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B 0COOCHHOCTH JIJIsl OIIMCAHMSI BOJHOBOW (DYHKIIMU CHCTEM C BBIPOXK/ICHHBIM BaKyYMHBIM COCTOSIHUEM B pamMkax (opma-
n3Ma QyHKIMOHABHBIX HHTETpaoB. Llens naHHO# paboTH — BBEJCHHE B COBPEMEHHOE COCTOSIHUE JIeTT B UCCIIEIOBAHUSX
MHCTAaHTOHOB U IOJrOTOBKA K AKCIepuMeHTaM. J[aH 0030p MHCTaHTOHHBIX A(PEKTOB B KBAaHTOBOW Teopuu. HaiineHbl
WHCTAaHTOHHBIC PEIICHNUS, BOSHUKAIOMINE B HEKOTOPHIX KBAHTOBO-MEXaHNIECKHX 3a/1a9aX, a IMEHHO B 3aJa9ax 00 OIHO-
MEpHOM JIBUKEHUH YaCTHLbI B JABYSIMHOM M NEPUOJUYECKOM IMoTeHIManax. OnucaHbsl U3BECTHbIE MHCTAHTOHBI KBaH-
TOBOI TEOPHH TOJIS, BO3HUKAIOIINE, B YaCTHOCTH, B ABYMEPHOH abeneBoit Moaenu Xurrca u B SU(2)-kaarnOpoBOYHBIX
noJsix Teopuu SIHra — Munsca. HaliieHbl HHCTaHTOHHBIE PEIIEHUS IByMEPHBIX CKAJIIPHBIX MONEBBIX MOZAEIEH ¢ MOTEH-
nuaJoM CI/IHyC-rOpI[OHa 1 IBYSAMHBIM IIOT€CHUHAJIOM B OT'PaHUYCHHOM IMTPOCTPAHCTBEHHOM o0beme. HOKa3aHO, 4TO Yy4€T
WHCTAaHTOHOB 3HAYHUTEIBEHO MeHseT (hopMy moTeHInana KOkaBsl 11t Mozienn CUHYC-1 0p/IoHa B IByX H3MEPCHHUSX.

Knrouesvie cnosa: WHCTAHTOH; KBAHTOBAas TECOPHs; KBAHTOBAas MEXaHMKA; KAJIMOPOBOYHBIC MOJIS; CKAISPHOE IOJIE;
KOH(aliHMEHT.

CLASSICAL INSTANTON SOLUTIONS
IN QUANTUM FIELD THEORY
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Instantons are non-trivial solutions of classical Euclidean equations of motion with a finite action. They provide
stationary phase points in the path integral for tunnel amplitude between two topologically distinct vacua. It make them
useful in many applications of quantum theory, especially for describing the wave function of systems with a degenerate
vacua in the framework of the path integrals formalism. Our goal is to introduce the current situation about research on in-
stantons and prepare for experiments. In this paper we give a review of instanton effects in quantum theory. We find instanton
solutions in some quantum mechanical problems, namely, in the problems of the one-dimensional motion of a particle
in two-well and periodic potentials. We describe known instantons in quantum field theory that arise, in particular, in the
two-dimensional Abelian Higgs model and in SU(2) Yang — Mills gauge fields. We find instanton solutions of two-dimen-
sional scalar field models with sine-Gordon and double-well potentials in a limited spatial volume. We show that accounting
of instantons significantly changes the form of the Yukawa potential for the sine-Gordon model in two dimensions.

Keywords: instanton; quantum theory; quantum mechanics; gauge field; scalar field; confinement.

Introduction

Instantons are non-trivial solutions of classical Euclidean equations of motion with a finite action (see, for
example, [1]). Euclidean equations of motions are obtained from Lagrange — Euler equations by analytical
continuation on imaginary time ¢ — —it (so called Wick rotation). This continuation changes Minkowskian
space to 4-dimensional Euclidean. Lagrange — Euler equations acquire a new form and can lead to new solu-
tions that can not be reduced to the old ones by formal replacement.

During the Wick rotation, convergence of the path integral is improved because of appearance of falling
exponents instead of oscillating. The evolution trajectories of the system, close enough to instantons, make
the main contribution to the amplitude of tunnel due to the fact that instantons are local minima of the action.

Instantons in quantum mechanics

Double-well potential. Simplest instanton appears in a one-dimensional mechanical problem of a particle
in a double-well potential (fig. 1) [1]:

1(dx)’ e
)C:E(EJ —V(x), V(x)zk(x —-p )
with £ — Lagrange function, A and p — real positive constants.
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Well-known classical equations of motion

d’x dv

—+—=0

dt dx
after Wick rotation take the following form

d’x dv

— - —= 0

drt dx

with T =it.
Instanton solution given by

x"™ (1) = iptanh[pxlzk (t—1, )]
corresponds to the motion from one maximum of the «inverted» potential (fig. 2) to another during an infinite

time. Trivial solutions x = +p and solutions with infinite action (corresponding to the motion from points
X ==Ip to x = toeo) are not considered to be instantons.

J D

Fig. 1. Double-well potential in Minkowski space Fig. 2. Inverted by Wick rotation potential

r(

)

Periodical potential. Another simple example of instanton appears in the problem of a motion in a periodical
potential (fig. 3)

L= %(%)2 — A(1= cos(px)),

or in similar problem, particle in a ring, describing behavior of a particle in a one-dimensional closed spatial
region

L= %(%Jz v (x), xe[0,1], V(x+1)=F(x).

V()

Fig. 3. Periodical potential
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Decay of a metastable state. Metastable state (fig. 4) of quantum system can decay through tunneling.
Special instanton solution (so-called bounce) provides a main contribution in transition amplitude and describe
the decay probability:

[ oc ¢ 25e[6(]

Fig. 4. Potential of a system with metastable state:
a — Lorentzian version; b — Euclidean version

Instantons in quantum field theory

Scalar field theories. Scalar field theories with classically degenerate vacuum. Some scalar theories with
non-trivial potential consist classically degenerate vacuum. Lagrangian of such theory has a form

1

For example, scalar theories with double-well and sine-Gordon potentials (fig. 5 and 6) are theories with

degenerate vacuum
2
9

V(9)=r(*-p?) )
V(9)=2(1-cos(pg)). (3)
V(x) V(x)
Fig. 5. Double-well potential (2) Fig. 6. Sine-Gordon potential (3)

Instanton solutions in d dimensions coincide with static soliton solutions in d + 1 dimensions. By Derrick’s
theorem [2; 3] there are no soliton solutions for scalar field models with Lagrangian of the form (1) in three
and more dimensions. Hence there are no instantons in two and more dimensions in theories with Lagrangian
of the form (1). Physically this prohibition is due to the fact that vacuum tunneling transitions are impossible
because of infinite magnitude of the energy barrier between neighboring vacuums (since considered spatial
region is infinite: —oo < X < 4-00).

Scalar field theories with false vacuum. Tunneling causes decay of false vacuum in theories that contain
it (fig. 7). As long as field contribution in transition amplitude depends on the action of the field configuration,
corresponding instanton solutions (so-called bounces) as local minima of the action are configurations with the
greatest contribution and describe tunneling:
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| eZSE [(Pb (x, T)]

b

where @, (x, 1) is the bounce solution.

V(p)

N

Fig. 7. Example of a potential of a system with a false vacuum

Gauge theories. 2-Dimensional abelian Higgs model. Lagrangian of abelian Higgs model is given by
c=-tr F +LDoDo-%(00 - p?), D =0, - icd
__Z uv uv+5 u(p u(p_ ((P(P—P), W= 0y —led,.
Variety of vacua
do.
- Ldo)
€ dx

splits in quantum case into discrete number of classes. They are bounded by Nielsen — Olesen vortices.

SU(2) Yang — Mills theory. The first instanton solution was obtained by A. M. Polyakov and colleagues for
the pure SU(2) Yang — Mills gauge field theory [4]:

B (p = peia(X)a A() = 09

where 1, is the "t Hooft symbol:

€ W V=1,23,

_Saw M=4,
Naw =15 =4

ap V= )

0, u=v=4

Experimental status of instantons. Instanton processes are strongly suppressed in physically meaningful
gauge theories like electroweak theory (EWT) and quantum chromodynamics (QCD):

-~ 1071, EWT,
107'°, QCD,

e =

but they can become observable at high energies or at high temperatures.

Electroweak theory. Instantons induce a violation of the baryon and lepton number, what may be bounded
with the problem of asymmetry of matter and antimatter in visible part of the Universe.

Quantum chromodynamics. Instantons cause processes with non-conservation of chirality.

Six criteria for the search for QCD instantons at the HERA accelerator (DESY, Germany) was pro-
posed [5—8]. The specific behavior of the factorial and cumulant moments can be chosen as one of the criteria
for detecting QCD instantons [9].
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As a theory based on non-abelian SU(3) gauge group, quantum chromodynamics has a self-interacting
gluon fields. This causes a complicated vacuum structure of QCD.
By picking SU(2) subgroup of SU(3) we can note that in singular gauge there is an instanton given by

49 = i ﬁapv(x - xO)V p
&s (x—x0)2 ((x—x0)2 + p2)

where 1,,,, is "t Hooft symbol. This solution have finite action

21
Sp= oc_|Q|’

(4)

where Q is topological charge of instanton:

_ 4y
O=— GﬁvGﬁ‘vd

Solution (4) connects through imaginary time topologlcally distinct «pure gauge» vacua.
Instantons leads to a specific multiquark °t Hooft vertex [10]. It can be described (for p — 0, N.= N, = 3)

by effective Lagrangian
4m 3 (4 ?
£§?=Jdpn(p){ 1T (ml.p - ?pSJ 32( n’p )

i=u,d,s

| [ a7 3.4 4 53
Juldd — Zjuuvjduv mgp — gn P qsrqs | T

2.3 abc .a . 2.3 abc .a :b .c
40 ( 3 ) Ju},lv.la'uv]s p ] 320 ( 3 ) JuJa ]S

; abc 3
igf e
’ 2—56(51t P ) JuwvJavaJsa T (RHL)}’

175

1
Zq(x)

For massless quarks and number of flavors N, = 2 structure of effective Lagrangian is significantly reduced:

2
= 3 3 . ana
Ly = J.dpn ( n2p3) {uRuLdeL[HE(l—zcuvcjv)kukd]+(RHL)}.

Previous Lagrangians are obtained from the consideration of quark scattering by so-called zero mode in the
instanton field. The quark zero mode was found by ’t Hooft, who showed that the Dirac equation

(,-au + g%Aﬁ(x)) ¥ (x) = £, ¥, (x)

in instanton field has a solution with zero energy (¢, = 0)

where ¢, ; = s = TN 4 iy = GrOu A’ ¢, and n(p) is instanton density.

P(I_Ys) X

¢
2n ((x - X, )2 +p? )3/2 \/x_2

¥y (x—xy) = (5)

with @ is two-component spinor @;, = —=.

V2
Let us note some features of function ‘I’O(x - xo) from (5):

e instanton zero modes have a certain helicity;
e at zero mode, the values of the color of the quark and its spin are strictly correlated through the spinor, so
that their sum is zero.
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Consequently, only one quark of a certain flavor can be in zero mode, and the helicity of the quark is
reversed upon scattering by an instanton.

Tunneling and confinement in scalar field theories

As was said earlier, there are no instantons in scalar theories like (1).
However, this obstacle can be avoided by considering a system in a limited spatial volume.
2-Dimensional sine-Gordon model. Let us consider a system

1
L= anau(p -V (o),

) [
Vie)=A(1- , u=0,1, ——<x < —
(¢)=A(1-cos(pg)), 1 SSxs<5
Instanton solution for this system is given by [11; 12]
(pinst (T, )C) — i%arctan (e(‘f - TO)P\/X )

Euclidean action of this solution is equal

S [(pinst (‘C, x)]

In quantum version of theory, instantons describe tunnel transitions between classical vacua

8V
=5

(p;ac(x’ t):z%, n=0,%1,x2, ...

In order to study the confinement possibility, let us introduce Yukawa interaction
Lin = EUYO.

_8A,

V(Ll) =constLe °

Potential obtained from this system

sygnificantly differs from Yukawa potential
V(L) = constLle_p‘/XLl.

2-Dimensional double-well potential model. Lagrangian of this model is given by

1
L= Eau(pau(p V(o)

SxSl.
2

N |~

2
V(e)=A¢*-p’), u=0,1,-
Instanton solution is given by

(pinst(,c’ x) = itanh((‘l? - To)p\/ﬁ).

Euclidean action of this solution is equal to

S[(Pinst (T, x)] — @

3

Conclusion

Instantons are associated with many phenomena in quantum theory. For example, they change vacuum
structure of quantum chromodynamics. Despite this, instanton processes are strongly suppressed in physically
meaningful gauge theories, but they can become observable at high energies or at high temperatures. We have
proposed experimental detection criteria for instantons. We obtained exact solutions for two-dimensional models
with sine-Gordon and double-well potentials. The presence of instantons changes the structure of the Yukawa
interaction in two-dimensional case.
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In the future, it is planned to develop criteria for detection of instantons in SPD/NICA (spin physics detec-
tor/nuclotron-based ion collider facility) experiment, taking into account chaotic behavior of solutions in the
presence of external influences (see, for example, [13]).
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