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THE GEOMETRY OF A BILAYER NANOSCROLL ROLLED FROM ZIGZAG
NANORIBBONS OF GRAPHENE AND BORON NITRIDE

Abstract. Herein, an algorithm is proposed for calculating the Cartesian coordinates of a bilayer nanoscroll rolled from
a zigzag graphene nanoribbon (nzGNR) and a commensurate boron nitride nanoribbon (nzZBNNR) into two Archimedean spi-
rals. The distance between the layers and the inner radius of the nanoscroll, the length and width of nzGNR, and the length of
the chemical bond between the atoms in the ribbon are the parameters used in the algorithm. It is assumed that these parame-
ters are equal both for nzGNR and nzBNNR.
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TEOMETPHUS IBYXCJOMHOIO HAHOPYJIOHA
N3 ZIGZAG HAHOIIOJIOCOK 'PA®EHA U HUTPUJIA BOPA

AnnoTtanus. [IpeayoxkeH aJrOpuT™M BBIYHCICHUS JIEKaPTOBBIX KOOPAMHAT JIBYXCIOHHOTO HAHOPYJIOHA, CBEPHYTOTO U3
3urzaroobpasnoit rpadgenoBoii Hanonoxocku (nzGNR) u copa3smeproii HaHOMOIOCKN HUTpHAA Oopa (nzZBNNR) B 1Be apxu-
MEZIOBBI Criupajn. Mcronb3yeMble B aJiFOPUTME MapaMeTpbl: PACCTOSHUE MEXKJy CIIOSMH M BHYTPEHHHMH pajnyc HaHOPY-
JoHa, AnuHa U mupuHa nzZGNR, nnuHa XMMHYECKOi CBsI3M Mexay aroMaMu B HaHomoiocke (ans nzGNR u nzBNNR onn
MPUHSTHI PABHBIMH).

KuroueBble cioBa: rpadeH, HUTpUI 60pa, JeKapTOBB KOOPIMHATHI, HAHOIIOJIOCKA, IBYXCIIOHHBII HAHOPYIIOH

Jasi uuTupoBaHus. ['eoMeTpHs BYXCIOWHOTO HAHOPYJIOHA U3 zigzag HAHOMOJOCOK rpadeHa W HUTpuaa OGopa /
H. A. Iloknonckuii [u ap.] / Bec. Han. akan. maByk bemapyci. Cep. ¢i3.-mat. HaByk. — 2020. — T. 56, Ne 4. — C. 411-418
(in English). https://doi.org/10.29235/1561-2430-2020-56-4-411-418
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Introduction. A bilayer nanoscroll consists of two fragments of graphene or boron nitride rolled
into one scroll [1, 2]. It is known that the energy and electromechanical characteristics of a system of not
too many atoms can be calculated by quantum chemical methods [3, 4]. Software packages that imple-
ment quantum chemical calculations require specifying the starting positions (coordinates) of the atoms
that make up the system. When starting a study of new objects such as nanoscrolls using methods of
computational chemistry [5], the researcher is faced with a need to algorithmize [6] the calculation of the
atomic coordinates of the starting configuration [7] of the object under study according to the given pa-
rameters. Currently, algorithms for calculating the coordinates of atoms in nanoscrolls are not available.
In this regard, we note work [8], in which an algorithm was proposed for calculating the coordinates of
atoms in a single-layer carbon nanoscroll rolled from a zigzag graphene nanoribbon (zGNR) without
preserving the lengths of C—C bonds.

The purpose of the present work is to propose an algorithm for calculating the coordinates of atoms
in a bilayer nanoscroll from commensurate zigzag nanoribbons of graphene and boron nitride (Gr/BN)
based on a small number of parameters while maintaining the lengths of interatomic bonds a- = apy in
the nanoscroll.

The nanoscroll is a spiral cylindrical surface. Cylindricity is associated with the fact known from dif-
ferential geometry [9, 10] that a cylindrical surface is isometric to a plane. The coils of the nanoscroll tend
to unfold and become flat, but the nanoscroll is stable in such a folded state due to the van der Waals at-
traction of the layers [11, 12]. The distance between layers is determined by the interaction of atoms of the
neighboring layers and should approximately be the same. It is known that the distance between the coils
of the Archimedean spiral is also approximately the same. Therefore, the layers of the nanoscroll in the
cross section approximately give an Archimedean spiral. This determines the geometry of nanoscrolls.

On the nanoribbon the coordinate system (X, Y) is selected (length along the X axis and width along
the Y axis), while for a cylindrical surface in the R® space the Cartesian coordinate system (x, y, z), the
z axis being directed along the cylinder axis, together with a cylindrical coordinate system (7, ¢, z) with
polar coordinates in the xy plane are used. The unit vectors to the coordinate axes r, ¢, and z will be
denoted by e,, e,, and Kk, respectively. The curve along which the surface bends is given in the xy plane
in polar coordinates (7, ¢) by the equation r = f(¢) e,(9) = sp(X)e,(¢), and the isometric mapping of the
nanoribbon to the surface by the equation r =s@(X)e, () + yk.

The mathematical basis of the proposed constructions is the existence of an isometric map of a na-
noribbon onto a cylindrical spiral surface: (X, Y') — (x, y, z) = (s@(X), (X), ¥). The nanoribbons under
consideration are the fragments of two-dimensional crystals, on the nodes of which a translation group
acts (locally). Due to the incompleteness of the nanoribbon, this is a local action. Isometry makes it
possible to transfer the action of this group from the nanoribbon to the surface and to restore the lattice
there using transformations of the group of a two-dimensional crystal lattice (see, e.g., [13]).

Atomic coordinates in nanoribbons. Figure 1 shows the structures of a flat carbon nanoribbon
46zGNR (a) and a bilayer Gr/BN nanoscroll (b) with an inner radius R;, of 1 nm, rolled from graphene
and boron nitride nanoribbons in the form of two cylindrical surfaces formed by Archimedean spirals.

The length of a zigzag graphene nanoribbon nzGNR, from which the nanoscroll is rolled, is
L=3n/2—1)acc, where n is the number of zigzag chains along the length of the ribbon (along the X axis
in Fig. 1, a), acc = 0.142 nm is the distance between the nearest carbon atoms. Thus, for the 46zGNR
carbon nanoribbon (n = 46), the length L is 9.66 nm. The length of a commensurate nanoribbon of boron
nitride 46zZBNNR with the number of zigzag chains is L = (3n/2 — 1)agy. We assume that the distance
between neighboring B and N atoms in a flat boron nitride nanoribbon is equal to the distance between
neighboring carbon atoms in a flat graphene nanoribbon, i.e., agy = acc.

The atomic coordinates of the flat zigzag bilayer nanoribbon are determined by four indices
(Fig. 1, a): the index ¢ takes the values 4 and B or B and N and corresponds to two atoms in the unit cell
of nzGNR or nzBNNR, the index i is the number of the unit cell along the length of the ribbon L, the
index j is the number of the unit cell along the width of the ribbon W, and the index & is the number of
the layer. The coordinates of the bilayer atoms in the AA configuration (when the X, ¥ coordinates of the
atoms in both layers coincide) are given by the formulas:
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Fig. 1. The structure of a computational cell of width }¥ for a flat 46zGNR nanoribbon of length L (a) and for a Gr/BN
bilayer nanoscroll with the inner radius R;, = 1 nm (b). Here n = 46 zigzag chains of carbon atoms constituting 46zGNR
are enumerated; a. = agy is the bond length in the graphene and boron nitride nanoribbons, « is the translation period,

and £ is the distance between the layers (nanoribbons); the z axis is directed along the nanoscroll

Xy = G/ = Dace, Xy =Xy + aces

Xpjp = B/ — Dagy, Xy =Xyjn + apns

Y= (j— Da+a/2 foroddi

Y=~ Da foreveni,

Zyg= k=D, .

where a = \f3 acc 1s the translation period of the bilayer (along the Y axis) and 4 = 0.335 nm is the
distance between the layers.

The free zigzag edges of both nanoribbons are passivated by hydrogen atoms located at a distance
of acy; = 0.1091 nm from carbon atoms along the X axis in nzGNR, and apj; = 0.119 nm from boron and
any = 0.1008 nm from nitrogen atoms in nzBNNR.

Atomic coordinates in nanoscrolls. Two nanoribbons of graphene and boron nitride, rolled around
an axis perpendicular to the length of the ribbon (around the y axis in Fig. 1, a), form the bilayer Gr/BN
nanoscroll, as shown in Fig. 1, b. (Note that the bilayer nanoscroll can also be rolled from a graphene
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and boron nitride bilayer when the initial angular coordinates of the layers coincide.) The cross section
of the nanoscroll is two Archimedean spirals with a distance between the adjacent layers # = 0.335 nm.
Each atom is characterized by four indices: ¢ corresponds to two atoms in the unit cell of graphene
(takes the values 4 and B or B and N for the boron nitride unit cell); 7 is the number of the unit cell of
graphene along the length L (from 1 to n,); j is the number of the unit cell of graphene along the width
(from 1 to ny); and & is the layer number for a multilayer nanoscroll (from 1 to #n,). For the bilayer nano-
scroll made of graphene and boron nitride, we assume k = 1 for the graphene layer and k = n;, = 2 for the
boron nitride layer. The Cartesian coordinates of nanoscroll atoms (X, V> Zg%) through the cylindri-

cal coordinates (R, @ > Z,;) are represented as follows:

qijk>

Kaijke =~ qujk COS((Pqu)’ Yaijk = qujk Sin((Pqijk) ’
Zgp=(J— Da+ a/2 forodd i,
Zgp = (J— Da foreven i, @

where R = n,h¢,;1/2n is the polar radius of the nanoscroll atom corresponding to the angle
@ik = O T (k= D2m/ny, in the layer with number £, and a = NE) acc 1s the scroll translation period
along the z axis. Note that we use different coordinate systems for the nanoscroll and nanoribbons. For
nanoribbon, the X axis is directed along its length L, and for the nanoscroll, the xy plane is perpendicular
to its axis. Let us consider two methods for finding the unknown angle ¢

The first method. Let us consider an approximate method for describing a nanoscroll, when the
distances between atoms in a flat nanoribbon are equal to the distances on a curved surface bent along
an Archimedean spiral (isometric mapping of a nanoribbon onto a cylindrical surface). In this case,
the distances between neighboring atoms in the nanoscroll are not equal to the interatomic distances
acc in flat nanoribbons (Fig. 1). The unknown angle ¢, is found from the equation X_;; = A(@;,, 0;1);
where X (= Xp;n) = B/2)( — Dace, Xy (= Xyjn) = Xyjn + acc are the coordinates of atoms in the
graphene (and boron nitride) layer along the X axis of the corresponding flat nanoribbon (see also Eq. (1)),
A(@yy, 07 18 the length of the Archimedean spiral with a helix pitch distance n,/, an initial angle ¢,
and a final angle @;;.

Pait g h nh
A(cpin,cpq;—,-l)% ;—nx/lﬂpz d<p=;—n[cp,,,-,-n/1+cp§,-ﬂ — Q1+ 0, +
Pin
+ln((Pqij1 +\/1+(Pzijl )_m(q)in +V1+(pi2n )} (©)

The initial angle ¢;, of a nanoscroll is expressed through the inner radius R;, as follows: ¢, =
=2nR, /n,h+ (k—1)2n/n,. Expression (3) for the length of the spiral at angles large enough, compared
to unity, can be approximately written in the form:

n,h

2 2
Ay 9 )= (9 = 00 ) @

Approximate relation (4) for the spiral length A(@;,,¢,;) allows us to analytically solve the equation
Xt = M@y, 9,;1) With respect to the unknown angle:

qij1
Q1 = \/47chlnhh + QL.

In order to start the nanoscroll from a zero angle in cylindrical coordinates (correspondingly from
the x axis in Cartesian coordinates), the Archimedean spiral can be represented in the form: R ;; =
= Ry, + mh(@,;; — 0y)/2n, where ¢, = 2nR;, /n,h and parameter n, = 2 for a bilayer nanoscroll. Thus,
the Cartesian coordinates (x4, ¥, in Eq. (2) can be rewritten as follows: x ;. = Ry co8(@,, = ®0),
Yaijk = qujk Sin((pqijk ~ Q)

The second method. In some cases, it may be necessary to take into account the difference between
the arc and chord lengths on the spiral surface of the nanoscroll. This difference depends on the curva-
ture K of the surface, which at the point with the current radius » = s is [10, 14]:
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Pt +2s°
K(I") = m
If » > s, then the curvature of the Archimedean spiral is K = 1/r, as for a circle of radius 7. For a circle,
the difference between the length of the chord / and the length of the corresponding arc D is of the third
order by D, namely D’/24/*. Indeed, the length of the chord / = 2rsin(A¢/2), the length of the arc
D = rAg, expanding into a series in powers of Ag, we obtain / ~ rA¢ — r(Ag)/24 = D — D (A9)’/24, i..,
D — [ = D(A9)*/24 = D¥/24/*. Then the difference between the lengths of the spiral and the n-chord
spiral on one turn can be estimated as n(D — [) = nD(D*/24r%) = 2nr(D*/24r%) = 2mr(I*/2417).

Now we select the mapping of a nanoribbon to a nanoscroll, in which the distances between neigh-
boring atoms in the nanoscroll are equal to the distances a.c = ap)y in flat ribbons. Let there be two
points on the plane 4 = (X, ¥;) and B = (X, ¥)) related to neighboring atoms. The mapping onto a cylin-
drical surface is given by the formula:

(X,Y) = (x,,2) =(r(¢)cos(9), r(¢)sin(g), Y ).

The surface is constructed along the spiral 7(¢) = s, where s = n,h/2n. Points A and B transfer to the
following points, respectively

A' =(r((p0)cos((po),r((po)sin((po),Yo )a
B'=(r(@,)cos(¢,),7(¢,)sin(g,), ;).

Let the angle ¢, be known for the point 4’ and we need to determine ,. Let us find the angle ¢, for
the point B’ from the equality of the distances between the original points and their images: | AB|=| A'B’|.
Transforming the left and the right sides of this equation in accordance with the Pythagorean theorem,
we have

! 2 . . 2
| A'B |2= (r((P1)COS(P1_r((P0)COS(P0) +(r((p1)s1n(p1—r((p0)s1n(p0) +(Y1_Y0)23
|ABP= (X, = X,)* +(Y, - Y,)".

Equating the right-hand sides, we get

X, = Xo) =17 (@)) + (@) — 2r(9) 1(®,) cOS (9, — ). )

This relation is the law of cosines for the length | A’B’| of a spiral chord (Fig. 2).

To implement this folding method, it is necessary to transform the indexing of X ;; coordinates over
the first two indices g, i into one “doubled” index p, which is sequentially run through the atoms in the
Jjth armchair chain (Fig. 1, a).

Using Eq. (5), we write the equation for the desired angle ¢, .,y; from the known angle ¢, while
maintaining the interatomic distances:

2
(X(p+1)jl _ijl) = (m,h /275)2 |:((P(p+l)jl)2 + ((ij1)2 - 2(P(p+1)j1(ij1 COS((P(p+l)jl _(ijl)]’ (6)

where @;; = 2nR;, /n, h is the initial angle of the spiral.

Equation (6) is nonlinear and can be solved numerically. Since the cosine is an even periodic func-
tion, you should take guess values of the angles close to the desired ones, otherwise the numerical solu-
tion method can find roots with negative angles or roots that differ from the desired ones by a multiple
of 2m. It is convenient to take the following approximate values as the guess values:

Ppinji :\/ CLZADR GRRPEL



416 Proceedings of the National Academy of Sciences of Belarus. Physics and Mathematics series, 2020, vol. 56, no. 4, pp. 411-418

YA

0

N W
s B
. X )‘B H . ’GE_ —«E— -€ _QE\ <
B A = <
Ay e ;e*ﬁﬁ/'g?xc—*? L
Ng F é e < g N B & &\S‘
o A P e a . B . € \Q& .
Ag 4 B BN B B €
¢ ya B R S [ .
#s fe Ky A B s eR
P 4 Yo e €&
e 5 4 5 4 SR S
#s 2% Mg e & §
H
i ¥ y e
B z¢ " el Qiﬁ
L] ¥
¢
4» { 4
Aﬁ & X ‘l ‘
& €t z ¢
BN & y H Bl #
n Q\QQK e # e
BN \Gxgt\ )éﬁ}éz By f ¢
BN c. 4 &
N e e € e /Gg,j y v vy
B A < ys B
s N . € e - = - € € . BN ¢¢é
- &YE‘K}:—K&“Z?Z o Xos 4
BN“ B)L Ne Csng B B By ﬁﬁ’ﬁ
B B 8 ) SR T ’Z,dg
N BNh EN- B » B)k Bw 8 € ’gﬁ’
D . T
s
H € €
€

Fig. 3. A computational cell for a bilayer Gr/BN nanoscroll rolled from a 46zGNR graphene nanoribbon
and a commensurate 46zZBNNR boron nitride nanoribbon with the inner radius R;, = 1 nm displayed in the graphical
interface GaussView; the z axis of the Cartesian coordinate system is directed along the nanoscroll

found from Eq. (4). Or even simpler (approximating spiral arcs by circular arcs of the corresponding
radius):

Ppenji = Ppn + [(X(pnm — X ) /7(®, )} :

The Cartesian coordinates of a bilayer Gr/BN nanoscroll with equal bond lengths a.. = agy obtained
using the proposed algorithm are suitable for use in standard software packages for quantum chemical
calculations (Fig. 3). The data to reproduce these findings are available to download [15].

Conclusion. An algorithm for calculating the Cartesian coordinates of the atoms of a bilayer nano-
scroll in the form of two Archimedean spirals is proposed. The length and width of the graphene and
boron nitride nanoribbons, the distance between adjacent layers, the inner radius of the nanoscroll, and
the distance between neighboring atoms in flat zigzag nanoribbons are the parameters defining the nano-
scroll. The starting configurations of nanoscrolls with equal bond lengths, folded from zigzag nanorib-
bons of graphene and boron nitride, are constructed, which are suitable for calculating the parameters of
nanoscrolls by quantum chemical methods.
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