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Abstract

The present paper is devoted to the development of the theory of monotone dif-
ference schemes, approximating the so-called weakly coupled system of linear elliptic
and quasilinear parabolic equations. Similarly to the scalar case, the canonical form
of the vector-difference schemes is introduced and the definition of its monotonicity
is given. This definition is closely associated with the property of non-negativity
of the solution. Under the fulfillment of the positivity condition of the coefficients,
two-side estimates of the approximate solution of these vector-difference equations
are established and the important a priori estimate in the uniform norm C'is given.
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1 Introduction

Computational methods satisfying the discrete maximum principle are called monotone
[14]. The maximum principle allows us not only to establish unique solvability of the
corresponding difference problems, but also to obtain the important theoretical a priori
estimates of stability and convergence of the difference solution in the strongest uniform
norm C or L.,. Monotone difference schemes play an important role in mathematical mod-
eling applications, because they allow to obtain numerical solutions without nonphysical
oscillations [10].

Extensive literature is devoted to the study of monotone difference schemes for linear
elliptic and parabolic equations in the scalar case (see [6, 18]), for example. However,
due to the difficulty of the problem, similar results for systems of elliptic equations are
missing in the scientific literature. This is the case, for example, of the typical elasticity
system of PDEs. In this context, it is interesting to note papers [1, 2], where monotone
finite element methods for parabolic PDE systems are studied.
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The present paper is dedicated to the development of the theory of monotone difference
schemes approximating the so-called weakly coupled system of linear elliptic and quasi-
linear parabolic equations [11]. Similarly to the scalar case [14] the canonical form of
the vector-difference schemes is introduced and the definition of its monotonicity is given.
This definition is closely associated with the property of non-negativity of the approximate
solution. Under the fulfillment of positivity condition of the matrix coefficients, two-side
estimates of difference solution of these vector-difference equations are established and
the important a priori estimates in the uniform norm C are given. Note that the two-
side estimates are especially important for the analysis of theoretical properties of the
computational methods approximating problems with unbounded nonlinearities, where it
is necessary to prove that the discrete solution belongs to a neighborhood of the exact
solution [8]. An example is the Gamma equation modeling options pricing in financial
mathematics [3]. Obtained results are applied to analyze the properties of monotonicity of
the difference schemes in second order system of linear elliptic and quasi-linear parabolic
equations on non-uniform grids [15].

The outline of the paper is as follows. In Section 2 the canonical form of the vector
difference schemes is introduced and the definition of its monotonicity is given. Here,
we understand the monotonicity as a corollary of the maximum principle: from non-
negativity (non-positivity) of the input data it follows non-negativity (non-positivity) of
all components of the unknown grid vector-function. This definition is closely connected
with the works dedicated to finite difference schemes (FDS) preserving positivity of its
solution [3]. In this section, the sufficient conditions of positivity of the coefficients are
formulated. By using these conditions, two-side estimates of the difference solution of the
vector-difference equation and the estimate in the norm C' are proved. In Section 3 we
consider a FDS on uniform grids for a two-dimensional weakly coupled steady problem
without convection. Monotonicity of these difference schemes are studied and a priori
estimates of stability of the difference solution are established. In Sections 4 and 5 the
obtained results are generalized to two-dimensional weakly coupled linear elliptic systems
of convection-diffusion equations and two-dimensional quasilinear systems of parabolic
type respectively. Note that in the quasilinear parabolic equation nonlinear coefficient
depends on all components and we have built the difference schemes of second order of
approximation. To construct unconditionally monotone schemes, the idea of regulariza-
tion in the scalar case of A. Samarskii [14] is used. Section 6 is dedicated to construct
unconditionally monotone vector-difference schemes of second order approximation on
an arbitrary non-uniform grid for one-dimensional weakly coupled elliptic systems. For
this purpose, the well-known idea of designing such schemes in the scalar case is used
[15, 7,9, 16, 4].

2 Monotonicity of finite difference schemes for sys-
tems of PDEs

In this section we define the concept of monotonicity of finite difference schemes for
systems of partial differential equations. Let w, = w, U dwy, denote a grid in a bounded
domain Q C R", where w;, and Owj, are the sets of interior and boundary grid points
respectively.

To each point P € wy, we associate one and only one stencil M (P) — a subset of wy,
containing this point. The set M’ (P) = M (P) \ P is called neighborhood of the point P.
Next, for each inner grid point P € w, we consider the following finite difference scheme



written in form

AP)Y(P)= Y BP.QY(Q) +F(P), Peuw, (1)

QeM'(P)

which is called a canonical form of the vector-difference scheme in a way analogous to
the scalar case [14]. Here Y (P) = (y1(P), y2(P), ..., ym(P))" is the unknown vector grid
function associated with node P, A(P) = (a;;(P))mxm and B(P, Q) = (b;j(P, Q))mxm are
the matrices of coefficients of the equations, F(P) = (fi(P), fo(P),. .., fm(P))T is the
right-hand side vector of the system.

In this work we assume Dirichlet boundary conditions for all variables, and therefore,
for each boundary point P € dwy,, we have

Y(P) = u(P), P € du, (2)

where p(P) = (p1(P), p2(P), ..., ppm(P))T is a given vector. In the sequel the following
notation will be used:

pen YUP) = s el D) g YP) = g,y (P, )
1Yz, = max max|y.(P)], [[Yla, = max max |y (P, (4)

A(P)>0a;(P)>0 Vi,j, F(P)>0s f;(P)>0 Vi

Definition 1. Finite difference scheme (1)-(2) is called monotone if its solution satisfies
the conditions:

If F(P)>0VP e€w, and u(P)>0VP € Owy, then Y(P) > 0VP € w,.
If F(P)<0VP €w, and p(P) <0VP € 0wy, then Y(P) <0VP € wp,.
We now give sufficient conditions on the coefficients of the equations, that can be

checked easily a priori, in order to ensure the monotonicity of the scheme. For this, we
rewrite finite difference scheme (1)-(2) as

A(P)Y(P)= ) B(P,Q)Y(Q)+Ci(P)Y(P)+F(P), P € w, (5)
QeM'(P)
Y(P)=p(P), P € dw, (6)

where A(P) = A,(P) — Cy(P), with A;(P) the diagonal matrix of the diagonal entries
of A, Ai(P) = diag(ai1(P),ax(P),...,amm(P)), and C1(P) = (¢}:(P))mxm- If D(P) =

ij

diag(di1(P),doa(P), ..., dnm(P)) is the diagonal matrix of order m defined by

m m

di(P)=aug(P)— [ > bii(P,Q) + Y chi(P) |,

QeM'(P) j= Jj=1

we have the following result in order to guarantee the property of monotonicity of the
finite difference scheme.

Theorem 1. If the coefficients of problem (5)-(6) satisfy the positivity conditions
A(P)>0, B(P.Q)>0. Ci(P)>0. D(P)>0. ™)
then the following two-side estimate holds

my < yp(P) <mg, k=1,...,m, (8)
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where

m; = min {P%%Bh wu(P), Igélwri (D_l(P)F(P))} : (9)
My = max {1961% p(P), max(D" 1(P)F(P))} , (10)

and therefore the finite difference scheme is monotone.

Proof. We prove the upper bound of estimate (8). In a similar way, the lower bound
can be proved. If the vector grid function Y (P) attains its maximum in sense of notation
(3) at a boundary point Py € dwy, then it exists j € {1,2,...,m} such that

max Y (P) = u;(F). (11)

Pewy,

Let us now suppose that the solution achieves its maximum at an interior grid point
Py € wy, ie., it exists i € {1,2,...,m} such that

max Y (P) = y;(P).

Peciy,

From (5), we have the equation

azz(PO yz PO Z wa POa )+ Z Czlj(PO)yJ(PO)+fZ(PO)
QeM'(Fy) j=1 Jj=1,j#i

By applying the positive conditions (7) of the coefficients of the problem, we obtain the
following inequality

azz(PO Y; PO Z Zbl_] P07 yl PO) Z Czlj(PO)yl(PO)+fl(P0>7
QeEM'(Py) j=1 J=1,j#i

or equivalently
dii(Po)yi(Po) < fi(Fo)-
From this inequality, we deduce that

fz(PO)
Pme%}}fY(P) N yl(PO) = du(PO) - Pew du(‘P) B Pewh(

From (11) and (12), the required upper bound is obtained

P) < Y(P) < P D YP)F(P k=1,...,m.
n(P) < e Y(P) < mox { g (P guax(D (PIF(PD . k=L
Finally, it is obvious that if the solution satisfies the two-side estimate (8) then, according
to definition 1, the finite difference scheme is monotone. X

Following the proof of the previous theorem, a stability estimate in the maximum
norm is obtained. In the next theorem we summarize this result.

Theorem 2. If the coefficients of problem (5)-(6) satisfy the positivity conditions (7),
then the following stability estimate in the maximum norm holds

Y lla, < max {{|pllow,, 1D Fll, } - (13)
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Proof. The grid function |Y(P)| can attain its maximum at a boundary point, yield-
ing

Y = 14
max [Y(P)| = max |p(P)], (14)
or at an interior point Py € wy, i.e., it exists i € {1,2,...,m} such that

Y (P)| = |yi(Ro).
max |[Y(P)| = |y:(F)]

In this latter case, we have the following inequality

ai(Po)lyi(Po)l < ) wa Po, Qlyi(Po)[+ D cii(Po)lwi(Po)| + |fi(Bo)l,
QEM'(Py) j=1 j=1,j#i

or equivalently
diilyi(Fo)| < | fi(Fo)l,
deducing that

max\Y( ) = |ui(Py)] < | fi(Po)|

R < Gty <[] S pgI RO 09

dii (P) Pewy,

From (14) and (15), the required estimate is obtained. X

Remark 1. It is easy to show that under the fulfillment of positivity conditions (7) problem
(1)=(2) has a unique solution.

3 A two-dimensional steady diffusion system

In this section we consider a finite difference scheme on uniform grids for a two-dimensional
weakly coupled steady problem without convection. Let £ be a rectangular domain of
length [; in the x;-direction and Iy in the zo-direction, Q@ = {0 < 21 < 14,0 < x5 < lo}.
We consider on the domain € a system of m weakly coupled reaction-diffusion equations

—Al 0 (51 Cl1 ... Cim (51 fl (X)
0 . 0 S e : S s : , (16)
0 —-A,, U, Cml -+ Com U, fm(x)

with Dirichlet boundary conditions
up(x) = pr(x), k=1,....,m, x€o. (17)

This problem can be written in a matrix form as

LU =CU+F(x), x€, (18)
U(x) = p(x), xe€dQ, (19)
where
U(x) = (uy(x), us(x), ..., un(x))? is the unknown vector function,

C = (Cij)mxm is a matrix of constant coefficients,

F(x) = (f1(0), f2(%), . frn())T and pu(x) = (1(%), 125, . ., j1mn(x))7 are the right-

hand side and boundary vector functions respectively,



and L = —diag(Ay, Ag, ..., A,,) is the vector Laplacian operator in the Cartesian coor-
dinate system, with
82uk 82uk
or?  0x3’
We assume that the solution of the problem (16)—(17) exists and is unique, and all coef-
ficients, that are included in the equation (16), and the desired function have continuous
bounded derivatives, which are necessary in the course of the expansion of order. One
interesting solvability approach for the elliptic system (16)—(17) is presented in the work
[19] (see Theorem 3).

Let Ny and N, be positive integers and let hy = 1 /Ny and hy = l3/N5 be the space
discretization parameters. We introduce the uniform grid w, = wy, U dwy, as

Akuk: kzl,...,m.

(Dh = {Xilig = (ilhl,i2h2>, ia = O, 1, ey Na, o = 1,2}, (20)

where wj, and dwy, are the set of interior and boundary grid nodes of wy, respectively. On
this grid, we approximate the solution of problem (16)-(17) by the finite difference scheme

AN Y1 C11 .-+ Cim Y1 f1(x)
0 0 : = : : : + : ;
0 —Ann Y Cml -+ Coum Y fn (%)
X € W, (21)
yr(x) = pe(x), k=1,....,m, x € Owy, (22)

where Ay, is the standard discretization of the Laplacian operator, Agpyr = (Yr)z,2, +
(Yk)zyz,- This scheme can be rewritten in the canonical form (5)-(6) as

AYi, = BiYi 1, +BaYii1 + B3Yi 110, + BaYiiota
+ClYi1i2 +Fi1i27 7;04 = 17-'-7Na_17 o = 1,2, (23)
Y(x) = p(x), x € dwy, (24)

with A; a diagonal matrix of order m with entries (A); = 2h72 + 2hy? — ¢ii, By = B3 =
hl_QIm and By = By = h, 1. Here, I,, denotes the identity matrix of order m. For the

entries of C we have
R Cij, if 4 7£ ja
(Qh_{o, if i = j.

We observe that if the coefficients of matrix C' satisfy the inequalities
Ckk<0> Cklzo,k#l, chl<07 k,lzl,...,m, (25)
=1

then finite difference scheme (21) satisfies the positive conditions (7), and the following
results arise from Theorems 1 and 2.

Theorem 3. If the coefficients of matriz C' in problem (16) satisfy the conditions (25),
then finite difference scheme (21) is monotone and we have the following two-side esti-
mates for its solution

my < yp(x) <mg, xEdp k=1,...,m,



where

: . -1
m; = min {xgggh”( ), , min (D F(X))} ; (26)
—1
Mo = max {x%gﬁ p(x), max (D F(X))} , (27)
with D the diagonal matriz with positive entries dyx, = — > " | Chi.-

Theorem 4. If the coefficients of matriz C' in problem (16) satisfy the conditions (25),
the following estimate holds

Yz, < max {[|pllow,, D" Fllu, } - (28)

4 Two-dimensional steady convection-diffusion-reaction
system

In this section we construct a monotone finite difference scheme on uniform grids for
a two-dimensional steady weakly coupled convection-diffusion-reaction system. For an
overview of schemes for convection-diffusion problems see the monographs [12, 17]. Let
Q2 be a rectangular domain, Q = {(x1,23), 0 < 21 < [3,0 < x5 < [y} with boundary 9.
We consider on the domain €2 a system of m coupled convection-diffusion equations

—LU=CU+F(x), xe€Q, (29)
U(x) = p(x), x €. (30)

Here U = U(x) is the unknown vector function that is sought, while £ = diag(Ly, Lo, ..., L),
Lp=3"2_ (L4 +L5.), k=1,...,m, with

0 0 0
Ly, = e (kka<x>87) ; o = Thagy (31)

where the functions kg, fulfill the property 0 < kpin < kra(X) < kpae, k=1,...,m, a =
1,2. Asin Section 3, C = (¢;;)mxm is @ matrix of constant coeflicients, and F(x) and p(x)
are the right-hand side and boundary vector functions respectively.

On the grid @y, (20), we consider the second order finite difference scheme [14]

_ZAkayk ch’lyl +fk ) T € Wh, kzlv"'7m7 (32)

=1
(X)) = pp(x), X € 0wy, k=1,...,m, (33)
where A yr = %;mAgayk + A$ yk With 5640 = (1 4+ Ria) ™t Ria = 0.5hq|Tka|/kra, and
Aiayk = (akayk,a’ca)xa y ak = kr (21— ha/2,29), ara = kia (21, 29 — ha/2),
+
+1)

_ Tk
Yrwa + ookl ies Uiy = =2, 7 = 0.5(rka £ |7hal)-

c _ Lt
Akayk bkoc a’k:a k )
ko

This scheme can be rewritten in the canonical form (5)-(6) as
A1(Xiyia) Yiriy = Bu(Xiyiy) Yiy—1i + Ba(Xiyig) Yirio—1 + Bs(Xiyi,) Yiy 414
+ Ba(Xiyiy) Yiyint1 + C1(Xiyin) Yiri, + Fiyiy, ta =1,... ,No = 1, a = 1,2,
Y(x) = pu(x), x € dwp,



where Bj(X;,i,) = diag(bl,(Xiyi,), -0, (Xiin)), 5 = 1,...,4 with entries for k =

mm
1,....m
bllck:(xhlé) = akl’i;l—_%l/%(%klmiz - hlblzl,iliz)v
bzk(xiwé) = am’i;l—lg_m(%k?miz - h2bl€2,i1i2)v
bzk(xillé) = akl’iz——%l/%(%klmiz + hlb;l,hig)v
bik(xilh) = %(Kklhiz + thZ—Z,ilig)v
2

A;(xi,4,) is a diagonal matrix with diagonal entries aj,; (Xii,) = bip(Xiyiy) + b2 (Xiyin) +
b3 (Xiyin) + Ui (Xiyin) — cor and C1(Xi4,) = (C)mxm 18 @ matrix such that ¢}, = ¢y if k # [,
and zero in other case.

From the above coefficients, it is easy to see that if the entries of matrix C' satisfy the

inequalities
m

cpr < 0, Cklzo,k#l, chl<07 k,lzl,...,m, (34)
=1
then finite difference scheme (32)-(33) satisfies the positive conditions (7), and therefore
applying Theorem 1 such scheme is monotone. Moreover, from Theorem 2 we have a
priori estimate of the solution, which is summarized in the next result.

Theorem 5. If the coefficients of matriz C' in problem (29) satisfy the conditions (34),
the following estimate holds

Y e, < max {{|pllow, D" Fll, } . (35)

where D is a diagonal matriz with entries dgy, = — >~ C.-

5 A weakly coupled system of two-dimensional quasi-
linear parabolic equations
Let © be the rectangular domain = {(z1,22),0 < 27 < [1,0 < x5 < I3} and 9 its

boundary. For a fixed positive number 7" > 0, we consider the weakly coupled system of
m quasi-linear parabolic equations

%—?:£U+CU+F1(X,7§), xe, 0<t<T, (36)
with Dirichlet boundary conditions
Ux,t) = p(x,t), x€0Q, 0<t<T, (37)
and initial condition
U(x,0) = Up(x), xe€QuUI, (38)

where U(x,t) = (u1(x, 1), uz(x,t),...,un(x,t)) is the sought vector grid function, and £
is a diagonal operator £ = diag(Ly, Lo, ..., L),

N du
Ekukzzg(kkOXU)axk)? k:]-a"'7m7
o @ @

Eia (U) = Kga (U1,U2, e 7Um) .




We suppose that the input data is non-negative Fy(x,t) > 0, pu(x,t) > 0, Up(x) > 0 and
each function kxo(U), k=1,...,m, a = 1,2, fulfills the property

O < kmin S kka(U) S kmaxa VU = (uky]:b:la Ug S [m17m2] )

where m; and my are two constants such that

_ —Te - . . .
mp =e€e " “min min x,t), minUy (x)+ 7 min F;(x,%),
! {xeaQ,te[O,T} H ( ) x€Q 0 ( ) x€Q,t€[0,T) ! ( )}

Mo = max{ max  p(x,t), max Uy (X)} +7T max Fy(x,t),

x€00,t€[0,T) x€Q x€Q,t€[0,T)
m
c= max | — E cij | >0,
1<i<m
Jj=1

with Qr = Q2 x [0,7]. Again, as in previous sections, C = (¢;;)mxm 1S a matrix of constant
coefficients satisfying the conditions

m

cer < 0, Cklzo,k%l, chl<07 k:,lzl,...,m. (39)
=1

Let Ny be positive integers and let 7 = T//Ny be the time discretization parameters.
Then, we introduce the uniform grids wy, = @y X @,, with @, = w, U dwy, (20) and

wr ={t, =n7,n=0,1,..., No}.

On the grid wy,,, we approximate the initial-boundary value problem (36)-(38) by a stan-
dard first order backward implicit scheme

Y=L, Y"" +CY" ! + Fiti(x), x€w, n=0,...,Ng—1, (40)
Y =Uy(x), xcap, (41)
Y = p(x,ty), x€0w,, n=0,1,...,Ny—1, (42)

where Y (x,1) = (y1(x, 1), y2(X, 1), ..., ym(x,1))T is the vector approximation grid-function,
and Y?(X’ t) = (y?t<xu t)7 ygt<x7 t)7 cee 7y;1nt X, t))Ta with

t — t
Y (x,1) = bl 7) = gl >, k=1,...,m.
T

Discrete operator Ly, is a diagonal operator Ly = diag(Lip, Lap, - . ., Limy), where

2
Lkhy]?;_al - Z (aka(Y?&)yZEi)ma,ia ) k= 17 cee, My = ]-7 27

a=1

with +1 +1 +1 +1
n n n n
- Ykjin+1 ~ Ykjia Yrkia ~ Ykjin—1
= Okayia+1 h—2 = Qkaig h—2’
« (6%

(akoz (Y:L )yl?;i

)ma,ioz

1
Akayia = 5 (kka(ana—l) + kka(YZ)) .
2

Notice that we have constructed a finite difference scheme of second-order of approxima-
tion in space. This can be easily deduced from the following lemma



Lemma 1. The following approximation holds

8 8uk 2
b= @(O) ), - 57 (HOIGE) = 002,
where LU LU
CL(U) _ ( )1 +2 ( )1—1
Proof. By using the formula of summation by parts (fg). = f0.5)9z + f29(0.5), Where
Vos) = (v+v4)/2, v, = (v4 — v)/h the approximation error ¢ can be split up as
Yk = Yr1 + Vg2, where
0 8uk
Y = a(U), ((un)z) 0.5 = 5 K(U) 5=,
82uk

Yr2 = a (U)(o.5) (ur)ze — k(U) or2

Taking into account that a(U)gy = k(U) + O(h?), ((ur)z) s = % 4 O(h?) and

a(U), = a%k:(U) + O(h?), we obtain the required result. X
Scheme (40)-(42) can be rewritten in the canonical form (5)-(6) as

AYM = BYPL B YR+ ByY P+ BY

1112 i1—1ig 1119 — i1+1io i192+1
+C Y A FR iy =1, Ny — 1, a=1,2, (43)
Y (x) = p"(x), x€ dwp, (44)

with A; a diagonal matrix of order m with entries
T T
1 n n n n
g, = 1+ p(akl,ilﬂig + Ariyiy) ﬁ(akulizﬂ + Ak2iriy) — TChk-
1 2

Matrices Bj, j = 1,...,4, are diagonal matrices B; = diag(b{l, b%Q ..., b0 ), with entries
fork=1,....,m

pl — lan [ — Lan [ — Lan pio— lan
kk — h2 kl,i1i29 kk — h2 k2,i1i29 kk — h2 kl,i1+1ig> kk — h2 k2,1i9+1>
1 2 1 2

Fitl = TF?ZIZQ + Y7, and Cy = (¢y)mxm is @ matrix such that ¢, = 7¢y if k # [, and
zero in other case.
From the above coefficients, we obtain the following theorem about monotonicity of FDS

(40)-(42).
Theorem 6. For the solution of the difference scheme (40)-(42) the two-side estimate

~ n+1 5 ~ —
my < Y (X) < ma, X € Wp, k= 17 2a ceey T, (45)
holds, where
My = e “min min Ml(x), minUg(x) +T min Fy(x)p >my,
0<k<Ng—1 XEwWp, 0<k<Np—1
xE0wp, XEwp,
My = max max " (x), maxUg(x) p +7 max F¥!(x) < my,
0<k<Ng—1 XEWp 0<k<Ng—1
XEOwp, XEwp,

m
¢ = max —E cij | >0,
1<i<m
Jj=1

and therefore the finite difference scheme is monotone.

10



Proof. We prove the lower bound of estimate (45). In a similar way, the upper bound
can be proved. The minimum of the vector grid function Y™ (x), x = (x1,22) € &y, in
sense of notation (3) can be reached at some function y"** (x), i € {1,2,...,m}, i.e.

i

min Y (x) = min y™ (x), i€ {1,2,...,m}.
XEWp XEWR

Then from Theorem 1, we have

1
min y"t! (x) > min { min p' "t (x), — (min Y (x) + 7 min f (x)) } :

XEWp, XEOwy, ¢ du XEWp XEwp,
1
> — min {min p ™ (x), min y}* (x) + 7 min £ (x)} . (46)
dii XEVh XEwp XEwp

It’s easy to see that y" '

T (x) > 0. So from (46) by recursive process, we obtain

min 7 (x) >
XEWp

1

: ; k+1 o ar : k41
2 Ty M gk OO Qe GO iy 6
XEOwp, XEOwp,

(d“_)nJrl iy

Using estimate e™7 < L < i <1, ¢ = max (— Zlcz-]) > 0 we obtain (45). The
J:
theorem is proved. X

Remark 2. By the similar way it is possible to prove estimates for solution of finite
difference scheme (40)—(42) in cases: p(x,t) < 0,Fy (x,t) < 0; p(x,t) > 0,F; (x,t) <0
and 1 (X7 t) < 07 Fl (X7 t) > 0.

Theorem 7. If the coefficients of matriz C' in problem (36) satisfy the conditions (39),
the following estimate holds

ntl| < k1| ) k+1
Y, < mac{ g [ o ol 47 i [P, (40

Proof. From Theorem 2, we deduce
Y™ Hlg, < max {[[©" o, [DT'E" ., },

where D is a diagonal matrix with entries dg, =1 — 7 Z;’ll - Asdpy, > 1, k=1,...,m,
we have
Y™z, < max {{|@" low,, Y |s, + 7IFT lw, § -

By recursive process, the required estimate holds. X

6 One-dimensional steady convection-diffusion-reaction
system on non-uniform grids

In this section, we study the monotonicity of a finite difference scheme on non-uniform
grids for a one-dimensional steady weakly coupled convection-diffusion-reaction system.
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On the domain €2 = (0, L), we consider a system of m coupled convection-diffusion equa-
tions

—LU =CU+F(x), x€(0,L), (48)
U(0) =p', UL)=p’ (49)
where £ = diag(Ly, Lo, ..., L), L, = LE+ LS, k=1,...,m, with
d d d
d _ & Bl c _ el
=g (v ). f=nig (50)

and the functions ki (x) fulfill the property 0 < kpin < kr(2) < kpae, kK =1,...,m, with
Emin and kp,q, two real numbers. As in previous sections C = (c¢;;) is a square matrix of
order m of constant coefficients, F(z) is the right-hand side and p!, u? are the boundary
vectors.

Let w, = wp U Owy, be the non-uniform grid given by w, = {z; = x;1 + h;,i =
1,...,N —1} and Ow, = {9 = 0,2y = L}. In the sequel we will use the following
notations. We denote i; = 0.5(h; + h;11), and Z; = z; + hi, with h; = (hiv1 — hy)/3.
Besides, for a independent variable x = xz;, we denote x4 = x;41, whereas for a grid
function v = v; = v(z;), V™Y = v(2;41). Moreover, we will use the standard notation,

Vi — Uz Vi1 — Uy — Uj—1

Uiz, = T, Vgyi = B y  VUgi = h; ) (51)
V(Biifrsss) = BriVirr + (1 = Bri — Brari)vi + Brr1ivioa. (52)
On this grid, we consider the finite difference scheme
Mk = Corliiasse) + Y (Cutiusy) T ok k=1,....m, (53)
1=1,1#k
ye(0) = p,  w(L) =i, k=1,...,m (54)

As in the continuous case, discrete operator Ay is split into two parts: the diffusive and
the convective terms given by the following expressions Apyr = s APy + ASyx, where

AR ye = 0.5(k(s, o) Ynzo + (ki) ze — Kk zaln(ss6e))s (55)

Afyr = B;@;(:rl)yk,x + by, Yz (56)
v T (2)

with aj, = ki(z — h/2) and bf = ﬁ, i (Z) = 0.5(rk + |rk]) > 0 and r; (T) = 0.5(r —
K\

1 . 2h+h -_h+2h
|rk]) < 0. Parameter 3¢, is defined as g, = , where Ry, = b 0 b, + aay
1+ Ry 6 6
and ¢ = fr(Z). Coefficients f;,7 = 1,...,6 are chosen in order to obtain a monotone
second-order scheme
h| + h |h| — h Phrzs — | Pk
51 2h+ ) 62 2%h 9 53 2h+kk;fg; 9 ( )
Wz + [Pk h— || \h| + h
B S = o = o (58)

This scheme can be rewritten in the canonical form (5)—(6) as

Al(I},)YZ = Bl(xi)Yi—l + BQ(xi)Yi+1 —I— Cl(ZL‘Z)YZ + FZ‘, Z = 1, Ce ,N — 1,
Yo=p', Yy=p°



where Bi(z;) = (b)) mxm and Ba(x;) = (b%;)mxm are matrices defined by the coefficients

by (i) = cBai,  biy(x) = P, L=1,...,m, l #Ek, (59)
%Zk 1i¢+ki* M zka’cxz E_ai

by (i) = il kwm’:}: o) kﬂg el kh‘k + ChrBoiy (60)
%ki(kk(/gliﬂ%) + kriv1)  2tiBsikize BzakiJrl

b2, (z;) = — ’ 61

i (T4) hihiny 5 + Pt + CrrfBs (61)

A;(z;) is a diagonal matrix with diagonal entries a}, (x;) = by, (z;) + b3, (2;) — cxx and
C1(x;) = (c)(%i))mxm is @ matrix such that ¢, (z;) = c(1 — B1; — Ba;) if k # 1, and zero
in other case.

From the above coefficients, it is easy to see that if the entries of matrix C' verify the

inequalities
m

crr < 0, Cklzo,k#l, chl<07 El=1,...,m, (62)
=1
then finite difference scheme (53)-(54) satisfies the positive conditions (7), and therefore
applying Theorem 1 such scheme is monotone. Moreover, from Theorem 2 we have a
priori estimate of the solution, which is summarized in the next result.

Theorem 8. If the coefficients of matriz C in problem (48) satisfy the conditions (62),
the following estimate holds

1Y, < max {{ls![lwy, |44°]own [D7'Flus } (63)
where D is a diagonal matriz with entries dy, = — Z;il Cri -

Remark 3. The obtained results can be generalized to semi-linear weakly coupled elliptic
and parabolic system of equations with nonlinear right-hand sides [5, 13].

Conclusions

In this paper we have developed a theory of monotonicity for finite difference schemes ap-
proximating weakly coupled system of linear elliptic and quasilinear parabolic equations.
Sufficient conditions of positivity of the input data are given to guarantee the property
of monotonicity of the finite difference schemes. Besides, these positive conditions al-
low us obtain two-side estimates of the approximate solution. This theory is applied to a
wide range of finite difference schemes approximating weakly coupled system of equations.
In particular we consider finite differences schemes for two-dimensional weakly coupled
diffusion problems, two-dimensional quasilinear parabolic systems, and one-dimensional
weakly coupled elliptic systems on non-uniform grids.
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