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K METOJAM INIOCTPOEHIA HAYAJIBHBIX
AOITYCTUMBIX PEIHNTEHUN S9KCTPEMAJIBHBIX 3AJIAY
CETEBON OIITUMU3AIIAN

Mummnayk JI. A., Tonsuox E. H.

Kademnpa komnbrorepabix Texunosorunit u cucreM, ¥ O «Bemopycckuit rocytapcTBeHHBII YHUBEPCUTET»

Munck, Pecniybiiuka Benapych

E-mail: pilipchuk@bsu.by

IIpedarooicervt Hosve nodTodv, U cMPamezuy, NOCMPOERUA HAYAALHHL OONYCNUMBLL PEWeHUT OAA CEMEBHLT MO-

deaetl mamemamuueckozo npozpammuposarus. Ha ocrnose uccaedosanus meopemuro-zpadoswux ceoticme 6a3ucos

IKCMPEMANOHDIT 3aday 06 ONMUMANDHDIL nymsaxr u MaxCuUMaLsbHOM NOMOKE nped/zo:)fcenm aﬁﬁenmueﬂme BbLYUCAU-

MEABHBLE AN20PUMMDBL U TNETHOAN02UU NOCTMPOEHUS HAHYANDHDIT ﬁonycmumma: peweuuﬁ C NPUMEHEHUEM annapama

meopuu 2paghos, Pa3peHCceHH020 MAMPUYHOZ0 GHAAU3E U COBPEMERHBIT JOCMUNCEHUT MEOPEMUYUECKOT UHPOPMa-

muKru.

BBEAEHUE

B koHCTpyKTHBHOII TEOpMHM MaTEMaTHIECKO-
ro IpOrpaMMHPOBaHUA AKTYaJIbHONH 3ajiadeil daB-
JiieTcs ODOCHOBAHUE AJITOPUTMHUYECKUX IIOIXOI0B
[PU CO3JAHUU METOJOB IIOCTPOEHUs] HAYAJbHBIX
JIOIYCTUMBIX PeIIeHuil 3aJad CeTeBOl OINTHMU3a-
mun. Jljisa SKCTpeMasibHBIX 3a7ad 00 ONTHMAJIb-
HBIX MyTIX W MaKCAMAJbHOM IIOTOKE IIPEJJIOXKe-
HBI HOBBIE HOJXO/Ibl U CTPATErWU IIOCTPOEHUS Ha-
JaJbHBIX JOMYCTUMBIX perennii. Pazpaborka 3d-
(EKTUBHBIX AJITOPUTMOB OCHOBaHA HAa HCCJIEI0BaA-
HUE TEOPETUKO-TPadQOBBIX CBOWCTB CETEBBIX MOJIE-
Jel, aHaJIn3€e NX BBIYUCIUTEIbHON CIOKHOCTH, IIPA-
MEHEHUU Pe3yJIbTATOB TEOPETUIECKOil mHMOpMATH-
KI ¥ HA HOBBIX BO3MOXKHOCTSIX OPIaHU3AI[UN BBIYUUC-
JINTEJIbHBIX IIPOIIECCOB, KPYIIHBIX M3MEHEHUSIX HUC-
MIOJIb3YEMBIX BBIUMCJIATEILHBIX CPEJICTB, MOSBJICHN-
eM 6osiee 3pHEKTUBHBIX ST3BIKOB MMPOIPAMMHUPOBa-
HUS U MHOTOIIPOIIECCOPHBIX CHCTEM.

I. HAYAJIBHOE JOMYCTUMOE PEIINEHUE

MaremaTuueckasi MOJIEIb 3a/Ia91 O KpaTdaii-
nmmx nyTsx w3 ysna s €Il B ysuel i€ I\ {s}
KOHEYTHOTO OPUEHTUPOBAHHOTO CBA3HOrO rpada
G = (I,U) ¢ MHOXKeCTBOM y370B I ¥ MHOXKECTBOM
nyr U, onpenenennabix #a I X I, |I| < oo, |U| < oo
nMeeT CJIeLyIOINui BU/I;

Z CijTij — min (].)
(i,5)€U

n—1, 1=s,
-1, ieI\{s},
2)

> wig— Y, =

JEIF (U) JEI; (U)

0<wz;<n(i,j) €eUn=|I|,z;; EN,

rae Ij(U):{]GI(ZaJ)GU}v i

{jel:(j,i) €U}, z;; — Beauuuna JyroBoro Io-
TOKa Jiyru (i,7), ¢;,; — CTONMOCTH TePEMEIIEHHST 110
nyre (4,j) eJUHUIBI IIOTOKa T;; U3 y3Ja i B y3el

3)
) =

J, = (2, (,7) € U) — BeKTOp IyTrOBBIX IIOTOKOB.
Hyrosoii moToK x; ; yoboit myru rpada G He mpe-
BBIIACT N — 1 €AUHUIL, T.e. OrpaHUYEHUS T;; < N,
(i,7) € U uz (3) asnsiiorca nzmumaumu. Orpanu-
JeHus (3) IpUMyT BHT:

Ti,j >0, (Z,j) e, T € N.

(4)

Marpura yciaoBuii coxpanenus 1otoka (2) ss-
JisieTcst MaTpuIeil nHimaeaTHocT rpada G. Mat-
pUIa UHITUIEHTHOCTU Tpada abCOIOTHO YHUMOTY-
JIIpHAZA, 9YTO FAPAHTUPYET NEJOYUCIEHHOCTD OITH-
MaJIBHOI'O MOTOKA & IKCTpeMaJbHOM 3aa4n (1), (2),
(4). Urak, skcrpemansras 3amada (1), (2), (4) co-
CTOUT B TOM, 9TOOBI MUHUMHU3UPOBATHL 00Iee pac-
CTOsIHUE, TIPONIEHHOE TIOTOKOM BeJIUYUHBI n— 1 eJiu-
HUI[ U3 y3J1a S JI0 Beex y3uoB ¢ € I\ {s}, upu srom
B KaxkJIoM y3uie ¢ € I\ {s} Tpebyercst onHa euHuIA
MOTOKA.

IMapa {x,Gy} — omnopubli 1OTOK, T7€
x = (x5, (1,j) € U) — IOMyCTHMBIl MOTOK (BBIIOJ-
HsatoTCs orpanndennst (2), (4)) u Go = (I,Uy) —
IPOM3BOJIbHOE MOKpbIBatomiee aepeso, Uy = U\Uy.
Bazuc  mpocrpancTBa  pelnreHuil  OJIHOPOJHOM
CHCTEMbI, [OPOXKJEHHOH u3  cucreMbl  (2),
COCTABJISIOT XapaKTepUCTUIECKUE BEKTOPBI
§(r,p) = (6;7,(i,4) € U), (7,p) € U\Up. Dbcbex-
TUBHBIE AJITOPUTMBI IOCTPOEHUs HA3UCA IIPOCTPAH-
crsa pemtenuit {6 (7, p), (7, p) € U\Up} npusenens
B [1, 2]. ITokpsiBatomee nepeBo Gy = (I,Up) cos-
najiaer ¢ JiepeBoM JocrukumMocTu rpada G (cymie-
CTBYyeT eﬂHHCTBeHHbIﬁ oyTb U3 S B Ka)}{ﬂblﬁ y3ei1
i € I\{s}). Ona ysnos I\ {s} u myr Uy nepesa
nocrrmkuMocT rpada (G mocTponM OHEKTHBHOE
orobpaxkenne y3ioB ¢ € I\ {s} Ha cooTBeTCTBYIO-
mue ssementsl {pred (i) ,Vi € I\ {s}}, rme pred (i)
ecTb orell y3ja ¢ B KopHeBoM sepese, pred (s) = 0.
IMosyuennoe B pe3ysbrare GMEKIUU OPUEHTUPOBAH-
uoe zpepeso Gy = (I,Up) Ha3BIBAETCSI KOPHEBHIM
nepeBoMm rpada G ¢ kopuem B y3ie s. epeso
JoctrKUMOCTH Tpada G COBIAmaeT ¢ KOPHEBBIM
JIEPEBOM.

ITpuseeM CHOUCKOBBIE CTPYKTYPHI [2 — 4],
HEOOXOUMbIE I PeATU3aluu  0a30BbIX Olepa-
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IWit ¢ 3JIEMEHTAMH KOPHEBBIX JjepeBbeB. Crmcok
{pred[i],i € I} onpenenser g KaxKIOro ys3ia
i € I 3nagenue |pred [i]|, KoTopoe comep:KuT 3ie-
MEHT OMEKTUBHOTO OTOOparkeHUs y3ja ¢ KOPHEBO-
ro JiepeBa; 3HaK MHHYC ONpeJesisieT KOPeHb y3Jia
KODHEBOI'O JIepeBa M MOMKET COJEPXKAThb UUCIO y3-
JIOB KOPHEBOT'O JIEPEBa WM JIPYTYIO HHMOPMAIIIIO.
Duement cumcka {d [i] , Vi € I'} onpenensier Hanpas-
JleHue nyru B KopHeBoM Jepese Gog = (I,Up): ec-

Ju yses i siBasiercss KopheM, to d[i] = 0; ec-
m gyra ([pred[i]|,i) € U, mo d[i] = 1; ecnm
nyra (i, |pred[i]]) € U, 1o d[i] = —1. Cuucok

{depth [i],Vi € I} onpenessier misa KazKIOro ysia
i € I ypoBenb y3ua i: qymHy (B Iyrax) 10 KOPHsSI B
KODHEBOM JIepeBe. DJIEMEeHTBI JIMHACTUIECKOTO 00-
xo71a [2, 3, 4] KOpHEBOrO JiepeBa XPAHATCS B CIICKe
{thread [i],Vi € I}.

IlycTh 33JaHO HEKOTOpPOE KOPHEBOE JEPEBO
Go = (I,Up) ¢ KOopHeM B y3J1e § M CIHCOK
{pred [i], € I}, KOTODBIii ONIpeEsET JJIsl KazKI0-
ro yana i € I\ {s} snauenne npenxa |pred [i]| (s51e-
MEHT OMEKTHBHOI'O OTOODaXKeHWs y3Ja ¢ KOPHEBO-
ro zepesa), pred [s] = 0. IToctpoum HavaabHOE J10-
mycTuMoe pemterne r = (x5, (4,j) € U) akcrpe-
masibHOM 3agaqaun (1), (2), (4). Hus xyr omopHo-
ro noroka {z,Go}, He BXOJAIMUX B COCTAB JIepeBa
Go = (I,Up), BeMUYUHBI JyIOBBIX [MOTOKOB IIOJIO-
JKIM paBHBIME HymO: z; ; = 0, (¢,7) € Uy = U\Uy.

Teopema 1. s ysma ¢ € I\{s} Be-
JIMYUHA JIyTOBOTO TOTOKA Tpred[i],i KAsKIOH Iyrn
(pred [i],i) € Uy paBHA KOJIMYIECTBY Y3JI0B IOJIe-
peBa ¢ KOpHEM B y3Jie i.

Ob6ozHaunM m; — YUCJIO Y3JI0B IOIJEpPeBa C
KOpDHEM B y3JI€ i.

Teopema 2. Teoperndeckasi OIEHKA CJIOKHO-
CTH aJITOPUTMa HAXOXKJEeHHsl MOC/eI0BATeIbHOCTH
Y3JIOB TIOJIZIEPEBA C KOPHEM B Y3JI€ 4, OCHOBAHHAS Ha
[IPUMEHEHNH CTPYKTYD JiaHHbIX: {thread [i],Vi € I}
u {depth[i],Vi € I} pasua O (m;),Vi € I.

MaremaTudeckasg MOJEIb IIOMCKa KpaTdaii-
IIero IyTH MeEXJy JByMd y3jaamu s u t rpada
G = {I,U} umeer nmeer cieyrommuii Bu;

Z Ci jT4q5 — min (5)

(i,9)€U

1, 1=235,
Yoowig— Y, wa=1-L i=t,
JELF(U) JEL (U) 0, iel\{st}

(6)

Tij € {071} ’ (la]) el (7)

IMocTporM HaYaJIbLHOE JOIYCTHMOE PpeIleHue
zagauan (5) —(7). BeJuuuHbl JyroBbIX IOTOKOB It
JLyT, KPOMeE JyI' eIMHCTBEHHOrO Iy TH U3 § B ¢ I0JIO-
JKMM PaBHBIME HYJO. JIyTOBBIE TIOTOKH YT €JWH-
CTBEHHOTO ITyTHU U3 y3J1a S B y3€J t B KODHEBOM Jiepe-
B€, KOTOPOE COOTBETCTBYET IIOKPBIBAIOIIEMY JIE€PEBY
Go = (1,Up), nojioxkuM paBHbIMHA 1.

MaremaTnaeckast MOJENb 3aJa9d OIPEIese-
HUS MAKCUMAAbHO20 nomoka v B cetn G = (I,U)
UMeeT CJIeJYIOIHI BY/L:

v — max, (8)
v, 1=,
Z Tij — Z Tji=q\—v, t=t,
JELF(U) JEl; (U) 0, iel\{st}

0 S Li,j S di,jv (Zvj) € Uv

wie I (U) = {j €1+ (i,j) € U},
I (U) = el:(.)cUy.

Marpura cucremsl (9) — aGCOIOTHO YHUMOLY-
JISIPHAsI, 9TO TAPAHTUPYET MEJOIUCIEHHOCTD OIITHU-
MAaJIbHOTO pemierust {x,v}[2].

Hawanbhoe momycrumoe pertenue (x,v) IKC-
TpeMasibHOiT 3aa4u (8) — (10) cdhopmupyem ciery-
oM obpazoM. B ceru G = (I, U) nocrpoum 1po-
U3BOJIBHBIN IyTh Lg,; W3 y3ia § B IOCTUXKHUMBIHA
yzeu t. ITonmoxkum x; j = 0, (i, j) € U\Ls ;. Jlyrosere
[OTOKH JyT IyTH L ; MOJIOXKUM PABHBIME BEJIUIIHE
nponyckuoit crocobrocra d (L) mytu Ly 4

d (Ls,t) = min {di,j7 (27]) S Ls,t} .
II. 3AKJIIOYEHUE

[IpemioxkeHbl HOBBIE IIOIXOJBI U CTPATETHH
[TOCTPOEHUsT HAYAJIBHBIX JIOIYCTUMBIX DEIEHWIT J11st
9KCTPEMAJIBHBIX 33189 ITOMCKA OITUMAJIbHBIX IIyTei
7 33190 0 MaKCUMAaJbHOM moToke. Ha ocHoBe mc-
CJIeIOBaHUsT KOMOMHATOPHBIX CBOMCTB CETEBBIX MO-
JleJiell, aHaju3e UX BBIYNCIUTEBHON CJIOYKHOCTH,
[IPUMEHEHUN PEe3YJIbTATOB TEOPEeTUYECKON WHOOP-
MaTWKH, anmnapara Teopur rpadoB, paspe:keHHOro
MaTPUYHOTO U CETEBOT0O AHAJN3A U HOBBIX BO3MOXK-
HOCTEHl OpraHW3aliy BBIYUC/IUTEIBHBIX MPOIECCOB
IpeIIoKeHbl 3(PHEKTUBHBIE METOJbI TOCTPOCHUS
HavaJIbHBIX JIOIYCTUMbBIX pelreHuii. Pazpaboranubie
CTPYKTYPHBIE, AJTOPUTMUYECKHE U TEXHOJIOrHJe-
CKHe peIleHnsi MOTYT ObITh MPUMEHEHBI B TEOpUU
MaTEeMATUIECKOTO MTPOrPAMMUPOBAHUS MIPU CO3Ja-
HUU OA3UCHBIX METOJIOB TOCTPOEHUST ONTHMAIHHBIX
pelleHuii 3a/1a4 MOTOKOBOT'O IIPOI'PaMMHUPOBAHUS.
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