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ONTUMMBALIS AMHENTHON
ANMHAMUYECKOI CUCTEMbBI C MTEPUOANYECKUMU
BBLICTPOMEHSAIOIINMHUCS KOO OPUITUEHTAMI

B. B. KPAXOTKOV, I. I1. PABMBICJIOBHY ", B. B. TOPIYKHH"

YBenopycckuii 2ocydapemeennviii ynusepcumem, np. Hezasucumocmu, 4, 220030, 2. Muncxk, Beiapycy

PaccmarpuBaercs 3a1aua ONTUMAIBHOIO YIIPABIEHUS JIMHEHHON JMHAMUYECKOW CUCTEMBI C IEPUOAMYECKUMU T1apa-
Mmerpamu. KadecTBeHHas! Teopus TakMX 3aja4 pa3paboTaHa BeChbMa ITOJHO, €CIIM NepHoJ KOd(P(PHUIMEHTOB CUCTEMBI HE
OYeHb MaJl. B ciryuae Majoro rneprojia BO3HUKAIOT CEPbE3HbIe TPYAHOCTH C MHTETPUPOBAHUEM, ITO3TOMY Pa3yMHO JJOMOJ-
HUTb KOHCTPYKTHBHBIE METO/IbI PEHICHHS ACUMIITOTHYECKUMHU. /15 peIIeHys TOCTaBICHHOM 3a/1a41 CTPOHUTCS BCTIOMOTa-
TenpHas (0a30Bas) 3amava, IpH UCCISTOBAHUN KOTOPOH MPUMEHSIETCS METO/I yepenHeHus. [1omydeHs! orleHKn OTH30CTH
penIeHni ucXoHO! 1 6a30BOH 3a1ad.

Knrwouesvie cnosa: nuneiinpie CHUCTCMbI; ONTUMAJIBHOC YIIPABJICHUEC; CUCTEMBI C MAJIbIM MTAPAMETPOM; ACUMIITOTUYCCKUEC
MCETOBI.

OPTIMIZATION OF A LINEAR DYNAMIC SYSTEM
WITH PERIODIC CHANGING PARAMETERS
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The article deals with the problem of optimal control of a linear dynamic system with periodic parameters. The qualita-
tive theory of such problems is developed very fully if the period of coefficients of the system is not very small. With a small
period, there are serious difficulties with integration. Therefore, it is reasonable to supplement the constructive methods of
solution with asymptotic ones. The article presents such an approach that the method of averaging is used to construct an

auxiliary (basic) problem, estimates of the proximity of solutions to the initial and basic problems are obtained.
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PaccmoTpum 3a1aqy oNTHMAaJIbHOTO YIIPABIEHUS! IMHEMHOW HECTAIIMOHAPHOW CUCTEMBI
J(u)= c’x(tl*) — max,
x(t) = A“(Z)x(t) + bu(t), x(to) =X, Hx(tl*) =q, u(l)

mexeR ueR HeR

Tpun-QyHKIMI pasmepa n X n, |L > 0, npudem 3|, > 0 Takoe, 4To vraimax
teT

(M

|g1,teT:[tO,tf‘],

b,c e R", g € R"; 4,(-) — cemeiictBo [-mepropndeckux [1; 2] usmepumpix ma-
(t)” <L, Ve (0,u,]; x, —3a-

m, n>

JIAHHBINA 1-BEKTOP.
YmpasneHue u(z‘) OyZeM HasbIBaTh JAOMYCTUMBIM, €CIIH OHO SIBIIIETCS KyCOUYHO-HENPEPHIBHON (pyHKITHEH
Ha oTpeske 7. P

Baerem B paccmoTpenne marpuny A4, = — _[ A“(t)dt. Bynem Taxke cunTarh, 4TO CyIIECTBYET A X n-MaT-
puua A4 raxas, uto 4= lim 4. fo
u—0

Hapsiny ¢ 3amadeii (1) paccMoTpuM yepenHEeHHYO 3anaqy [3]

Ji(u)= c’x*(tl*) — max,

3(1) = Ax (1) + bue), ¥ (1) =50, Hx'(1f) = 4,

Mycte x(t, u) u x"(¢, u) — pemenus cuctem x = A, (t)x+bu u x"= Ax"+ bu COOTBETCTBEHHO MpPH OJI-

2

u(t)|£1,teT.

HOM M TOM e ympasieHun u(t).
OrneHnM HOPMY Pa3HOCTH 3TUX PEIIeHUH, a UMEHHO Hx(t, u) - x*(t, u)” B cuny (1), (2) umeem

Hx(t, u)— x*(t, u)“ =
+ JE(AH(I) - A)[eA(T_ZO)xO + JEeA(T_S)bu (s)ds] dt

lo

fAu(T)(x(T, u) — x*(’c, u))d”c +

3)

rne J, = J{A“(’t)(x(‘c, u) - x'(1, u))dr; J, = JE(AH(T) - Au)[eA(T_tO)xO + JEeA(T_S)bu(s)ds] dat, Jy= _f(Au -

fy fo fo fy

ly

- A) eA(T_tO)xO + JeA(T_S)bu (s)ds}dr.

Paccmorpum B (3) mHTerpan J, Ha orpe3ke I U oueHuUM ero. [lomoxum m = {ti — } t, =ty + kp,
k=0,1,..., m. Torga
[1* T
I(Au(r) - Au)(eA(T_"’)xo + IeA(T_S)bu (s)ds]d’t =
t )
m-—1 7} I~ —t ;
= (Au(‘c) - Au) (1= 10) z () X, +J. Als =) bu(s)ds +
k=0 t, =
T tf T
+ Ie_A(S_tO)bu (s)ds]d‘r + f (Au(‘c) - Au)[eA(T_tO)xo + IeA(T_S)bu(s)ds]dT. 4)
t by )

B cuty onpenenenust Marpun A, 1 4 uvmeeM HA u(1:) -4, H < 2L, rae MaTpuyHas HOpMa COINIacOBaHa € pac-

cMaTpuBaeMoi BEKTOpHOI HOpMoil. CrieoBaresbHo,
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i

I(AH(T) - Au)[eA(T _t")xo +

ly

|21 = <

f(Au(I) - Au)(eA(I _l")xo + JT‘eA(T _S)bu(s)dst’c

fo

T

+ JeA(T “bu (s)ds]d’c

<

m—1"l+1 A1) o (T—tk)j ‘
Y J(Au(T)_Au)e COVE+ Y A4 | x
k=0 ¢ J ’

i

I (Au(r) - Au)[eA(T_t‘))xo +

m—1

X [xo + J‘e_A(S_t")bu (s)ds + J‘e_A(S_"’)bu (S)ds}dt +

fo 73

+] eA(St")bu(s)ds]d‘c < 22N oI+ 2 o + (15— o)) +

#2077 (] + (1 = 1l = G,
rae
€= 2L a7 =1 bl + (L1 = )+ 1) Jxo] + (1 1)) 5)

Hanee unrerpan J; B (3) Ha oTpe3ke 7' OLIEHUBAETCS CIECIYIOLIMM 00pa3oM:

5] = f(Au_A)[eA(T‘tﬂ)xo+ feA(r—s)bu(s)dS]dT <
fo N
< eL(ti‘ 1) (tl* — to)(”xo” + (tf - to)"b”)uz‘lu - AH =C, HAH - AH, (6)

e €y = 17 (17 = 1) (ol + (1 = )10l

Wrak, u3 (3) B cuiny (4)—(6) momyanm
(2, ) = 2" (2, )| < Lf”x(‘c, u) = x'(t, u)|dt+ C(p + 4, - 4]), e € =max{C;, &;}.
7
TTpuMeHsist K mocaeTHEMY Hep;BeHCTBy nemmy I'ponyonna — bennmana [4], umeem

e )= e ] s = e ) =y, ) )

rae C, = CeL(tr _to).

yctp x° (t) = x(t, uo), uo(t) — ONTUMAJIbHAS TPACKTOPHS M ONTUMAJILHOE yTpaBieHue B 3aaade (1) coot-
BETCTBEHHO, a 1"’ (t) — ONTUMAJIbHOE YIIpaBiieHue B 3a1aue (2), t € T, x(t, u*o) — TpaekTopus cucteMsl (1) npu

yIpaBICHUN u*o(t). Torma

xo(t) - x(t, u*o) = fAH(I)(xO(T) - x(’c, u*o))d‘c + J.tb(uo(’c) - u*o(’c))dt.
Ortcrofa crnemyer, 4To 0 O

1 t
on(t) - x(t, u*O)H < LI“xO(T) - x(’c, u*O)Hd‘c + ||b|| ”uo(’c) - u*o(‘c)‘d‘c. (8)
) )
Cornacno nemme ['ponyosuta — beruimana u3 (8) momyyum

on(t) — x(t, qu)H < ||b||eL(tl* _to)f

ly

u’(t) - u”(t)dx. )
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Tax kak uo(t) u u*o(t) — ONTUMaJIbHBIE yHpasieHus B 3aaa4ax (1) u (2) cOOTBETCTBEHHO, TO COIVIACHO
MPUHLIMITY MakCUMyMa [5] nmeem

u’(t)=signy;, (t)b, u™(t)=signy’(t)b, t €T,

e ¥, (¢) n y(t) — pelwieHys: COMPSHKEHHBIX CHCTEM W, = —A;l(t)\mL 1\ = —A"Y COOTBETCTBEHHO.
[lo ananoruwm ¢ (7) UMeeT MECTO OIEHKa

Jwu(6)=w (1) = 0,(1), (10)

371eCh ou(l) He 3aBUCHT OT £, t € T.

O603HaunM uepes T, i =1, p, KOpHH \p’(t)b Ha OTpE3Ke [to, ﬂ, npuyeM £, ST, <7, <...<T, < 4, ade-
(k)
v (x)b

B cuny HenpepsIBHOCTH cpyHKuHH lll( 2 ( )b, i= 1, P, MOXKHO yKa3arh Takoe [/ > 0, 9to

=2h.

pe3 k; — ux kparHocru. Ilycts max k; =k, min
i=1, i= lp

‘w(ki)/(r)b‘>h’ Vielt, -l +1],i=1, p. (11)

(%)

B okpecrHOCTH TOUeK T, hyHKIMs Y, (T)b MpencTaBuMa B BHIC

Ionoxum d = re[ -1, +l] i=1, pTorL[a|\|f b|>d,V’ceE[1:i—l,I,-+l],izl,p.

Wi =w (D5 + (v ()b - w8 = (9 g, (12)

e lim 0“(1) =0.

u—0
B cuny (10) cymectByer Takoe uucio L, > 0, uto ou(l) < min{d , 1}, Y e (O, Ho]- CnenoBaTensHO, Ha

14
MHOYECTBE [to, ty }\ U [Ti -1, T+ l] HET KOpHEH (yHKIUU w;(t)b. Torma u3 (12) ¢ yuerom (11) momyunm
i=1
klo (1) \/k '0
T, —T| < H— < < D¥/o,
‘ " ‘ \/\V(k")'(r)b
re T,; — KOPeHb QyHKIHUH wu( )b D = max ,/k k = max {k }

i=l,m i=lm

t
Takum 06pazoM, ”uo(r) - u*O(T)‘ dt <2pD¥o,(1) 1 HepaBeHCcTBO (9) MOXKHO 3amuCaTh B BHIC
)

on(t) - x(t, u*O)H < 2D||b||peL(tik _Z)k ou(l). (13)

Ha ocHoBaHuM BBILIEU3T0KEHHOTO UMEET MECTO CIIEAYIOIIAsi TEOpeMa.
Teopema. [lycmo u’, u™® — onmumansnvie ynpasnenus 6 3a0auax (1), (2) coomeemcmeenHo, x(-, u), x" (-, u) —

peuieHuss OCHOBHOUL U YCPEOHEHHOU CUCmeM, COOMEEMCMEYIOuUX 0ONYCmumMomy 6 3adave (2) ynpaeienuio.
Toeoa nawdymces makue yucaa Wy > 0 u C >0, umo cnpagednugol oyenxu:

D7) =0 (@) () = Sy () + Clfu + |4, - 4] (14)

2) “Hx(t]*, u)- qH < Clp+ 4, - 4]), Ve (0, 1] (15)

HJ’IH J0Ka3aTeJIbCTBAa TCOPEMbI 1OCTATOYHO 3aMCTUTD, YTO

+ [ () =y (w)

b

‘J(uo) - J(u)‘ < ‘Jl(u*o) -J (u)‘ + ‘J(uo) - J(u 0

o))

HHx(tf, u) - q” < HHx*(tl*, u) - qH + ||H||Hx(t1*, u) - x*(tf, u)”,

1 BOCITOJIB30BaThCs orieHKamu (7), (13).
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CaenctBue. [Ipeononosicum, umo Au(t) =A+ uAl(t, u), 20eAe R, , vrai max”Al(t, ].L)” <L, Vupe (0, uo].
B smom cayuae oyenxu (14), (15) donycrarom credyrowue ymouHeHus:

1) ‘J(uo)—J(u)‘ < Jl(u*o) —J,(u)+ C’{/ﬁ;
2) HHx(tf, u) - q” <Cu.
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