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Transitivity in the Theory of the Lorentz
Group and the Stokes—Mueller Formalism in
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Mozyr State Pedagogical University

Group-theoretical analysis of arbitrary polarization devices is performed, based on
the theory of the Lorentz group. In effective ”non-relativistic” Mueller case, de-
scribed by 3-dimensional orthogonal matrices, results of the one polarization measu-
rement S & 8’ determine group theoretical parameters within the accuracy of an
arbitrary numerical variable. There are derived formulas, defining Muller parameter
of the ”"non-relativistic”  optical element uniquely and in explicit form by by the
results of two independent polarization measurements.

Analysis is extended to Lorentzian optical devices, described by 4-dimensional
Mueller matrices. In this case, any single polarization measurement (Sp,S) L
(S),8') fixes parameters of the corresponding Mueller matrix up to 3 arbitrary
variables. Formulas, defining Muller parameter of any relativistic Mueller device
uniquely can be found from results of four independent polarization measurements.
Analytical expressions for Muller parameters of any optical element can be given
the most simple form when using the results of 6 independent measurements, the

corresponding formulas are written down in explicit form.

1. The transitivity problem in the theory of the Lorentz group

The polarization of light is one of the most remarkable phenomena in natur and has
led to numerous discoveries and applications. Today it continues to play a wvital role in
optics. Before the nineteen fifties there was very little activity on the foundations of po-
larized light. For example, answers to questions such as the nature and mathematical
formulation of unpolarized light and partially polarized light were not readily forthcoming.
Fortunately, these questions along with the mathematical tools to deal with polarized light

began to be addressed in earnest in the nineteen fifties. As a result, today there is a very
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good understanding of polarized light. In particular, the mathematical difficulties that had
hindered complex polarization calculations were finally overcome with the introduction of
the Mueller-Stokes matrix calculus and the Jones matriz calculus. Research in polarized
light continues with much vigor as witnessed by the continued appearance of numerous

publications and conferences

E. Collett. Field Guide to Polarization,
SPIE Press, Bellingham, WA (2005).

The Stokes parameters are a set of values that describe the polarization state of electro-
magnetic radiation. They were defined by G.G. Stokes in 1852 [1]. Mueller calculus is a matrix
method for manipulating Stokes vectors, it was developed in 1943 by H. Mueller [2]; any optical
element can be represented by a Mueller matrix. Any optical element can be represented by
a Mueller matrix In optics, polarized light can be described using the Jones calculus, invented
by R.C. Jones in 1941 [3-6]. Polarized light is represented by a 2-dimensional Jones complex
vector, and linear optical elements are represented by Jones matrices. Note that Jones calculus
is only applicable to light that is already fully polarized. Light which is unpolarized, partially
polarized, or incoherent must be treated using Mueller calculus.

It is well known (the bibliography on the subject is enormous, many references are given
in the present list [7—124 ]) that in describing (fully or partly) polarized light noticeable role
may be given to the group of 3 + 1-pseudo orthogonal transformations consisting of a group
SO(3,1) isomorphic to the Lorentz group. Therefore, techniques developed in the frames of the
Lorentz group (for instance, see [127-131], the big list on the theory of the Lorentz group is
given in [132]), in particular within relativistic kinematics, may play heuristic role in exploring
optical problems. In recent papers [125, 126], generalization of Jones formalism to describe a
partly polarized light was given. The goal of the present paper is to construct mathematical
tools for determining Mueller matrices of any optical elements uniquely from results of several
independent polarization measurements.

Let us recall the known transitivity problem in relativistic kinematics: in Stokes — Mueller
approach it reads

L%k, k*) Sa = +5,. (1)

From the very beginning, one peculiarity shout be noted: due to existence of the concept of little
Lorentz group initial and final Stokes 4-vectors S and S’, one can write down the transitivity
condition in the form L (LyeS) = Ljjy.5',s0 that

[ (Lhse) 'L L ] S = ' 2)

This means that the transitive matrix L cannot be defined uniquely in terms of vectors S and
S’. Let us use the factorized representation for Lorentzian matrices (we adhere notation given
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n [132]), eq. (1) gives
AS =AY, and AS=(4""'S,
or in more detailed form (conjugate equation is written down too)

ki —ki =k =k Sol ke ko ke ksl|| Sy
ko ky ik —iks || Sy |k ko iks —iks || S
—ks —iky Ky ikt || So | | ke —iks ko ik || SL |
k5 iky —ikt kS| Ss | | ks ike —iki ko || S

ko —ki —ky —ks||So| |k kK K|S
ke ko —iks ik || Sy|  |kr kS —iki ks ||
ey iky ko —iky || Se| |k ki Ky —iki || S,
—ky —iks iky ko || Ss| |k —iki ikt ki || S,

Below, the notation will be used
kozno—i‘imo, k:j:—inj—i-mj, ko—kZIl.

Summing and subtracting eqs we get

Ng —MmMyp —Mo —Mg3 SO Ng M1 Mo M3 S(/)
—my Ng —Nng o Sl . my Un ng —noy Si
—mMy ns nNg —Ny SQ B mo —MN3 Un nq Sé ’
—ms3 —MNoy ny o Sg ms Ng —1N1 Nno Sé

—mMg —Np —MNg —N3g SQ mog —Nig —MNg —N3 S(/)
—ny —Myo ms —1My Sl . —n mo ms —Mo Si
—TN9o —M3zg —My my Sg N —TNg —MN3 mo mi Sé
—n3 My —mq —mg || S3 —ng  mg —my  mg || 54

So, we arrive at two homogeneous linear systems under 8 varianles

no (So — Sg) — my (S1+ S7) — ma (S2+ S5) — mg (S3+ S%)
—my (So + Sp) + ng (S1 — S7) + ng (S +55) —ng (S2+55)
—my (So + Sp) + ng (S2 — S5) +n3 (S1+57) —n1 (S3+55)
—mg (So + S4) + no (S3 — S5) +ny (S2+ 55) —ny (S1+57)
—myg (So + Sp) —ny (S1 —S7) —na (Se — S5) —ng (S3— 55) =0
—ny (So — Sy) — mo (S1+57) —ma (S5 —55) +m3 (Sa — 55) =0
—ng (So — Sgy) — mo (Sa+55) —ms (S1—S7) +my (S3—55) =0
—n3 (So — Sy) — mo (S3+55) —my (Sa —S5) +ma (S1—S57) =0
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2. ”Non-relativistic” 3-dimensional Mueller matrices

First, let us consider more simple (non-relativistic) case when S), = Sy = I = inv. Egs.

(5 ) takes the form (because we search solutions in 3-dimensional rotations, we require my =
0, m; =0):

no (S1— S1) +na (S3+ 55) —n3 (Sa+55) =0,

no (Sa — S5) +n3 (S1 4 57) —n1 (Ss+93) =0,

no (S3 —S5) +nq (Sa+55) —na (S1+57) =0,

—ny (81— 51) — 2 (S2 = 53) —ns (95— 55) =0 (6)

The fourth equation in not independent of three remaining — it follows from them. Therefore
we have the system of 3 independent ones

N9 (Sg + Sé) — N3 (SQ + Sé) = —TNy (Sl — Si) s
ns (Sl + Si) — Ny (Sg + Sé) = Ty (SQ — Sé) s
1 (Sg + Sé) ) (Sl + Si) = —Ny (Sg — Sé) . (7)

They may be written in 3-vector form
X(S+8S)=-ny(S-9). (8)
General solutions for n can be searched with the aid of substitution
n=aS+pS+3Sx8S,
then eq. (8) leads to (below note S* = SS)
(a—p)SxS +3[S' S*+8(SS)—-SS*—-S(SS)] =—neS +neS’,
from whence it follow p = «, « ia arbitrary, and
=3(S’+SS), n=a(S+8)+8SxS. (9)
One must to take into account additional restriction for parameters of rotation matrices
nd+n*=1, (10)
which results in
B (S*+SS)Y+[a(S+S)+pBSxS)P=1
or
B*[S"+25%(SS)+(SSN)?)+ 5% [S*—(SS)?] +2a% (S +S8) =1
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and ultimately eq. (10) gives

1
2 Q2 2

S = —— . 11

MR Tr Y 1

General solution of eq. (11) can be presented in terms of sin- and cos-functions of an angular
variable

inT r
a=—— 3 oo T e 0,2n] . (12)

J2(52+88) T 5. 2(521S9)

Thus, relations (9) read (here I' € [0, 27| stands for arbitrary parameter)

r
ng+n*=1, nyg = o (S*+89),
S \2(524+8S9)
sinI’ , cosI’ ,
n= (S+S')+ S xS (13)
V2(52+8S8) S \/2(52+8S8)
Note that when S’ = S, relations (13) describe the case of little rotation group
ng+n*=1, ng = cosI', n:sinfg. (14)
When I" = 0 , solution (13) becomes of the most simple form
2489 S xS
S+ X (15)

Ng = s n— .
S\/2(52+S9) S\/2(52+8S9)
Note, that we may transform all the relations to a Gibbs 3-vector parameter in the rotation
group (the full treatment of the theory in this parametrization see in [130])

n
- 16
=2 (16)
then eqs. (13) give
S S xS
= r—— N — . 1
=l e g BT g gw a7)

Note that in the non-relativistic case, for Stokes vectors one can use the following
parametrization (I is intensity of the light beam, p is a polarization degree)

So=1, S=1IpN, I —inv, N?=1; (18)
at this (13) and (15) change to

1+ NN
n3+n2:1, ng = cos ' i ,
20+ NN
N+ N N x N’
n=sinl i +ocosD o , (19)
21+ NN/ 2(1+ NN/
and
N+N N x N’
= tgl . 20
CTBIIINN TIINN (20
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3. On defining Mueller 3-matrices from the results of polariza-

tion measurements

Because a single polarization measurement relating S L, S’ cannot fix Mueller 3-matrix
uniquely, to obtain result values for parameters of the Mueller 3-matrix, one need to perform
two independent measurements S; L, S, S, L, S5,. Mathematically, the problem of finding
a definite Mueller 3-matrix can be formulated as a system to solve, describing two polarization
measurement with one the same Mueller matrix.

First, let us consider this task with the aid of Gibbs 3-paramere
N; + N} N N; x N}
1+ N;Nj 1+ NN,

N, + Nj Ny x Nj

c= tgl

= tg 21
T BTN, TTINGNG (1)
so we have a vector equation
B ITININ, 1T+ NoN,| T 14 NGN] 1T+ NoNj,
Multiplying it by Ny, N}, Ny, Nj,, we obtain four scalar equations
tgr-l—Nl(N2+N/2)- _Nl(NQXNé):O
I 1+ NoNj | 1+ N3Nj ’
te T _1_ Ni(N2 +Nj) | Nj(Np x Ny) _ 0
I 1+ NoNj | 1+ N3Nj ’
tF_N2<N1+N,1)—1_+N2<N1XN/1):O
Sl INN, | TTIENN, ’
N, (N + NY) N,N; x N
tel | 22— 1 =~ _1l_9¢. 23
TN, TN, (23)
From whence it follow
(N2 = Np)(N2 +Nj) (N5 = N})(Nj +Na)
N, (N; x N/ N, (N} x N
teT — 2 (N7 x N7}) tgT = — 5 (N7 X Ny) (24)

(N1 = No)(Ny +Nj) (N7 — Ng)(N7 +Ny) -
Thus, we have a simple expression for tg I' , together with four additional constraints, which
determine the whole aggregate of all possible couples of Stokes 3-vectors related by one the same
Mueller matrices.
Now let us detail considering of the task in the frames of unitary group SU(2) — evidently,
two solutions cannot contradict each other. Here we have
no = f1 81(S1 +87) , n=a (S;+8))+ /5 S xSy,
ng = [z S2(S2 +83) n=a(S2+8S5) + 5 S xS;, (25)
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what is equivalent to

1+ NN}
ng = cos I’ — ,
2(1+N;NY})
N; + N N; x N}
n=sinl LN + cos T’ el ,
2(1+N;Nj) 2(1+N;Ny)
1+ N,N!
ng = cos I’ V2V ,
2(1 4+ N2NY)
N, + N/ N, x N/
n=sinl 2 +cosT 2 Z_ . (26)
2(1 4 NyNy) 2(1 4 NoNy)
From two different expressions for ng, it follows
N;N| = N;N, . (27)

Taking this into account, from two different expressions for n we derive

sinD [ (N] + N}) — (Ng + Nj) ] +cosT [ (N; x N}) — (Ny x Nb) | =0

It should be noted that due to (27), relation (22) becomes much more simpler

In fact, (28) and (29) coincide, difference consist in the following: (28) cannot distinguish between
two solutions: (+cosI', +sinl') and (—cosI', —sinI).

4. Relativistic Mueller matrices relating two Stokes 4-vectors

Let us turn back to general (relativistic) case of Mueller matrices (5):

my (S1 + S7) +ma (Se + 55) + ms (S5 + S5)
my (So + S5) — ng (S3 4 S5) +ng (Sa+ S5) =ng (S1—57) ,
mg (So + S5) —ng (S1+ S7) +mn1 (S3+ 5%)
ms (So + S5) — ny (S2 + S5) +ng (S1 + 57)

—n3 (So — Sp) — ma (S2 — S5) +ma (St — S)) = myg (S3 4 53) . (30)
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Because we search solutions among proper orthochronous Lorentzian transformations, unknown
parameters must obey additional relations

ng+n®—mi—m’=1,  ngme+nm=0; (31)

by this reason, the trivial solution n, = 0,m, = 0 for (30) is of no interest. Eqgs. (30) can be
rewritten in 3-vector form

m(S—i—S/):no (SO—S(,)),

n (S - S/) = —My (So + Sé) y

m (So+5;)+(S+S)xn=ng(S—9),
n(Sp—S)—(S=8)xm=-my(S+95'). (32)
Note that the (non-relativity) requirement S, — S = 0 immediately leads us to additional

relations m = 0 and my = 0, and we get egs. (7)—(8).
Let us introduce notation

So+ S =A, S-8,=B, S+S=A, S-S=B. (33)

The complete system od equations to solve is

ng+n’—mi-—m*=1, ngmo +nm = 0 ; (34)
mA=nyB, nB=-myA; (35)
mA+Axn=ngB, nB-Bxm=-—-mgA. (36)

It is convenient to use linear expansions for both 3-vectors
n=N,A+N.B+NAXxB, m=MA+MB+MAXxB. (37)
From the first equation in (36) it follows
AMA+M B+ MAXxB)+Ax(N.B+NAXxB)=n;B,
which gives three equations
AM, +ABN=0, AM_ — A*N =ny , AM +N_=0. (38)
In the same manner, from the second equation in (36) we get
B(NJA+N.B+NAXxB)—Bx (M,A+MAXxB)=—-mg A,
and further
BN_+ABM =0, BN, —B*M = —my , BN+ M, =0. (39)
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Transitivity in the Theory of the Lorentz Group ... 9

Thus, two vector equations (36) provide us with the system for six parameters

AM,+ABN=0, AM_—-A*N=n,, AM+N_=0;
BN_+ABM =0, BN, —B*M = —my , BN +M, =0. (40)

After excluding the variables N_, M :

egs. (40) read
—~ABN+ABN =0, AM_ — A%N =ng,
—~ABM +ABM =0, BN, —B*M = —mj . (42)

Note that equations 1 and 3 are identities. In fact, eqs. (42) are equivalent to two equations
only

AM_ — A*N =nyq, BN, —-B*M = —mjg . (43)
Substituting expressions
n=N,A-MAB+NAxB, m=MB-NBA+MAXxB; (44)
into (35), we arrive at
M_BA-NBA*>=nyB =— M_A—NA?>=n,,
N,AB - M AB*=-myA = N.B—-MB?*=—my;

which coincide with (43). This means that egs. (35) can be removed. The above substitutions
for two vectors (44) are to be allowed in the conditions

ng—mi=1+m’-n*, nymy=-nm=0.

Let us simplify notation M_ =z, N =y, N, =z, M = w. In these variables, the main
equations to solve read

no=Axz— A%, n=z:A—-wAB+yA xB,
mo=—Bz+B*w, m=zB—-yBA+wAxB;
nemy = —nm , ng —mi =1+m?—n?. (45)
First, let us detail ngmy = —nm. Taking into account

nomo = —xz AB + wx AB? + yz BA? —wy A*B? |
—nm = —(zA —wAB+ yA xB) (zB -y BA +wA xB) =
= —22 AB +yz BA* + wx AB? — yw ABAB — ywA*B? + yw(AB)? ,
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we arrive at
0=u12z (AB — AB) — yw ABAB + yw(AB)?*. (46)
Because
AB—AB = (S?-8%)—(52-8%) =0, (47)

eq. (46) takes the form of an identity 0 = 0, subsequently, this equation can be excluded from
(45). Remaining and independent relations are

ng —mg=1+m?—n*,
no=Ax— A%y, n=z:A-wAB+yA xB,
my=—-Bz+B*w, m=sB-yBA+wAxB. (48)
Each of vector equation in (48) can be changed into three scalar ones; those are obtained
through multiplying them by A, B, A x B:
An =2 A%?—w A’B,
Bn =2z AB —w AB? |
(A xB)n=+y A’B* —y A’B*
Am =2 AB —y B A?
Bm =z B> —y B*A
(A xB)m = +w A’B* —w A*B? . (49)

These equations are easy to solve

~ (AxB)n _ 1 (Bm)AB — (Am)B?
YT“aBr- gz YT B ABo AR
1 (Bn)A? — (An)AB (A x B)m
T A ABzoA2p2 0 T ABZ-APRR
(Bn)AB — (An)B? —(Am)AB + (Bm)A?
T T T A2BZ_ A2B2 r= A2B2 — A2 ' (50)

Taking (48), we may turn back to a starting complex parameter k,:
ko = ng +img = (zA — izB) — (yA®? — iwB?) ,
k=m-in=—(yB+iz) A+ (z+iwA) B+ (w—iy)AxB. (51)
Note that one can derive a more simple 3-vector, parameter for Lorentz group [130]

_k  —(yB+iz) A+ (v +iwA) B+ (w—iy)AxB
ko (rA —izB) — (yA? — iwB?) ‘

q
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Transitivity in the Theory of the Lorentz Group ... 11

It may be formally simplified

q=aA+3B+~vAXxB,

- —(y B+1 z)
"~ (zA—izB) — (yA? —iwB?)’
(
G- r+iwA
- (xA —izB) — (yA? — iwB?2) "’
(
w — 1y

7= (rA —izB) — (yA? — iwB?) (53)

The formulas allow transition to a more simple non-relativistic case (when x =0, w=0, B =
0)

c=iq=1taA+1B+iyAxB,

1 =z 1

to=—— — 18=0, WZ_E;

) 54
AT (54

these relations describe 1-parametric set of 3-rotations. In relations (48), the non-relativistic
case is reached as follow

ng+n*=1, ng=yA?, n=z2A+yA xB. (55)
let us obtain an explicit form of the relationship n3 —mZ = 14+ m? — n? from (48). We have

ng—mg=(Axz—A%)* - (-Bz+B*w)’ =
= A*r? — B?2? — 2AA% zy + 2BB? zw + (A?)? y* — (B*)? w?

and further

m?=(rB-yBA+wAxB)(@B-yBA+wAxB)=
2* B* — 2y B(BA) — 2y B(BA) +v* B*A” + w?A’B? — w?(AB)?

that is
m? = 22 B? — 22y AB? 4+ ¢ B’A” + w?A’B? — w?A?’B? .
In the same manner, we derive

n’ = (2A — wAB + yA x B) (z2A —wAB + yA x B) =
=22 A? — 22w BA® + w* A’B? + y*A’B? — y*A’B? |

and further

1+m? —n?=1+2?B? - 2zy AB®> + y* B?A? + w*A’B? — w?A’B? —
—2% A? + 22w BA? — w? A’B? — *AB? 4 ?A’B? |
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12 V. M. Red’kov, E.M. Ovsiyuk

that is
1+m?—n®=1+2"B? - 2* A? — 22y AB* + 22w BA* +
+9°[( B* — B*)A? + A’B? — w?[(A* — A*)B? + A’B?].
The quadratic equation for parameters of the Mueller matrix takes the form
73(A? — B?) + 22y A(B* — A?) + %[ (A’ + B®* — B)A? - A’B?* ] =
= 2*(B® — A?) + 22w B(A* = B?) + w’[ (A + B> — A)B® — A’B* ] +1.
(56)

5. On defining 4-dimensional Mueller matrix from polarization

measurements

As shown above, each polarization measurement

Se = S.  or  (A,B,) = (A, B)

allows to obtain the quadratic constraint on Mueller’s characteristics of a polarization device
173(A? — B?) + 20y A(B* — A?) + *[(A? + B — B)A? — A’B? =
= 2*(B* — A?) + 22wB(A* — B?) + w?[(A? + B* — A%)B? — A’B? + 1; (57)
it has a 3-parametric set of solutions which describe all the possible Mueler matrices of the given
optical device
ng=xA—yA?, n=zA-wAB+yAxB,
my = —2 B+w B?, m=rB-yBA+wAxB. (58)

It is evident, that to fix Mueller matrix uniquely, one should perform several polarization
tests. Let start with four ones — the problem to solve is formulate as a system of 4 equations

2? (A7 — BY) + 22y A1(BY — AY) + 47 [ (AT + B — B))A] — AIB} |
22 (B — A + 22w By (A2 —B3) +w? [ (A2 +B] — AB? — A2B7 | +1.

a? (A3 — B3) + 2zy Ay(B; — A3) + 47 [ (A5 + B} — B3)Aj — A3B7 |
22 (B — A3) + 22w By(A3 —B3) +w? [ (A3 + B3 — A))BS — A3B5 | +1.

2? (A3 — B3) + 2zy As(B; — A3) +y7 [ (A + B — Bj)Aj — A3B7 |
2? (B — A2) +2zw B3(A3 —B3) +w? [ (A2 + B3 — A9)B: — A°BJ | +1.

o (A —B) + 22y Ay(B] — A}) + ¢ [ (A] +B] — B)A] — AiB] | =
=22 (B} — A}) +2zw By(A; —B}) +w? [ (A + B} — A)B; — A3B7 | +1.
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Transitivity in the Theory of the Lorentz Group ... 13

It may be presented in a symbolical form as

a1 + 2y + 1y = oq 22 + 2812w + oqyw® + 1,
as? + 2boy + coy® = 92® + 2002w + oow® + 1,
a12? 4 2bszy + c3y® = sz’ + 2052w + ogw® + 1,
asx? + 20,2y + ey = au2® + 2042w + oyw® + 1. (59)

In general, this mathematical task should have a definite solution, though rather cumbersome
one. Indeed, we could successively exclude the variables as follows

(1 — r=2x(y,z,w),

2 = y=ylkw), r=z@ykw),zw)=1(zw),
B = z=zw),

(4) — w=w(..), z=z(w(...))

However, there exist another and more beautiful way to solve the problem. Indeed, let us
consider 6 independent polarization measurements — they provide us with 6 linear equations
under 6 variables

x2,y2,2xy, z5, w, 2z2w;

arz? + 2bixy + ey — an 2 — 2812w — oyw? = 41,

as? + 2boy + coy? — 92® — 2802w — oow? = +1

a1x® + 2bsxy + 03y2 —azz? — 203zw — osw? = +1 ,

asx® + 2bsxy + cay® — auz® — 282w — oqw® = +1

asx? + 2bszy + csy? — as2® — 2052w — osw? = +1

agr? + 2bgzy + coy® — agz® — 2052w — ogw? = +1 . (60)

By physical reasons, we cam presuppose existence of a unique solution of the task. This is given
by Kramer’s rule

A2 A, A
2 _ =z 2 _ =y 2zy
TEN VSR Y=o
A2 A, 2 A
2 z 2 w o 2zw
N w N 22w = A (61)

from whence it follows (evidently, arising subtleties with + should be examined additionally)

Az +Ap+ A A+ Az —A
$+y:\/ z2 T y+ 233y7 l'—y:\/ 22 T Yy 2zy

A A ’
A A A A Az — A
z+w:\/ 2 K—i_ = z—w:\/ 2 ¥ Zz 2w (62)
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14 V. M. Red’kov, E.M. Ovsiyuk

Recall (see (51) that Muller’s matrices are defined by k-parameter

ko = (A — izB) — (yA? — iwB?) ,
k=—-(yB+iz) A+ (z+iwA) B+ (w—iy)AxB;

evidently, any orthogonal Lorentz matrix cannot distinguish between (+ko, +k) and (—kq, —k).

We may employ the same method in non-relativistic case as well. See (55); with the notation

z=v,y = N we have
na+n?=1, no=yA*, n=2A+yA xB.
Note that because

A?=(S+9)?=8%+8%4288 =2(5% +8SS),
AxB=2Sx¥§,

egs. (63) are equivalent to
ng =2y (S*+SS), n=2A+2yS x9S,
and thereby coincide with (9)
ng=p(S*+S9), n=a(S+S)+5SxS.
In this notation two independent polarization test provide us with a linear system

y[AY(AT+B)) — (AB)*] + 2°Af =1,
V[AS(AS +B)) — (AeBy)’ +27AY =11,

its solution is

s (A1B;)? — (A;By)?
Y TTAZ(A71B?) - (A,B))?]A] - [AJ(AZ + B) — (A;B,)JA7’
»  [A3(A3+B3) — (AyBy)?Y] — [A}(A? 4+ B?) — (A1By)%

[
© T AZ(A2+ B?) - (AB))?7]AZ — [AZ(AZ + B2) — (A,B,)’]A?

6. On diagonalizing the transitivity equation

The transitivity equation LS = S’ led us to a 3-surface in 4-parametric space

2% (A = B?) + 22y A(B> — A*) +y* [ (A*+ B* — B)A* — A°B* ] —
—22 (B* = A?) — 22w B(A? = B?) —w? [ (A’ + B? — A?)B? - A’B*] =1,
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or in symbolical form
az® + 2bry + cy? — a2’ — 282w — ow* = +1 . (68)

Let us examine the possibility to transform an elementary quadratic form to a diagonal
form by mens of 3-rotation in 2-plane

ax® + 2bxy + cy* = FX* + GY?
r=cosp X +snogY , y=—sing X +cosp Y . (69)

Egs. (69) yield

a(cosg X +sing Y)? + 2b(cosd X +sing Y)(—sing X +cosp V) +
+c(—sing X +cos¢ Y)? = FX? + GY? —

a(2XY sin¢cos ¢+ X2 cos? ¢ + Y?sin® ¢) +
+2b[(Y? — X?)sin ¢ cos ¢ + XY (cos® ¢ — sin® ¢)] +
+c(—2XY singcos g + X?sin ¢+ Y?cos® ¢) = FX* + GY?. (70)

So we have three equations

X2 acos? ¢ —2bsinpcos ¢ + csin® p = F |
Y?: asin® ¢ + 2bsin ¢ cos ¢ + ccos’ o = G |
2XY : asin ¢ cos ¢ + b(cos® ¢ — sin® ¢) — csinpcosd = 0.

With the help of the variable 2¢, these are written as

cos2¢ + 1 1 —cos2¢
a/— —

g —bsin2pte———— = F,
1— 2 2 1
aﬂ—kbsin%ﬁ—i-cM:G,
2 2
a—c .
sin2¢ + bcos2¢ =0 . (71)
This results in
2b -
sin 2¢ = . cos2p = i : (72)
V(e —a)? + 4b? V(¢ —a)? + 4b?
and
_ —¢)? + 4b?
F:a+c+a CcosQ¢—bSin2¢:a+c— (a=c)*+ :
2 2 2
_ —¢)? + 4b?
G:a;—c_a Ccos?¢+bsin2¢:agc+ (a ;>+ : (73)

Proceedings of the FEFANS-2010 Conference-School, 2010



16 V. M. Red’kov, E.M. Ovsiyuk

In the same manner, the second quadratic form is considered

—az? —2Bzw — ow? = A Z2 +TW?

z=-cosp Z+sinp W , w=—sinp Z+cosp W, (74)
20 o—«
sin2p = , cos2p = : 75
G ey T R/ ey T (")
A_oz+a_\/(a—a)2+462'
2 2 ’
— )2 432
F:a—;—a_i_\/(oz 02) +4p3 ‘ (76)

For instance, conditions at which F' and G are positive, and A, I'are negative, are formulated
in the form

(Fv G,A,F) ~ (+7+a ) _)a

a>0,c>0, a+c>++(a—c)?+40> >0 — ac > b? .
a<0,0<0, ato<—(a—0)+432 — ac > (2. (77)

When specifying expressions for a, b, ¢, o, 3,0 we should distinguish between a partly and

completely polarized light. In the case of a partly polarized and completely polarized light we
have respectively

S2-82=52-S82=0, Sp=+]8],
S2-8*=872-82>0, Syo>|S]|.

For the main invariant let us use the notation Sz — 8% = S? — 82 = %2
Expression for a, b, o, 5 are given by

a=(Sy+Sp)*— (S —8)% =252 +2(5,5) + SS') ,
D ()~ Sy~ (8 + )7 = 257~ 2(5,5) + )
a=(Sy—Sp)*— (S+8)? =252 —2(5,5, +SS') ,
% = (So+S)? — (S —S")? =2%% +2(5, 5 +SS') . (78)
they become simpler for a completely polarized light
Apotar = + 2(50Sy + SS') > 0, % = —2(SyS,+SS') <0,
Qpotar = — 2(S0S, +SS') <0, @’g“’" =+ 2(S5pS; +SS’) > 0. (79)

Proceedings of the FEFANS-2010 Conference-School, 2010



Transitivity in the Theory of the Lorentz Group ... 17

Let us specify ¢ = (A% + B2 — B?)A? — A? B%; accounting for

A?+B? - B = (S+85)° + (S -8 — (S — 5)° = —4%% + (So + 5p)*
A? = (S+9'), A?’B? = (Sy + S5)*(So — S))?
we get

¢ =[—4%% + (So + 55))(S +8')* = (So + S5)*(So — Sp)? ,
Cpola?“ = 2(50 + 86)2 (S()SO —|— SS/) . (80)

In the same mater, for 0 = o = (B* + A% — A?)B? — B2A? with relations
B2+ A% - A*=(S—8)2+(S+8)*—(Sy+ Sp)* = —4X* + (Sp — Sp)?,
B?= (S-S,  B?A*= (5, —5;)%(So+5p)°
we obtain

o= [-42% 4+ (So — S)?)(S = S")* — (So — S)*(So + Sp)?
Opolar = —2(80 — 56)2 (S()So + SS/) . (81)

7. On the Lorentz little group for a partly polarized light

In the context of polarization optics, some interest may have the known problem of the
little Lorentz group. What is the majority of Mueller matrices leaving invariant a given Stokes
4-vector.

The problem is reduced to

Ly (k,k*) Sy =+Sy,  S°S,=inv>0; (82)

with the use of a factorized form of the Lorentz matrix L = AA* = fl*fl, the previous equations
is written as

AS=(A)1tS — [A— (A1) S =0, (83)
where
ko —ki —ky —ks S Y N
o | =k kg —iks ik o Rk —ikx ik
A= A* =
—ky iks ko —ik  (A) ki ooiks o kp —ik?
—ky —iky ik ko ki —iks ikt K
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So we arrive at

(ko — k) (k:1+k;) (k:2+k;) (k:3+k;*) So
B i i R
—(ks +k3) —ilka —k3) (ki —K7) (ko —ho) || S
which with notation ky = ng +img , k; = —in; +m; reads
tmy —my —me —ms | | So
—my dme —ng g || S| _ 0 (85)

—mMo ns imo —nny SQ
—ms —Ngy nq imo Sg

Note that imposing restrictions my = 0,m; = 0, we oftain a more simple equation

0 0 01| So

0 —n3 no|l|S) S

N3 0 —nq || S S
D) nq 0 53

(86)

o O O O

which describes a 1-parametric group of 3-rotations O(¢, n) about the axis S = Sn. In general
case, eq. (85) can be presented in the vector form

imOSO—mSZO, —mSo—i-imOS—I—nxS:O. (87)

To jave solutions in real variables, we must require mg = 0. Therefore, an explicit expression for
m is
nxs$s
So

=nxp. (88)

m =

Thus, solution for the problem of little Lorentz group is

L,(k,k*) S, = +Sy , S*S, =inv >0 ;
ko = ng + 10 , k=—in+nxp. (89)

Explicitly, additional condition for parameters looks
k2—-Kk?*=1 — ng +n*(1 —p?) + (np)* =1. (90)

This relationship determines a 3-parametric majority of jueller matrices leaving invariant the
polarization vector S, = (Sy, Sop;) of the partly polarized light. As known, this set of transfor-
mations consists of a group isomorphic to SU(2).
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8. On the Lorentz little group for a completely polarized light

Analogous problem for a completely polarized light looks much the same
L,(k,k*) S, = +Sy , 5SS, =0;
we again have equations
imoSo —mS =0, —mSy+imgS+nxS=0,

in which restriction mg = 0 must hold. Solution looks as follows

L,(k,k*) S, = +Sy , S5, =0;
ko = ng + 10 , k=—-in+nxp, pi=1. (91)

The difference arises due to the relation p? = 1,
2-k*=1 — n2+ mp)?=1. (92)

This relationship determines a 3-parametric majority of Mueller matrices leaving invariant a
given isotropic Stokes 4-vector S, = (Sp, Sop;), p? = 1.
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