, and the Bragg

angle θB is related to kB as

sin θB =
τ

2kB
=
πm

kd
. (44)

By way of example we assume that m = 3 and make use of the above values of the effective polar-
izabilities gτττ (Fig. 5 right). We also assume that the particle has a charge Q = 1 (electron, proton,
etc.). The intensity of radiation is calculated using (43).

The results of numerical integration of these expressions with respect to frequency and angular
coordinates are given in Fig. 10. As is seen, the radiation intensity for TM -polarization increases
monotonously with kρR, attaining at kρR = 1.2 the value N‖ ≈ 2.5 · 10−4 photons/electron (the
radiation frequency for the selected crystal period of 2 mm is 0.83 THz). At large kρR, the intensity
of radiation for a TE-polarized wave also increases appreciably, in the considered case exceeding
that for TM -polarization already at kρR & 0.4 and achieving the maximum value N⊥ ≈ 5 · 10−4
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photons/electron at kρR ≈ 1. The total (for two polarizations) intensity of radiation also attains its
maximum Ntot ≈ 7·10−4 photons/electron at kρR ≈ 1 (see Fig. 10), which for the selected parameters
of the crystal corresponds to the wire radius R ≈ 65 µm.

Let us pay attention to the fact that at large kρR, the contributions to the total intensity coming
from TE- and TM -polarized waves can be comparable (in our case at kρR ∼ 1 the contribution
from the TE wave is dominating), whereas for thin wires (kρR � 1), the main contribution to the
radiation intensity comes from the TM -polarized wave. This is also seen in Fig. 11 showing the an-
gular distribution of parametric radiation. As the parameter kρR increases, the angular distribution
changes appreciably from the form shown in Fig. 11 (left) at kρR � 1 to a more symmetric form
(Fig. 11, center) as the intensities of TE- and TM -polarized waves become comparable, and finally
to a form shown in Fig. 11 (left) as the main generation begins at the TE-wave. Let us note that
at large Bragg angles, the TE-polarized wave can make a significant contribution to the radiation
intensity even when kρR� 1, because A⊥0 is nonzero (this is what makes the considered case different
from parametric X-ray radiation where at 2θb = 90◦ the π-polarized is absent at all [1])

0

1

2

3

4

5

6

7

8

0 0.2 0.4 0.6 0.8 1 1.2

N
to
t,
10

−
4

kρR

a = b = 2 mm, L = 10 cm, ky = 3π/b, kx = 0, f ≈ 0.83 THz

TM(‖)
TE(⊥)

TM+TE

Figure 10: Intensity of parametric radiation (number of photons emitted by one electron passing
through the crystal) as a function of radius of the wires composing the crystal.

As the photon absorption length Labs in the considered crystal is large (e.g., in the case of copper
wires, the calculation by the dispersion equation gives Im g0 ∼ 8.5 · 10−7, which corresponds to
Labs ∼ 102 m at the frequency 0.83 THz), the total radiation intensity in the crystal can be increased
by increasing the crystal thickness. As an example, Fig. 12 plots the intensity of parametric radiation
against the crystal thickness at varied kρR for the selected geometry. It is seen that as L increases the
radiation intensity also increases, being as high as 6 · 10−3 photons/electron and greater at kρR ∼ 1
and L = 1 m. In this case, at the selected parameters of the crystal the intensity of radiation from the
TE-polarized wave is almost twice as large as that from the TM -polarized wave. Let us emphasize
that at small kρR, almost the entire radiation is generated at the TM -wave, which is obvious from
Fig. 12.

Let us take notice of the fact that in our discussion we did not consider the influence of multiple
scattering of particles in crystals on radiation process. This influence can be eliminated if a particle
moves through a hole made in the crystal or parallel to the crystal surface. In this case, the radiation
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processes are similar to those occurring in solid crystals, provided that the distance d between the
particle and the crystal surface satisfies the condition d < λ

4π
βγ [9, 21]. In our example, we obtain

for d a reasonable value d ≈ 3 mm at f = 0.83 THz and γ = 100.

3.4 Radiation from electron bunches

Beams of high-energy particles generated by accelerators usually consist of short particle bunches
following one another at certain intervals. Modern acceleration facilities are capable of generating
relativistic electron beams with typical bunch duration tb less than 10−13 s (and as low as 10−15 s)
with the number of electrons in the bunch Ne ∼ 109 and greater [35–37]. Such compact bunches
(whose size is much less than the wavelength) can emit coherently (as a single particles of charge
Q = Ne), and hence we can expect that proceeding from single electrons to electron bunches will
significantly — by a factor of N2

e — increase the intensity of parametric radiation [5].
According to [38,39], the spectral-angular distribution of photons emitted by a bunch of particles

moving in a crystal, d2N
dωdΩ

, is related to that emitted by a single particle, d2N1

dωdΩ
as

d2N

dωdΩ
= Ne

d2N1

dωdΩ
+
d2N1

dωdΩ

∣∣∣∣
∫
e−iKrρ(r)d3r

∣∣∣∣
2

, (45)

where ρ(r)is the bunch density and Ne =
∫
ρ(r)d3r (integration is performed in the entire bunch

volume); the velocity spread in the bunch is neglected. If the direction of the z-axis of the rectangular
coordinate system coincides with the direction of bunch velocity v, then vector K in (45) for the
forward parametric radiation K = (k⊥, ω/v), whereas for radiation in the direction of diffraction
K = ((k + τττ)⊥, ω/v), where the subscript “⊥” is for vector components perpendicular to the z-axis.

In many cases the density of particles in a bunch can be described with good accuracy by normal
distribution

ρ(r) =
Ne

(
√

2π)3σ2
⊥σz

exp

(
− r2

⊥
2σ2
⊥

)
exp

(
− z2

2σ2
z

)
, (46)

where the root-mean-square deviations σ⊥ and σz determine the bunch dimensions in transverse and
longitudinal directions (relative to the velocity direction), respectively. Such bunches are used, e.g.,
for producing radiation in free electron lasers [40]. Substitution of the expression for ρ(r) into (45)
gives

d2N

dωdΩ
= Ne

d2N1

dωdΩ
+N2

e

d2N1

dωdΩ
exp

(
−K2

⊥σ
2
⊥ −

ω2

v2
σ2
z

)
. (47)

By way of example, let us estimate the radiated power of parametric radiation from a relativistic
electron bunch passing through a considered crystal made from metallic wires. We shall use the
typical bunch parameters available with modern acceleration facilities. For example, according to [40]
SwissFEL, X-ray free-electron laser currently being built at the Paul Scherrer Institute can generate
electron beams composed of bunches with Ne ≈ 1.25 ·109 (the bunch charge Q ≈ 200 pC), σz ≈ 9 µm
(corresponds to the bunch duration of 30 fs), σ⊥ ≈ 80 µm. The plots given in Fig. 11 show that the
width of angular distributions of parametric radiation in the selected geometry is within 10◦. From
this we can readily estimate the maximum value K⊥max ≈ ω

c
sin 10◦ and the minimum value of the

exponential factor in the second term in (47): exp(−K2
⊥σ

2
⊥ − ω2

v2
σ2
z) ≈ 0.92 (we considered here that

the radiation frequency in the example given in section 3.3 is f = ω/2π ≈ 0.83 THz). Thus, the main
contribution to the total intensity comes from the second term in (47), i.e., the electrons in the bunch

emit coherently. Then the instantaneous (peak) power of parametric radiation is P ≈ 0.92NtotN
2
e ~ω

tb
,

where tb = σz/c ≈ 30 fs is the bunch duration. Substitution of the found maximum value for the
crystal of thickness 10 cm Ntot ≈ 7 · 10−4, gives P ≈ 18 MW. Using Fig. 12 we can readily find
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that as the crystal thickness increases to 1 m, the radiation power increases by almost a factor of 10,
achieving the value as high as P ≈ 160 MW.

For comparison, let us estimate the power of transition and Cherenkov radiations. For parametric
radiation, the width of the spectral peak ∆ω/ω ∼

√
γ−2 + |g0| ≈ 0.04 [41]. Using the results of

section 3.2, we obtain that the electron passing through the crystal of thickness 10 cm emits in
the same frequency range on average Ntot ≈ 1.4 · 10−2 · 0.04 = 5.6 · 10−4 photons of Cherenkov
and transition radiations. Then the appropriate instantaneous power of radiation produced by the
considered electron bunch is about 14 MW (for 1m-thick crystal, the estimated value is P ≈ 130 MW).

So we can conclude that the intensity of transition and Cherenkov, as well as parametric (quasi-
Cherenkov) radiations in the THz range for a crystal built from metallic wires is sufficient not only for
experimental observations but also for possible applications [5], e.g. for development of high-power
THz sources.

The frequency of the parametric radiation generated by an electron bunch should also be men-
tioned. Since examined crystals are two-dimensional, their effective polarizabilities g0, gτ do not
depend on the wave vector component that is parallel to the wires axis [42]. In above consideration
the angle θ between the axis x and the bunch velocity direction v was supposed to be 90◦ (see
Fig. 13a). However, it is evident that with the change of this angle (in case when the ratio vy/vz
remains constant), the diffraction geometry will not change. At the same time the frequency of
parametric radiation will increase since k grows with the growth of kx. Calculated dependencies of
parametric radiation frequency and power on the angle θ are illustrated in the Fig. 13. It is obvious
that radiation frequency can be varied in a wide range by the crystal rotation.
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Figure 13: The geometry of the problem (a) and dependencies of the parametric radiation frequency
and power on the angle θ (b).

Until now we have considered only spontaneous radiation of electron bunches. However, the
induced radiation can also occur when the electron beam moves through the crystal. The set of
equations describing the interaction of an electromagnetic wave with the “crystal-beam” system,
consists of Maxwell’s equations and those of particle motion in the electromagnetic field. By analyzing
these equations in [43] expressions for generation threshold in case of two-wave diffraction were
obtained. Dependencies of starting (necessary for the induced generation onset) currents for crystal
built from metallic wires on the parameter kρR and on the crystal length L (at kρR ∼ 1) calculated
in accordance with [43] are presented below. The case of Bragg symmetric diffraction was considered.
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Lets point out that the starting current for TE-polarized wave is substantially lower than for TM -
polarized wave. It is related to the fact that in first case g0 > 0 (Cherenkov radiation is possible),
while in second case g0 < 0.
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4 Conclusion

We have considered Cherenkov, transition and parametric (quasi-Cherenkov) radiation emitted by
relativistic charged particles passing through a photonic crystal built from parallel metallic wires.
The radiation emitted in the case when the wavelength becomes comparable with the wire radius
and scattering by a single wire becomes anisotropic has been analyzed on the basis of the dynamical
theory of diffraction in crystals made from anisotropically scattering centers. The dispersion equation
derived in this paper enables finding the possible wave types in the crystal and calculating the
unknown effective polarizabilities gτ in the general case (at arbitrary values of scattering amplitudes
A(ϕ)). We have also derived the expressions for spectral-angular distribution of parametric radiation
in considered crystals.

Numerical solutions of the derived equations for the selected crystal geometry have confirmed the
conclusion [5] that the intensity of radiation increases as the radius R of wires is increased, attaining
the maximum in the range kρR ∼ 1. It has been shown that a considerable contribution to the total
intensity comes from a TE-polarized wave, but in the case when kρR � 1, the radiation appears
almost completely TM-polarized. The estimations made here show that at typical parameters of
modern acceleration facilities, the radiation intensity attains rather high values, and so parametric
radiation in a crystal built from metallic wires can be of interest for diverse practical applications,
including the development of high-power THz pulse sources.
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A Dispersion equation

The dispersion equation for a crystal made of parallel metallic wires that is valid for 0 < kρR . 1,
has the form

detD = 0, (48)

where the elements of matrix D are determined by the equalities

D11 = (αB0 + C1)(iB′1 + C7) + i(2αC2
9 − αC2

8 + βC8C2) + (3αC8C9 − βC9C2),

D12 = −C3(iB′1 + C7)− iβC4C8 + βC4C9,

D13 = C2(iB′1 + C7) +
i

β
C8(C1 − (1− β2)C5)− 1

β
C9(C1 − (1− β2)C5) +

α

β
B′1C9 −

α

β
C8C7,

D21 = −C3,

D22 =
α

1− β2
B1 + C5,

D23 = −C4,

D31 = β2C2(iB0 + C6) + iβC1C8 − βC1C9 − αβC9B0 − αβC8C6,

D32 = −β2C4(iB0 + C6)− iβC3C8 + βC3C9,

D33 = (αB′1 + C1 − C5 + β2C5)(iB0 + C6)− i(2αC2
9 − αC2

8 − βC8C2)− (3αC8C9 + βC9C2),

(49)

α = kz0b
2π

, and β = ky
kρ

; B0, B1 and B′1 are expressed in terms of the amplitude of scattering by a wire
as

B0 =
1 + iπA0 − S ′1A0

A0

,

B1 =
1 + iπA1/2− S ′3A1

A1

,

B′1 =
1 + iπA1/2 + (S ′3 − S ′1)A1

A1

.

(50)

The sums S ′n and Cn equal

S ′1 = 2

(
log

kρb

4π
+ C

)
−
∑

n∈N1

1

|n| +
∑

n∈N2

(
2π

κnb
− 1

|n|

)
,

S ′3 = log
kρb

4π
+ C − 1

2
+

2π2 + 3k2
yb

2

3k2
ρb

2
+

2π

kρb

∑

n∈N1

( |kyn|
kρ
− kρb

4π|n|

)
+

2π

kρb

∑

n∈N2

( |kyn|
kρ
− κn
kρ
− kρb

4π|n|

)
,

(51)
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C1 = − sin kza

cos kza− cos qza
−
∑

n∈N1

sin kzna

cos kzna− cos qza

kz
kzn
−
∑

n∈N2

(
−1 +

sinhκna

coshκna− cos qza

)
kz
κn
,

C2 = − sin kza

cos kza− cos qza
−
∑

n∈N1

sin kzna

cos kzna− cos qza

kzkyn
kznky

−
∑

n∈N2

(
−1 +

sinhκna

coshκna− cos qza

)
kzkyn
κnky

,

C3 =
sin qza

cos kza− cos qza
+
∑

n∈N1

sin qza

cos kzna− cos qza
+
∑

n∈N2

sin qza

coshκna− cos qza
,

C4 =
sin qza

cos kza− cos qza
+
∑

n∈N1

sin qza

cos kzna− cos qza

kyn
ky

+
∑

n∈N2

sin qza

coshκna− cos qza

kyn
ky
,

C5 = − sin kza

cos kza− cos qza
−
∑

n∈N1

sin kzna

cos kzna− cos qza

kzn
kz

+
∑

n∈N2

(
−1 +

sinhκna

coshκna− cos qza

)
κn
kz
,

C6 =
2π

kzb

(
1 +

∑

n∈N1

kz
kzn

)
, C7 =

2π

kzb

k2
y

k2
ρ

(
1 +

∑

n∈N1

kz
kzn

k2
yn

k2
y

)
,

C8 = −2
ky
kρ

+
2π

kρb

∑

n∈N2

kyn
κn

, C9 =
2π

kzb

ky
kρ

(
1 +

∑

n∈N1

kz
kzn

kyn
ky

)
,

(52)
where κn =

√
k2
yn − k2

ρ, and summation is performed over the ranges N1 : N1 ≤ n ≤ N2, n 6= 0,

N2 : n ∈ (−∞;N1) ∪ (N2,+∞), N1 =
[

(ky−kρ)b

2π

]
, and N2 =

[
(ky+kρ)b

2π

]
. Let us note that all sums

appearing in (52) are real and their values are independent of the characteristics of the crystal-forming
scattering elements (wires). The functions S ′1, S ′2, and C6–C9 are dependent only on the frequency
and the direction of wave propagation (on ky and kρ) and on the crystal periods; besides that, the
functions C1–C5 also depend on the z-component of the wave vector in the crystal qz. If scattering
by a single wire is elastic (which occurs for perfectly conducting wires), then B0, B1, and B′1 are
purely real, which can be demonstrated using the optical theorem, see [20,28]. It can be shown that
in this case the solutions qz of the dispersion equation are also purely real (in the transmission band),
i.e., no attenuation will occur for a wave in the crystal. If the wires have a finite conductivity, the
solutions qz in the general case will be complex quantities.

Let us consider some cases when the dispersion simplifies appreciably. Let kyb = πm, where
m 6= 0 is the integer, i.e., the diffraction conditions in the crystal are fulfilled exactly for wave vectors
k, k + τττ , where reciprocal lattice vector τττ = τττ y = −2πm

b
ey. In this case, the sum S2 = C8 + iC9

(see (21)) is identically equal to zero, and hence the coefficients C8 and C9 are also equal to zero.
Moreover we can see that C2 = C4 = 0. Under such conditions, the dispersion equation can be
written in terms of real variables as follows:

(αB′1 + C1 − (1− β2)C5)
(
(αB0 + C1)(αB1 + (1− β2)C5)− (1− β2)C2

3

)
= 0. (53)

The approximate analytical solution of this equation for the simplest cases is found readily. Let, for
example, kx = 0, ky = π/b, ka, kb < 2π, and ε1 = µ1 = 1, whereas for wave vectors k and q the
condition |q2/k2 − 1| � 1 holds true. Then we have

C1 ≈ C5 ≈ −C3 ≈ −
4

ka(q2/k2 − 1)

kz
k
, (54)
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and after simple transformations the solutions of (53) can be presented in the form




q2
1

k2
= 1 +

8π

k2Ω2

{
A0

1 + iπA0 − S ′1A0

+
A1

1 + iπA1/2− S ′3A1

k2
z

k2

}
,

q2
2

k2
= 1 +

8π

k2Ω2

A1

1 + iπA1/2 + (S ′3 − S ′1)A1

k2
y

k2

(55)

On the other hand, in the case of two-wave dynamical diffraction the waves propagating in a photonic
crystal are described by the following set of equations [5]:





(
qqq2

k2
− 1− gs0

)
Es(q)− gs−τττEs(q + τττ) = 0,

− gsτττEs(q) +

(
(q + τττ)2

k2
− 1− gs0

)
Es(q + τττ) = 0,

(56)

where τττ is the reciprocal lattice vector, q is the wave vector in the crystal, the index s numbers
the two possible polarization states, gτττ are the coefficients of expansion of the effective dielectric
susceptibility of the crystal into the Foureir series in terms of reciprocal lattice vector:

ε(r)− 1 =
∑

τττ

gτττe
iτττr.

The dispersion equation that follows from the system (56) has a simple form in the considered case
of symmetric Laue diffraction:

(q2 − k2(1 + g0))2 − k4g2
τ = 0.

It has the roots
q2

1,2

k2
= 1 + g0 ± gτ .

Comparing them with (55), we can find the unknown quantities g0 and gτ . If the scattering amplitude
is small, then we are led to the result that agrees well with the conclusions of [20]:





g0 ≈
4π

k2Ω2

{
A0

1 + iπA0

+
A1

1 + iπA1/2

}
,

gτ ≈
4π

k2Ω2

{
A0

1 + iπA0

+
A1

1 + iπA1/2
cos 2θB

}
,

(57)

where cos 2θB = cos2 θB − sin2 θB = k2z
k2
− k2y

k2
.

The dispersion equation takes an even simpler form in the case of normal incidence of a wave
onto the crystal (kx = ky = 0). As F ′1 here is identically zero (see (19)), then following the same
lines of reasoning as in section 2.3, instead of the set of three equations (31) we come to a set of two
equations (two first equations in (31), where we assume F ′1n = 0). In terms of notation (49), the
condition of vanishing the determinant of the system can be written in the form

D11D22 −D12D21 = 0. (58)

Taking into account that here the coefficients C8 = C9 = 0, as well as in the considered case of
diffraction, we can write the explicit form of the dispersion equation:

k1b

2π
= − C1A0

1 + iπA0 − S ′1A0

− C5A1

1 + iπA1/2− S ′3A1

+
2π

k1b

(C2
3 − C1C5)A0A1

(1 + iπA0 − S ′1A0)(1 + iπA1/2− S ′3A1)
. (59)
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