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Abstract. We consider the Thomas-Wigner rotation of coordinate systems under successive Lo-
rentz transformations of inertial reference frames and disclose its physical mechanism on the ba-
sis of relativistic contraction of moving scale and relativity of simultaneity of events for different
inertial observers. This result allows us to understand better the physical meaning of the Thomas
precession and to indicate some of the missed points in the physical interpretation of this effect
with two particular examples: the circular motion of a classical electron around a heavy nucleus
and the motion of a classical electron along an open path, where its initial velocity and accelera-
tion are mutually orthogonal to each other.

PACS number: 03.30.+p

1. Introduction

It is known that the successive Lorentz transformations with non-collinear relative velocities be-
tween inertial reference frames entail a spatial rotation of coordinate axes of these frames, called
Thomas-Wigner rotation [1, 2]. It is further known that the Thomas-Wigner rotation of coordi-
nate axes of instantaneously co-moving frames of electron, which orbits around an immovable
nucleus, induces the Thomas precession of electron’s spin. Historically, this effect played an im-
portant role in the semi-classical explanation of the spin-orbit interaction in atoms [1, 3], as well
as in the support of the entire hypothesis about spin [4]. Due to these reasons, numerous papers
had been published on this subject up to now (see, e.g., refs. [5-14], already belonging in 21%
century). One of such latest papers has been published by the present authors [15], where for the
first time we applied a correct expression for the classical force on a moving dipole [16]. Using
this expression, we have found that for a laboratory observer, all electromagnetic contributions to
the fine splitting of the atomic energy levels mutually cancel each other, so that the measured
spin-orbit coupling in hydrogenlike atoms represents a purely mechanical energy component as-
sociated with the Thomas precession of electron’s spin. These results definitely require to shed
more light on the physical interpretation of the Thomas precession and its fundamental origin,
the Thomas-Wigner rotation.

It is widely recognized that both of these effects have a purely kinematical origin (see,
e.g. [17, 18]), and due to this reason, many physicists seem to believe that this circumstance re-
leases us from the search of the concrete physical mechanisms of the given effects. The available
publications with respect to the derivation of the Thomas-Wigner rotation and Thomas preces-
sion, which apply either analytical approach [1-3, 17-21]), or geometrical approach [22-27], in
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fact, are not any more aimed to provide their actual physical interpretation in terms of the known
relativistic effects in the Minkowskian space-time. As a result, many researchers remain satisfied
with the general statement that Thomas-Wigner rotation reflects the general properties of the Lo-
rentz group, where, as is known, the spatial rotations constitute a sub-group [28].

This general statement should be anyway kept in mind, when we deal with the Thomas-
Wigner rotation. At the same time, in section 2, we intend to demonstrate that the Thomas-
Wigner rotation, like any other effect of classical physics, can be understood with the involve-
ment of known effects of relativity theory; namely, the contraction of moving scale along the di-
rection of its velocity, and the relativity of simultaneity of events for different inertial observers.
In this way, we specify the notion of parallel coordinate systems in relativity theory, and seek an
answer to the question, why under successive rotation-free space-time transformations between
three inertial frames, two of them become non-parallel to each other?

We provide answer to this question via simple particular problems, involving special Lo-
rentz transformations, where the direction of relative velocity is collinear to one of spatial coor-
dinate axes. In section 3, we also emphasize that the notion of parallel coordinate systems does
not, in general, imply the spatial parallelism of corresponding coordinate axes of two inertial
frames, which thus can be seen as non-Cartesian for each other. Moreover, when a relative ve-
locity between two parallel coordinates systems becomes time-dependent, a spatial orientation of
coordinate axes of parallel systems also varies with time due to the contraction of scale along the
corresponding velocity vector, which gives a corresponding contribution to the observed spatial
direction of particle’s spin experiencing the Thomas precession (section 3). To our best
knowledge, the latter effect was never considered in the analysis of Thomas precession; at the
same time, we show in sub-section 3.1 that the scale contraction effect for coordinate axes of the
system co-moving with an orbiting classical electron around a heavy nucleus, does not contribute
to the averaged mechanical energy, associated with the Thomas precession. Finally, in sub-
section 3.2 we consider the motion of the classical electron with spin along an open curved path,
and disclose some features of the Thomas precession of its spin, which seems to be missed to the
moment. We draw our conclusion in section 4.

In order to simplify the mathematical side of our analysis, below we consider the relative
motion of inertial reference frames in the xy plane only.

The paper will be interesting to undergraduate, also graduate students and to specialists as
well.

2. Relativistic mechanism of the Thomas-Wigner rotation as the result of scale
contraction effect and relativity of simultaneity of events in three different in-
ertial frames

One of the simplest and familiar examples [10, 30], which can be used for the demonstration of
Thomas-Wigner rotation, is presented in Fig. 1, where an inertial reference frame K; is moving
with respect to a laboratory frame Ky at constant velocity —u{-u,0,0} along the axis x, while an
inertial reference frame K5 is moving in the frame Ky at constant velocity v{0,v,0} along the axis
y. Thus, the pairs of frames Ko, K; and Ky, K; are related to each other via special Lorentz trans-
formations, and the corresponding coordinate axes of the frames remain mutually parallel to each
other. Now we want to consider the remaining pair of K;, K, frames and to find the angles be-
tween the axes X1, X, and ys, Y, correspondingly.

One way to solve this problem is to determine the relative velocity between the frames K;
and K; and to compare its spatial components on coordinate axes of both frames, as was done,
for example, in the mentioned references [10, 30]. First, we calculate the velocity Vi, of the
frame K, with respect to Kj. Its components can be found via the Lorentz transformation be-
tween K, Ko, with taking into account the fact that for an observer in Ky, the velocity of K, has
the components V=0, V2y=v. Hence, using Einstein’s law of speed composition (see, e.g., ref.
[14]), we obtain for an observer in Kj:



Vigy =U, Vi, = V\/]-_UZ/CZ , (1a-b)

where c is the light velocity in vacuum.

Next, we calculate the components on velocity K; in K, designating it as V»;. Pointing
out that for an observer in Ko, the velocity of K; delineates the components Vi,=-u, V1,=0, and
using Einstein’s law of speed composition between K, and K,, we obtain for an observer in Kj:

Vy, = —Uy1-V?/C?, V= -V, (2a-b)

Comparing equations (1a-b) and (2a-b), we reveal that

Vle * _V12x ) V21y * _Vlzy ) (3a'b)
and
V,, ' =V,". (3¢)

The fact of equal modulus of relative velocity for observers in the frames K3, K, (equation (3c)),
with the inequality of their coordinate components (equations (3a-b)), does prove the presence of
spatial rotation of coordinate axes of these frames. The value of the rotational angle grw (where
the subscript “TW” specifies that we deal with the Thomas-Wigner rotation) of the frames K; and
K, can be found from the equalities

[\/12x| = [Vzlx|COSqu _’\/21y‘5ianW ' (4a)

NlZy‘ = [\/21X|SianW +’V21y‘COSqTW : (4b)
Substituting the components of relative velocities from equations (1), (2) into equations (4), we
obtain to the accuracy of calculations ¢

uv

el ()
Hereinafter we adopt the sign “minus” for the clockwise rotation, and the sign “plus” for
the counter clockwise rotation.

One can check that the general expression for the Thomas-Wigner angle (see, e.g. [17]),
applied to the motional diagram in Fig. 1, yields the same result (5) within the adopted accuracy
of calculations.

This problem demonstrates the emergence of a relative spatial rotation of coordinate sys-
tems K; and K; under successive Lorentz transformations K;—Ke—Kj; with non-collinear rela-
tive velocities. At the same time, equations (3)-(5) do not shed any light on the mechanism of
Thomas Wigner rotation between the axes of K; and Kj; they show only that the Thomas-Wigner
rotation must emerge, and do not clarify the question, how this rotation effectively emerges?
What is more, the foregoing equality (3c) for the modulus of the relative velocity of K; and K;
frames (which reflects the validity of the reciprocity principle [31]) gives the impression that an
observer in K; sees Cartesian the frame K3, and, vice versa, an observer in K, sees Cartesian the
frame K;. However, as we will see below, this is generally not the case.

Thus, seeking for an answer to the question — why the observers in the frames K; and K,
see the mutual rotation of their coordinate axes for the motional diagram in Fig. 1 — first of all,
we have to specify the definition of parallel coordinate systems in relativity theory. Namely, we
define two coordinate systems K and K’ to be parallel to each other, if their relative velocities
have equal and opposite in sign components on their corresponding coordinate axes (see, e.g.

[20]).

Orw =

In other words, if an observer in K sees the velocity of K’ to be equal to V{u,v,w}, then
an observer in K’ sees the velocity of K to be equal to —-V{-u,—v,~w}. In this case, the Lorentz
transformation from K to K’ (L (V)) and the Lorentz transformation from K’ to K (L (-V)=L*(V))
are classified as rotation-free.

For example, special Lorentz transformations keep the parallelism of coordinate axes of
corresponding inertial frames, and thus they are always rotation-free. Therefore, in Fig. 1, the
coordinate systems Ko, K; and coordinate systems Ko, K, are mutually parallel to each other.
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However, one should stress that in the general case (where the relative velocity V be-
tween two inertial frames is not collinear to either coordinate axis), the relativistic definition of
parallel coordinate systems (which only requires the equality of component of their mutual ve-
locities with the reverse sign (i.e., V{u,v,w} and —V{-u,—v,-w}) does not mean, in general, the
parallelism of corresponding axes of these systems. More specifically, only under special Lo-
rentz transformations, the notion of parallel coordinate systems of the frames K to K’ implies the
parallelism of their corresponding coordinate axes. However, in the general case, where the rela-
tive velocity V of two inertial frames K and K’ is not parallel to either coordinate axis, the axes
{X, y, z} might be non-parallel to the corresponding axes {x’, y’, z'}. This means, in particular,
that both frames can be seen non-Cartesian for each other. Nevertheless, the frames K and K’
may remain parallel to each other according to the relativistic definition presented above.

Indeed, consider the relative motion of some inertial reference frames K; and K; with the
constant velocity V, lying in the plane xy (see Fig. 2, adapted from [32]). This figure demon-
strates that for an observer in the frame K; (Fig. 2a), the angle between the axes x, and y, of the
frame K5 is no longer equal to p/2, and, analogously, for an observer in the frame K, the angle
between the axes x; and y; of Kj is not equal to p/2 (Fig. 2b). The change of spatial orientation of
coordinate axes of a moving system, as seen by the observer in his own resting system, is caused
by the known relativistic effect of contraction of a moving scale along the direction of its motion.

In order to calculate the angle between the axes x, and y, for an observer in Ky, we first
determine the spatial orientation of the axis x, in the frame K;. For this purpose we choose any
segment X, belonging to the axis x, and point out that its projection onto the direction, orthogo-
nal to V, remains unchanged, while its projection onto the vector V contracts by 1/gtimes, where

g= (1—V2/cz)_1/2 is the Lorentz factor. Therefore, the segment X,, thus the entire axis x, is
turned by some angle J with respect to the axis x;. (Hereinafter the subscript “.” is introduced
to remind that the angle originates from the scale contraction effect for the axis in question, un-
like to the angle Jtw introduced above in egs. (4a-b), describing the common Thomas-Wigner
rotation of appropriate coordinate axes).

We can find the value of the angle J., applying the relativistic transformation of length
under the rotation-free Lorentz transformation [17]

n=r- (gv_l)(rz 'V)‘/ d (6)

2

and choosing the components of vector r,=r,{X,0,0} in the frame K,. Hence, we obtain the
components of this vector for an observer in the frame Kj:

X = Xoy — (g\/‘zl)(xzv cosa \V cosa :%(gsinza +cos’a), (72)

Xy __( _21)(X2V cosa )V sina :—wsina cosa , (7b)
ov 9

and

X —1)si
tgd =2 _ (g _ 2)sma cosa ®)
Xy gsin“a +cos“a
Thus, to the accuracy of calculations ¢, equation (8) yields
VA V)V, uv
~———sina cosa =— =——, 9
2c? 2¢? 2c? ®)

where we remind that the sign “minus” corresponds to the clockwise rotation.

Similarly, designating the segment Y, on the axis y,, and determining its components for
an observer in K, we find the angle between the axes y; and y, due to the scale contraction ef-
fect:

CX



2 V.V
Jy z%sina cosa = 2Xc2y :%, (10)

which corresponds to the rotation in the counter clockwise direction.
Thus, we see that the axes x1, X and ys, Y, are not parallel to each other, and the angle be-

tween the axes x, and y», as seen in Ky, is equal to (p/2+|J CX| +pcy )

The symmetric situation is realized for an observer in the frame K;: looking at the frame
K1, he sees the angle between the axes x; and y; to be equal to (p/2+|J CX| +dg ) as is shown in

Fig. 2b.

At the same time, we emphasize that the systems K; and K, remain parallel to each other
according to the relativistic definition presented above. Indeed, for an observer in the frame Ky,
the components of velocity of the frame K; on the axes x; and y; are equal to V cosa , V sina
(Fig. 2a), while for an observer in K, the components of velocity of K; on the axes x, and y, are
equal to —V cosa , —V sina , correspondingly (Fig. 2b). Thus, the relativistic definition of paral-
lel coordinate systems is indeed fulfilled with respect to the frames K; and K, in spite of non-
parallelism of their corresponding coordinate axes.

Now we return to the motional diagram of three inertial references frames Ko, K; and Ko,
as specified in Fig. 1, but this time we consider this diagram in the frame K; (Fig. 3). One can
see that in this Figure, we have drawn the axes y; and y, to be parallel to each other, and the axes
X1 and x, to be non-parallel to each other. Let us demonstrate that this is actually the case for an
observer in Ky, and concurrently determine the angle Q between the axes x; and X.

First of all, we point out that the motional diagrams in Figs. 1 and 3 imply the special Lo-
rentz transformations between the pairs of frames Ko, Ky, and Ky, K, which thus are rotation-
free. At the same time, the transformation between the frames K; and K5 is more complicated, so
that we cannot assert a priori that this transformation should be a rotation-free transformation,
either. Therefore, equation (6), as well as the subsequent equations (7)-(10), which are valid with
respect to rotation-free Lorentz transformations, in general, are not applicable to the frames K;
and K3 in Fig. 3. In these conditions, we propose the following way out, for the determination of
mutual spatial orientation of the x- and y-axes of the two frames.

Suppose that during the motion of K,, a designated segment X, on the axis x, at the ap-
propriate time interval does intersect the x-axis of Ky, and, analogously, a designated segment Y,
on the axis y, at the appropriate time interval does intersect the y-axis of Kj. Concurrently, an
observer in K; measures the time moments of intersection of the edge points of the segment X,
with the axis x;, as well as the time moments of intersection of the edge points of the segment Y;
with the axis y;. It is obvious that in the case, where intersection of the edges of the moving seg-
ment X, with the axis x; happens simultaneously in the frame K3, then this observer concludes
that the axis x; and the segment X, (thus the entire axis x,) are parallel to each other. Analogous
result is derived with respect to the intersection of the moving segment Y, with the axis y;. Alter-
natively, if in the frame K; the time moments of intersection of the edge points of segment X;
with the axis x; differ from each other, then the segment X, and thus the entire axis x, is not par-
allel to the axis x; in the considered frame Kj. In this case, the inclination angle between the axes
X1, X2, can be calculated straightforwardly, if one knows the x- and y-components of the velocity
of the segment X; in Ky and the corresponding time moments of intersection of its edges with the
axis Xi.

By analogy, one can designate the segment Y, on the axis y, and to use a similar way to
determine the inclination angle between the axes y;, y, for an observer in the frame Kj.

Using this method, first we show that for the diagram in Fig. 3, the axes y; and y, remain
parallel to each other for an observer in Kj. The sufficient condition to prove this is to demon-
strate that for any segment Y, belonging to the axis y», the intersection of its edge points with the
axis y1 happens simultaneously for an observer in Kj.

As a first step to this proof, we notice the trivial parallelism of the axes y, and y, for an
observer in Ko. As a next step, we point out that the relative motion of the frames K; and Ky
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happens along the x-axis, and hence, the simultaneous intersection of all points of the segment Y,
with the axis y; is trivial for an observer in K;. Thus, we conclude that for the diagram in Fig. 3,
the axes y; and y, remain parallel to each other in all frames under consideration.

Considering now a relative spatial orientation of the x-axes of the frames K;, K, and Ko,
we notice that the axes x, and xq are parallel to each other in both frames K, and Ko, given that
these frames are related via special Lorentz transformation. Hence, we conclude that for observer
in Ko, the intersection of the x, and Xo axes happens simultaneously for all of their points. How-
ever, this is no longer the case for an observer in Ky, wherein the frame Ky is moving with the
constant velocity u along the x;-axis. Namely, for any segment X, belonging to the axis x,, the
intersection of its edges with the axis xo, as seen by an observer in Ky, happens at different time
moments separated by the interval
MK, )= -2

c? ’

(11)

to the adopted accuracy of calculations ¢, Eq. (11) follows from the Lorentz transformations for
the time intervals in the frames K; and Ky and, from the physical viewpoint, it reflects a relativity
of simultaneity of events in these frames. Taking into account that in the frame K; the segment

Xz has the y-component of its velocity V, :vw/l—uz/c2 , we conclude that the time difference

(11) corresponds to the difference of y-coordinates for the opposite ends of this segment
X,uv
Ay(K, )= =5 (12)

Therefore, for an observer in the frame Ky, the angle between the segment X, (and thus

the entire axis x,) and the axis x; is equal to
Ay(K
0~ K s (13)

X, C
where we have used equations (1a-b) within the accuracy of calculations ¢™.

Comparing now the spatial orientation of the axes xy, y, of the frame K in Figs. 2a and 3
(see Fig. 4), we reveal the common spatial rotation of the system K in Fig. 3 with respect to the
system K in Fig. 2a at the angle
Q uv
2~ per (9
in the clockwise direction, which coincides with the Thomas-Winger angle gy defined by (5).
This happens in full agreement with the general group properties of Lorentz transformations,
where the succession of two transformations with non-collinear relative velocities (in our case
Ki—>Ko—Kj3) entails an additional spatial rotation of coordinate systems K; and K, in compari-
son with the case of direct rotation-free transformation K;—Ko.

At the same time, our way to the Thomas-Wigner rotation, which seems had not been ap-
plied earlier, allows disclosing its actual physical mechanism. Namely, using Figs. 3 and 4, we
find that the spatial orientation of the axes xy, y, of the frame K, with respect to the correspond-
ing axes of the frame K; is defined via the appropriate composition of the angles grw and g, re-
sulting from the common rotation of coordinate systems and the scale contraction effect for mov-
ing x- and y-axes, correspondingly.

In particular, with respect to the angle €, between the axes yi, y, in Fig. 4, as is seen in
the frame Ky, we obtain the equality
Qy =qcy +qTW = 0' (153.)

insofar in the adopted accuracy of calculations the angles grw and gy have equal magnitudes and
opposite signs (compare egs. (10) and (5)). Thus, in Figs. 3 and 4, the spatial orientation of the
axis y, with respect to the axis y; remains unchanged after joint action of the scale contraction
effect and the Thomas-Wigner rotation.

Further, determining the spatial orientation of axis x, with respect to the axis x; in Fig. 4,
we obtain the angle the between these axes




Q, =0y +0ny =~ (15b)
(see egs. (9) and (5)).

Looking at egs. (15a-b), one can conjecture that these equations have the general charac-
ter in the case of planar motion of three inertial reference frames (in our case - in the xy-plane),
which tell us that a visible orientation of the axes x and y is always defined by the angle
Qx(y) :qcx(y) + Oy - (16)

One can show that this is actually the case, though, for brevity, we omit the straightforward proof
of eq. (16), which is based on the fact that at the non-vanishing x- and y- components of a rela-
tive velocity between inertial frames K; and K5, the angles gcx and gy always have opposite signs
and equal magnitudes under rotation-free Lorentz transformations between these frames. In the-
se conditions, the validity of eq. (16), where the Thomas-Wigner rotational angle can be written
in two equivalent forms, i.e.

Orw = Qx —(x :Qy _qcy ’ (17)

is closely related to the relativity of simultaneity of events in different inertial reference frames,
as we have shown in the analysis of the motional diagrams in Figs. 3 and 4.

Eq. (17) allows us to disclose the actual physical mechanism of the Thomas-Wigner rota-
tion, which is shaped by a joint action of two relativistic effects: the contraction of moving scale
along the vector of its velocity in a frame of observation, and the relativity of simultaneity of
events for different inertial observers.

Addressing again to egs. (15a-b) and (16), we see that, in general, Q,=Qy. This inequality
explains the fact, why for the motional diagram presented in Figs. 3 and 4, the frame K is seen
as non-Cartesian for an observer in the frame Kj, and vice versa. Concurrently, one can notice
that in the particular case, where gc=0¢y=0, egs. (15), (16) yield the equality
Q,=Q, =0y, (18)
which means that the Thomas-Wigner rotation leaves Cartesian for each other both inertial
frames under consideration.

This particular case is realized for the motional diagram in Fig. 5, where the pairs of
frames Ko, K; and Ko, K; are related to each other via the rotation-free Lorentz transformations
with the velocities Vo:{u,0,0} and Vo,{u,v,0}, correspondingly. In this case, the relative motion
of the frames K; and K; happens along the y-axis only. Then, according to the general rule, the
transformation from K; to K; is composed from the special Lorentz transformation along the y-
axis, which keeps the frames K;, K, Cartesian for each other, followed by a subsequent Thomas-
Wigner rotation of coordinate axes of the system K at the angle grw defined by eq. (5), which
keeps the axes to be orthogonal to each other. Thus, under the special rotation-free Lorentz trans-
formation from K; to Ky, we get g, =q,, =0, so that we actually arrive at eq. (18).

Let us show that the result (18) for the motional diagram in Fig. 5 can be again under-
stood via i) the scale contraction effect along the relative velocity Vo {u,v,0} between the frames
Ko, Kz, as well as ii) a relativity of simultaneity of events between the frames Ko, K3, moving at
relative velocity Vo1{u,0,0}.

In this way, we first notice that for an observer in the frame Ko, the coordinate axes of K,
are no longer orthogonal to each other, as already explained above in the analysis of a similar
motional diagram in Fig. 2. In particular, in the frame Ky, the axis x, experiences the spatial rota-
tion with respect to the axis Xo at the angle gc in the clockwise direction, defined by eq. (9),
while the axis y, is turned out with respect to the axis yo at the angle qcy in the counter clockwise
direction according to eq. (10). The corresponding directions of the axes x, and y, in the frame
Ko are shown in Fig. 5 by the continuous black lines. We also notice that egs. (9) and (10) yield

o] = [0, = uv/2¢?. (19)

Further on, we point out that for the motional diagram in question, the frame K; moves
only along the axis xo of Ky and hence, within the adopted accuracy of calculations, the spatial
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orientation of the axis y», as is seen in Ko, remains the same for an observer in the frame K; and
thus constitutes the angle g, with the axis y;, defined by eq. (10). The direction of the axis y, for
an observer in Kj is shown in Fig. 5 as the dashed red line.

In order to determine the spatial orientation of the axis x; in the frame Kj, we mark the
segment X, belonging to the axis x,, and first determine the difference of time moments of inter-
section of the opposite ends of this segment with the axis X,. One can see from Fig. 5 that this
difference is defined by the expression
— XZ‘J CX ~ L
Alk, v o fac?
where we have used eq. (9).

Next, we determine the corresponding time difference in the frame K, via applying the
Lorentz transformation for the time intervals between Ky and K;. Further on, taking into account
that these frames move with respect to each other with the constant velocity u along the axis X,
and using equation (20), we obtain

X,Uu u
AtKl = g(AtKO +C—?éj = X2 ? . (21)
Thus, comparing equations (20) and (21), we see that the time intervals AtKO, AtK1 have

(20)

equal values and opposite signs. This means that an observer in the frame Ky sees the clockwise
rotation of the axis x at the angle qge with respect to the axis xi, whereas, due to a relativity of
simultaneity of events in the frames Ky and K3, an observer in K sees the counter clockwise ro-
tation of the axis x, with respect to the axis x; at the same angle g, which thus should be identi-
fied with the angle of Thomas-Wigner rotation (see Fig. 5, where the direction of the axis x, for
an observer in Ky is shown as the dash red line). Indeed, for an observer in K3, the rotational an-
gles between the axes y», y1 and between the axes x,, X; have the same sign and the same value,
defined by equation (19), which means the Thomas-Wigner rotation between the Cartesian sys-
tems K; and K.

At the same time, we again emphasize that the motional diagram in Fig. 5 represents a
rather specific case, characterized by a special rotation-free Lorentz transformation between the
frames K; and K. In the major part of physical situations, this condition usually is not fulfilled,
so that the Thomas-Wigner rotation involves, in general, non-Cartesian inertial frames.

This remark occurs significant in the physical interpretation of the Thomas precession,
which is analyzed in the next section.

3. Thomas precession and its missed features

As is known, the Thomas precession happens for a particle with spin, moving along a curved
path (where the particle should be considered as a point-like, in order to exclude any relativistic
effects emerging for extended bodies [20]), and the frequency of Thomas precession in the la-
boratory frame is defined by the expression (e.qg., [6])

@, :(1—%"")’ . 22)
g) Vv

Here v is the velocity of the particle, and v =dv/dt is its acceleration.

We would like to remind that in the derivation of this equation, it is tacitly assumed that
at any time moment t, the Lorentz transformation from the laboratory frame Ky to the frame K(t),
co-moving with the particle, is rotation-free. Further on, it is adopted that the Lorentz transfor-
mation from the frame K(t) to the frame K(t+dt), co-moving with the particle at the time mo-
ments t and t+dt, correspondingly, is always rotation-free. In this case, the successive Lorentz
transformations Ko—K(t)—>K(t+dt) entail the Thomas-Wigner rotation of the system K(t+dt)
with respect to the system Ky, which represents the origin of the Thomas precession [1]. Desig-
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nating, as before, the angle of Thomas-Wigner rotation between the systems K, and K(t+dt) via
grw, We obtain the value of the frequency of Thomas precession as

— dBr,
Wr==g0 (23)
which, at the relative velocity vdt between the frames K(t) and K(t+dt), and the known expres-
sion for the Thomas-Wigner angle grw, straightforwardly yields equation (22) (see, e.g., [20]).

At this point, we have to emphasize that the available attempts to provide a physical in-
terpretation to the Thomas precession tacitly adopt that the angle grw in eq. (23) describes a visi-
ble rotation of the axes of the proper system of electron with respect to the coordinate system of
a laboratory frame. One can easily realize that this assumption implies that the frames K(t) and
K(t+dt) are both Cartesian; however, as we have shown in section 2, this is generally not the
case, and a visible orientation of coordinate axes of the frame K(t+dt) with respect to corre-
sponding coordinate axes of the laboratory frame Ky is given instead by the angles €y, Qy ac-
cording to eq. (16), written in the case of motion in the xy-plane.

This signifies that the physical mechanism of the Thomas precession of a particle with
spin should be reanalyzed in a view of the results obtained above based on egs. (15)-(17). Below
we analyze implications of these equations with two particular examples: the motion of particle
with spin along a circular orbit, and the motion of particle along an open path in the xy-plane in a
special case, where the x-component of velocity remains constant, while the y-component of ve-
locity linearly increases with time.

3.1 Circular motion of particle with spin

In the classical approach, this case corresponds to the circular rotation in the xy-plane of a classi-
cal electron with the charge e and spin s around an immovable nucleus with the charge Ze and
practically infinite rest mass. It is well known that this problem had been considered by Thomas
in the derivation of the frequency of Thomas precession of electron’s spin and determination of
spin-orbit coupling in the classical approach [1]. In the present analysis, in addition to what
Thomas did, we would like to determine the spatial orientation of coordinate axes of the proper
frame of electron, which influences on the visible direction of the spin of classical electron with
respect to corresponding coordinate axes of the laboratory frame Ky (see Fig. 6).

In order to solve this problem, we introduce the rotational frequency of electron w and
determine the x- and y-components of its orbital velocity v, which for a laboratory observer have
the values
V, =-vsinwt, v, =vcoswt. (24a-b)

Further, applying egs. (9) and (10), we obtain

CMET

to the accuracy ¢
Next, we determine the frequency of Thomas precession of electron’s spin from eq. (22),
which for a circular motion (where v =wx V) is equal to

|<»T|:(1_3JM :

) :(1—3jwzv—2w, (26)
Vv g 2¢C

where we have used the vector identity vx(wx V)= wv? —v(v-w)= wv?, and applied the approx-

imation to the order ¢,

As an example, in Fig. 6 we show a current angle of Thomas precession j =wst, as well as
the angles gcx and g at some time moment t. A visible orientation of the axes x. and y. of the
proper system of electron K., defined by the angles Qy and Qy via eq. (16), is shown in red.

Based on eg. (16), we can find the precession frequency of visible orientations of the axes
Xe and Ye

2
:V—Zsinvvtcosvvt (25)
2c




10

Q) _ dAy)
dt dt

Thus, combining egs. (25)-(27), and taking into account that the angles g, gy always have oppo-
site signs, we obtain in the case of counter clockwise rotation of electron in Fig. 6

o, @7)

d—g:X =w, (1+cos2wt), (28a)
dQ
dty =w, (1-cos2wt). (28b)

Note that in the case of clockwise rotation of electron, the angles Q,, Qy replace each oth-
er in equations (28).

Equations (28) characterize the rates of time variation of the angles Q, and €2, which lie
between 0 and 2w, and determine the momentary frequency of the Thomas precession for visi-
ble orientation of electron spin. We notice that the average frequency of Thomas precession of
electron’s spin is always equal to wr, which follows from the equality
o, @, _

dt dt

Thus, eq. (29) shows that the revealed fluctuation of the precession of the x- and y-axes of
the proper frame of electron around the frequency wy according to egs. (28), does not affect the
average energy associated with the Thomas precession, which remains to be equal to [1]

U, =s-w,. (30)

As we recently have shown [15] just the energy term (30) determines the observed spin-
orbit interval in hydrogenlike atom, insofar as at the correct expression for the energy of elec-
tric/magnetic dipole in an electromagnetic field [16], all energy terms of electromagnetic origin
mutually cancel each other.

Thus, our analysis does not lead to any new consequences with respect to the dynamics of
orbiting electron with spin; at the same time equations (25)-(29) obtained above, disclose some
kinematical features of Thomas precession of spin of classical electron, which seems had been
missed to the moment.

(29)

3.2 Motion of particle with spin along an open path

In this subsection, we consider a particular case of motion of a particle with spin along an open
curved path, where its velocity u and acceleration a are orthogonal to each other at each time
moment; for example, u represents the constant value and lies along the axis x, while a is collin-
ear to the axis y, as is shown in Fig. 7. We further assume that the force acting on the particle
along the y-axis is constant (e.g., the motion of the classical electron e with the spin s in the con-
stant electric field E, which is collinear to the axis y). Note that in this configuration, in the ab-
sence of force on the electron along the x-axis, its velocity u along this axis cannot remain con-
stant. Indeed, due to the conservation of momentum along the axis x, we have the equality

d dg du
dtgnu ot mu +gm m 0, (31)
where gis the Lorentz factor.
Insofar as dg/dt increases with time, while the electron is accelerated along the y-axis, eq.
(31) shows that du/dt is not equal to zero, and represents a negative value. Therefore, the as-
sumed constancy of the velocity u implies the presence of some appropriate force along the x-
axis, which maintains the constancy of u, while the Lorentz factor of the electron gincreases. We
will not analyze more the dynamical side of this problem, and focus our attention to kinematics

of the moving electron in Fig. 7.
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In this way, we designate as v(t) the velocity of electron along the axis y at some time
moment t, and determine the dependence of acceleration on time, applying the motional equation
of electron along the axis y, i.e.

gm)=eE. (32)
Assuming the constancy of u, we obtain from eq. (32)

dv eE

—=a= , 33
dt g’m (33)

which shows that for the considered problem, the acceleration a along the axis y decreases with
time with the increase of the Lorentz factor g

This means that the frequency of the Thomas precession for electron’ spin, defined via
eq. (22) as

1) ua 1 eukE
e e e e >
decreases with time, too, and tends to zero at large g

For simplicity, we will not analyze further the strong relativistic case, and, as before, we
carry out our analysis in the weak relativistic limit, corresponding to the accuracy of calculations
2. This means that the velocities u and v(t) are both much smaller than c.

Then, we want to determine a visible orientation of the x- and y-axes of the frame K, for a
laboratory observer K on the basis of egs. (16), as well as the frequencies of spatial rotation for
both axes, which contribute to the frequency of Thomas precession for the electron spin s.

Here, one should notice that the magnetic dipole moment m of the electron, associated
with its spin s, is also involved into the Larmor precession around the vector of magnetic field B,
existing in the frame, co-moving with the electron. However, in what follows, we consider only
the Thomas precession of electron spin defined by the precession of coordinate axes of electron’s
co-moving frame.

In order to solve this problem, we introduce two Lorentz frames K(t) and Ke(t+dt) co-
moving with the accelerating electron at the time moment t and t+dt, correspondingly, which
thus move with respect to each other with the relative velocity adt along the axis y, and both
move at constant velocity u along the x-axis of the laboratory frame K. This motional diagram
reproduces exactly the motional diagram in Fig. 3 considered above, where the frame Kj is asso-
ciated with the frame Kg(t), the frame K, with K¢(t+dt), while the frame K; represents the labora-
tory frame of observation. Therefore, in the adopted accuracy of calculations ¢, we can directly
use the results obtained for the diagram in Fig. 3. Hence, during the acceleration of the electron
along the y-axis, the spatial orientation of this axis of its proper frame remains unchanged (see
eq. (15a)). From the physical viewpoint, this means that the spatial turn of the axis y of K, at the
angle qcy, caused by the scale contraction effect for this axis, as seen in the laboratory frame K, is
exactly balanced by the angle of Thomas-Wigner rotation gry for an accelerated electron, insofar
as for the configuration in Fig. 7, the angles qcy and grw have equal values, but opposite signs.

In other words, at the time moments, when the electron spin s is collinear with the axis ye,
then, the frequency of Thomas precession of the system K, as is seen by a laboratory observer
K, is exactly counterbalanced by the time derivative of the angle qcy, caused by the scale contrac-
tion effect for the y-axis of the frame K, along the direction of its motion in K. As a result, at
such time moments, the laboratory observer sees a non-changed spatial orientation of the axis ye
and measures only the Larmor precession of electron spin.

On the other hand, we notice that for the axis x., the angle of Thomas-Wigner rotation
grw and the angle gcx have the same value and the same sign. Therefore, at the time moments,
when the electron spin s is collinear with the axis x, its rotational frequency due to the Thomas
precession, as is seen in the laboratory frame K, is twice of the value wy estimated via eq. (22).
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We again emphasize that this result is valid only in the weak relativistic limit, corre-
sponding to the accuracy of calculation ¢,

When this limit is abandoned, we have to take into account the decrease of the frequency
of Thomas precession with the increase of g-factor of electron (eq. (35)), which tends to zero in
the strong relativistic limit. Therefore, when the velocity of the electron in the frame K tends to
c, a visible orientation of the x- and y-axes becomes to be fully determined by the angles g« and
ey, regardless on any pre-history of the Thomas precession of the system K.. Namely, one can
straightforwardly derive that in such ultra-relativistic case, where the components of velocity of

electron in the frame K tend to {u cy1-u?/c?, 0}, the angles qex and qe, acquire the values

u p u
o == G =5 (35)
at u<<c. This equation shows that for a laboratory observer, both x- and y-axes becomes practi-
cally anti-parallel to each other, and constitute the angle u/c with the axis x.

Finally, it is interesting to introduce an inertial observer with his proper frame K’, moving
at constant velocity u in the frame K (see, Fig. 7) during the entire process of acceleration of
electron. In the frame K’, the electron always moves along the axis y’, so that the frame K co-
moving with electron looks Cartesian at any time moment. Hence, in the frame K’, both angles
q¢x and ¢, are equal to zero at any time moment. This result, in general, is not surprising, and
only reflects the relativity of the scale contraction effect. A more important observation is related
to the fact that in the frame K’, the velocity of electron v'(t) and its acceleration a’(t) are both di-
rected along the y-axis. Hence, their vector product is equal to zero at any time moment, which
means according to eq. (22) that the frequency of Thomas precession of electron’s spin should be
identically equal to zero in the frame K, in spite of its finite value in K. This result seems at odds
with the classical causality, and constitutes the essence of the Bacry paradox [33].

The resolution of this paradox has already been presented in [29], and it is based on the
fact that the velocity parameter entering into expression (22) for the frequency of Thomas pre-
cession should be associated only with the rotation-free Lorentz transformation from the frame
of observation to the frame, co-moving with a particle with spin. For the problem sketched in
Fig. 7, such a rotation-free Lorentz transformation by supposition is carried out between the
frames K and K. and hence, in the case of rotation-free transformation from K to K’, we obtain
that the corresponding transformation from K’ to K, cannot be rotation-free due to the non-
commutativity property of the Lorentz transformation. Therefore, a tacit assumption by Bacry
with respect to parallelism of the corresponding axes of the frames K’ and K, was erroneous, and
under the elimination of this mistake, the paradox disappears [29].

4. Conclusion

We have shown that the Thomas-Wigner rotation of coordinate axes of inertial reference frames,
emerging under successive space-time transformations with non-collinear velocities, finds its
consistent physical interpretation on the basis of well-known relativistic effects of i) contraction
of moving scale and ii) relativity of simultaneity of events for different inertial observers. We
demonstrated the validity of this statement for the motional diagram in Fig. 3, where two inertial
frames Ky and K, are moving in the third inertial frame K; with mutually orthogonal velocities.
In this case, we have found that under successive rotation-free transformations K;—>Ky—Kj, the
direction of coordinate axes of K, for an observer in K; is determined by the two effect: the con-
traction of moving scale defined by the motion of K, in Ky, and the relativity of simultaneity of
events, defined by the relative motion of K; and Ko. As the result of combined action of these
relativistic effects, an observer in K; fixes a rotation of coordinate systems K, at the Thomas-
Wigner angle grw in comparison with the case, when a direct rotation-free Lorentz transfor-
mation between K; and K, would be applied (see Fig. 4). We specially emphasize the fact that
the contraction effect for coordinate axes of the frame K; along the direction of its motion in K;
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makes these frames mutually non-Cartesian for each other, as is shown in Fig. 2, and the Thom-
as-Wigner rotation of the axes of K, with respect to corresponding axes of K; leaves both sys-
tems non-Cartesian for each other, too. As the result, the spatial orientation of the x- and y-axes
of K, for an observer in K; depends both on the scale contraction effect for each axis, different,
in general, for each coordinate axis, as well as the Thomas-Wigner rotation, being common for
both axes, see equation (16).

Based on these results, we reanalyzed the Thomas precession in two particular cases: 1)
The circular motion of a classical electron around a heavy nucleus and, 2) the motion of a classi-
cal electron along an open path, where the electron’s velocity and its acceleration are mutually
orthogonal to each other. In the case of circular motion in the plane xy, we have shown that the
frequency of Thomas precession for visible spatial orientation of the x- and y- axes oscillates
near the average value of wr, and this result is also valid for the visible orientation of the spin of
the classical electron. In this case, the averaged energy associated with the Thomas precession, is
given by eq. (30), and does not affect the value of spin-orbit coupling in hydrogenlike atoms,
originally estimated by Thomas [1].

In the case of motion of the classical electron along an open path in the particular case,
where the electron’s initial velocity u and its acceleration a are mutually orthogonal to each other
(Fig. 7), we obtain in the weak relativistic limit that a visible orientation of the axis y, of the
proper electron’s frame K in the laboratory frame K remains unchanged, whereas, the orienta-
tion of the axis y, is changed with time with the double frequency of the Thomas precession es-
timated via equation (22). With further increase of the velocity of electron v(t) along the axis v,
when its Lorentz factor g becomes much larger than unity, the frequency of Thomas precession
of the electron’s spin tends to zero (equation (34)), and the spatial orientations of the x- and y-
axes becomes unchanged and are defined by eq. (35), as is seen by a laboratory observer.

Thus, the analysis presented above throughout the foregoing discussion allows us to un-
derstand better the physical meaning of Thomas-Wigner rotation and the Thomas precession and
to cover up some of the missed points in physical interpretation of these effects.
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Fig. 1. Diagram of motion of the inertial reference frames K; and K, as viewed by an ob-
server in the laboratory frame Ko.
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Fig. 2. The relative motion of the frames K; and K at the constant velocity V, constitut-
ing the angle a with the axis x. a — view for an observer in the frame Kj; b - view for an
observer in the frame K,. The inertial systems K; and K, are parallel to each other ac-
cording to the common definition, but the pairs of axes x;, X, and yi, Yy, are not parallel,
and constitute the angles J and Jy, correspondingly.
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Fig. 3. Diagram of motion of the inertial reference frames Ky and K3, as viewed by an ob-

server in the inertial reference frame Kj.
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Fig. 4. The coordinate system Kj, being related to K; via the rotation-free Lorentz trans-
formation (reproduced from Fig. 2a and drawn in red), and the same coordinate system, being
related to K; via successive Lorentz transformation K;— Ko— K (reproduced from Fig. 3 in
black), differ from each other for an observer in K; by a common spatial rotation of the axes x;
and y; in the clock-wise direction at the Thomas-Wigner angle gnw according to the known result
of special relativity theory.
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Y2 (in Ky and in Ky)
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Fig. 5. The inertial reference frames Ko, K; and Ky, K; are related to each other by the rota-
tion-free Lorentz transformations with the relative velocities Vo:{u,0,0} and Vy2{u,v,0}, corre-
spondingly, and the frames K; and K, move with respect to each other only along the axis y. The
black continuous lines show the spatial orientation of the x- and y-axes of all three systems for an
observer in the frame Ky. The dot red lines show the spatial orientation of the axes x», y», as seen
in the frame Kj. As a result, for the observer in Ky, the Cartesian system K, experiences the
common rotation in the counter clock-wise direction at the Thomas-Wigner angle grw.
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Yo

Ko

Fig. 6. Classical viewpoint: a visible orientation of coordinate axes of the Lorentz frame,
co-moving with the electron e is composed as the algebraic sum of the angle of Thomas
rotation wyt and the angles gyc(t) and gy(t) at the considered time moment t, as seen by an
observer in the rest frame Ky of the nucleus Ze.
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Fig. 7. The classical electron e along with its proper reference frame K is moving with respect to
a laboratory frame K with the constant velocity u along the axis x, and is accelerated along the
axis y with the acceleration value a. We want to determine the frequency of Thomas precession
of electron’s spin in the frames K, as well as in an inertial frame K’, moving with respect to K at
constant velocity u along the x-axis (the Bacry configuration [33]).



