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GEOMETRIZATION FOR A QUANTUM-MECHANICAL PROBLEM OF THE SPIN 1
PARTICLE WITH ANOMALOUS MAGNETIC MOMENT IN THE COULOMB FIELD

In [1] the quantum-mechanical problem for a spin 1 particles with anomalous magnetic in the presence
of external Coulomb field was studied and the system of radial equations was obtained. It was shown that the
system cannot be solved completely even in the case of ordinary particle without additional electromagnetic
moments. To simplify the problem, restriction to non-relativistic equations was performed and the system of two
4-th order ordinary differential equations was found out. Its Frobenius solutions were constructed and
transcendental solutions and corresponding energy spectra were found. However, the problem cannot be
considered as studied exhaustively.

In this study the problem of spin 1 particle with anomalous magnetic moment in the external Coulomb
field are considered in non-relativistic approximation using Kosambi—Cartan—Chern geometrical approach
(KCC-theory) [2]. In this approach, one considers a system of second order differential equations

y'()+20'(r.x.y) =0, M
which corresponds to the the Euler-Lagrange equations for some dynamical system with Lagrangian L. In (1),
the symbol x' designates coordinates, their derivatives in argument I' are y'=dx'/dr=y', and the quantities Q,
are determined through some Lagrangian L as follows
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The first and second invariants, ¢'(r,x,y) and P; are introduced by the definitions
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The second invariant P} relates to Jacobi stability of dynamical system. A pencil of geodesic curves from the
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some point r converges (or diverges) if the real parts of all eigenvalues of the invariant Pij are negative

(or positive) ones.

We start with the knows radial system [1] of two second-order differential equations for two radial
functions, which arises when considering a non-relativistic spin 1 particle with anomalous magnetic moment in
the external Coulomb field. In the explicit form the system can be presented as
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We follow the case of bound states, so assuming v=.,[j(j+1)/2, j=12,3,.. . Let apply the notations
X =W,(r), y =@d/dn¥,(r) =\ () Then comparing equations (4) and (1), one finds the relevant quantities Q':
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By direct calculation according the formulas (3), we calculate both invariants:
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The eigenvalues A, A, of the second invariant P! are given by the formulas
g 10432 i
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Typical behavior of eigenvalues at different j is presented in Fig. 1. Let us specify their behavior near

the singular points r=0, r =c0, and r=-I/2:
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Figure 1. The dependencies of eigenvalues A, (red) and A, (blue) on radial coordinate ( X = MI") at different J
2@ j=1,(b) j=2,(c) j=3. We used the following parameters: 'm=1, E/m=-0.000009.
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Behavior of the real parts of eigenvalues near the singular points r =0,00,—I/2 correlates with the properties of

solutions near these points for quantum mechanical bound states.
The next step is to construct a Lagrangian function L for the phase space ¥  y , defined by (5).

We will search for the function in the form
L=g;(NY'y' +b,(r,x)y’,  b,(r,)=h(r x. (11)

Substituting (11) into (2) and assuming that the tensor 9 is diagonal (g, =g,, =0), we derive
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Equating the terms from (5) to the corresponding terms from (12), we obtain the system of equations with
respect to @ (I') and b, (1, X):
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Its solution is given by the formulas:
9, = chrz’ O» = Clrza
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where C, is the arbitrary constant. Functions B,(x',x%) and B,(x',x%) obey the restriction
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So, 2-dimensional vector field B,B, can be presented as a gradient of a scalar function

0. (13)

B,(X',x*) = %(p(xl,xz), B,(X',x*) :£¢(xl,x2), B, =grad p. (14)
Therefore, there exist some freedom in choosing the Lagrangian (the constant C, may be taken as 1):
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Concluding, we have used a geometrical KCC-based method to study the quantum-mechanical problem
of spin 1 particle with anomalous magnetic moment in the external Coulomb field. The KCC-invariants were
calculated. It has been shown that the different branches of the solution converges near the singular points
o,-I/2, and may converge either diverge near the singular points r=0. This correlates with behavior of
solutions near these points for quantum mechanical bound states. The Lagrangian corresponding to the
geometrical problem has been found, it is demonstrated to have the arbitrariness up to some special term, which
may be considered as specific gauge freedom.
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HEPA3PYIIAIOIINNA KOHTPOJIb U IMATHOCTUKA JIE®EKTOB
HA MOBEPXHOCTHU METAJIJIOB

Beenenne. Ontuxo-akycrtuueckue (OA) HCTOYHHMKM yIbTPa3BYKOBBIX (Y3) BONH HUMEWOT psif
MIPEUMYIIECTB Mepel TPAJUIUOHHBIMU (IIb€303JIEKTPUUYECKUMH U JIEKTPOMAarHUTHO-aKyCTHYECKHMHU), BKIIFOUast
OTCYTCTBHME KOHTAaKTa CO CpEJOH, BO3MOXXHOCTb JIETKOIO HW3MEHEHHS T'€OMETPHUYECKHX IapaMeTpoB
AKyCTUYECKOI aHTCHHBI, JUArHOCTUKH OOBEKTOB, IBIKYIIUXCS C JIFO00H ckopocThio [1-5]. s Bo3Oy)aeHUS
KOPOTKHX aKyCTHYECKHX HMITYJIbCOB MEPCHEKTHBHO IpuMeHeHne OA MeTOM0B NMpPH HMITYyJIBCHOM JIa3ePHOM
Bo3zeiicTBu [2, 3]. Cpeaut pe’KUMOB TeHEPAIlH MTOBEPXHOCTHBIX aKkycTHdeckux BouH ([TAB) mpeamouTuTensHbIM
ABIISICTCS UMEHHO TEPMOYIPYTHH PEKUM, peaan3yeMblii B OTCYTCTBHE aOJSIMK MaTepHana U MUHUMAIFHOM
mryMoBOM (hoHE, co3aBaeMBbIM TPOIOIBHON M cABUTOBON cocTapistomuMu [TAB [1-3]. Bo3oyxnenne [TAB
Panes mpu moriomeHNH JIa3epHBIX HMITYJIECOB HAHOCEKYHIHOW UIMTENFHOCTH B MaTepHaje W3 IUIaBICHOTO
KBapIla HcCleoBaHO B paborte [4]. PaccMOTpeHBI 0COOCHHOCTH IMArHOCTHKH HEOTHOPOIHOCTEH B BHIE
II0JIOCOK M3 30JI0Ta Ha MIOBEPXHOCTH IIJIaBJICHOIO KBapIia.
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