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Let Kbe a field of algebraic numbers with [K: ()] <
oo, and let VX be the set of all pairwise nonequivalent
valuations of the field K.

Consider a square-free polynomial f(x) = x> +
Ay, X"~V + .+ ay € K[x]. We set

Dy = KIxJ(f) = {o+Baf] a, B e K[x]}.
Anelementu € Df is called a unit if u is invertible in Df.
Ifu € K*, then u is called a trivial unit. Suppose that D,

has nontrivial units. Then, Df = K* x (u,), where (u,)
is the infinite cyclic group. The element u;, is called the
fundamental unit of Dy,

The problem of the existence of nontrivial units in
Dyis difficult; it is deeply related to torsion in the Jaco-
bian varieties of curves y> = f(x) and to continuous
fractions in function fields (see [1]).

Suppose that v € VX, O is a valuation ring for non-
Archimedean v, p, is a maximal ideal in O, and k, =
0,/p, is the residue field, being a finite field. For
almost every v e VX, all coefficients of the polynomial
fix) belong to O,. Consider the polynomial f, (x),
obtained from f{x) by reducing its coefficients modulo

P, fx) € k |x].
It is easy to show that the polynomial f (x) is
square-free for almost all v. Consider the ring

Dy = {o,+ B, (1) o, By € ko [x]}.
It is well known that D, contains nontrivial units,
sothat Df = k7 xu,, where u_ is the fundamental unit

of D, . Ifu,=a,+ Bw/fv , then we set degu, = dega.,,.

In [1], the following local-global principle of a new
type was established.
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Theorem 1. The ring D, has a nontrivial unit if and
only if there exists a constant C such that degu., < C for
almost all v € VX

The proof of this theorem uses properties of the
Jacobian variety of the curve y? = f(x) and it localiza-
tions. At the end of paper [1], it was mentioned that,
possibly, the methods of [2, 3] can be applied to the
problem of the existence of nontrivial units.

The purpose of this paper is to present a fundamen-
tally new proof of Theorem 1 using methods of [2] (a
complete exposition is contained in [4]) and solve the
problem of the existence and the determination of
fundamental units for a large class of polynomials f
with degf= 4. We do not employ Jacobian varieties.

The following assertion is valid for any field K of
characteristic different from 2. We keep the notation
for the polynomial f(x) and the ring D, introduced
above. Let ||, be an infinite valuation on K(x), and let

K(x) be the completion of K(x) with respect to |"|.
Any element z € K(x) can be expanded in a Laurent
series 7 =2,X" + Z,,_ X" "'+ ..., where z; € Kand z,, #
0; we have |z|,, = —m. Since the valuation |-|,, admits

two extensions to K(x)(/f), it follows that ./f € Ki (x).

Consider Jf the Laurent expansion
2

Jf= X +d,_ X vd T+ (1)

and the matrix

d, d, .. d,
Hr = d_2 d_3 cee d—l‘— 1 . (2)
d—r—s+2 d—r—s+1 d—2r—s+3

This matrix has » columns and » + s — 2 rows. The fol-
lowing theorem is valid.

Theorem 2. The ring D, has a fundamental unit u =
o+ BJf, where o, B € K|x| and deg = r, if and only

if the rank of the matrix H. | is less than r + 1 and
rankH,, =mifm <r+ 1. In this case, degu = r + s.
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Proof. Suppose thatu=a + f3 J}” is a nontrivial unit
in Dyand let

a(x) = fxX" +fo X" S,

Bx) = gx +g_ X '+ +g,
where f,, # 0 and g, # 0. Since o> — B/ € K*, it follows
that m = r + s and
o+ Blf o+l = BulF . = 0. 3)
Consider 3 Jf the Laurent expansion
BJf = hx"+h, X" "+...,
where A, = Z g/d, € Kand h,, # 0. Since f,, + h,, and

JjHt=i
fm — h,, do not vanish simultaneously, it follows that the

equalities o + BJf|Oo = o — B«/f|oo = 0 cannot hold
simultaneously either. For definiteness, suppose that

ot + B/l >0 and o — B /f],, < 0. Then, we have
S = Py Sy = hy_ys oo Sy = hy. 4)
Moreover, (3) implies that o + [3A/f|c,o =m and |o. —
B AJf|,, = —m. Therefore,
h,=h,=..=h,,, =0.
This gives the system of equations
dgy+dg+...+d_,_g =0,

d—2g0+d—3gl+'i'+d—r—2gr =0, (5)

d—m+1g0 + d—mgl +...+ d—m—r+lgr = O

Let g = (gy, &15---» &)"- Then, (5) can be written in the
matrix form

Hr+1g = 0 (6)

Thus, the homogeneous system of linear equations (6)
with matrix H,,, has a nonzero solution g, and the
rank of the matrix H, , | is less than r + 1.

Conversely, suppose that the rank of the matrix
H,_ islessthan r+ 1. Then, the homogeneous system
of linear equations (6) has a nonzero solution g, and
g.# 0 for this solution. Let us calculate the coefficients
of the polynomial fby formulas (4). By construction,

we have |o. + B /f|, = m and |o. — B/, = —m. There-
fore,

o = Bl = lov+ Bulf Lo+ la— Bl = 0.
Since o> — B € K[x], it follows that o®> — B*f € K*,
and hence, u=o+f Jf is a nontrivial unit of the ring Dy
By construction, deg[3 = r; thus, degu = r + s.

Note that, to obtain the fundamental unit of the

ring Dy, it suffices to find the least positive integer r for
which the rank of the matrix H, is less than r.
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In what follows, we again assume that K'is a field of
algebraic numbers. Let us derive Theorem 1 from The-
orem 2.

Suppose that u = o + Jf is a nontrivial unit in D,
Let .S denote the set of valuations v € VX such that all
coefficients of the polynomials f(x), o(x), and P(x)
belong to O, the polynomial £, (x) is square-free, and
the characteristic of the field &, is different from 2.
Clearly, the set VA\S is finite. Since o? — B e K*, it

follows that ocf, — Bzva € k¥ for any v € S. This

means that the element u), = o, + Bw/fv is a unit of
the ring D, . Clearly, deg u', < degu. The fundamental
unit u,, of the ring D, satisfies the relations deg(u,) <

deg(u',) < deg(u); thus, for the constant C we can take
deg(u).
Let us prove the converse. Suppose that degu, < C

for all v € §. Take an arbitrary v € S. Let k_(x) be the
completion of the field k (x) with respect to the infi-

nite valuation ||,.. Since JZ, € k,(x), we can expand

va in a Laurent series as
2

Jo= Xl )X (A )X
where the coefficients (d;), are the reductions of the
coefficients d; in decomposition (1) modulo p,. Let
H, , denote the matrix obtained from the matrix H, by

reducing its elements modulo p,. Since the ring va

has the nontrivial fundamental unit u.,, Theorem 2
implies the existence of a positive integer » = r(v) for
which the rank of the matrix H, , is less than r. This
means that all minors of order r in the matrix H, ,
vanish. Moreover, we have deg(u,) = n(v) + s — 1.
Using the assumptions of the theorem, we obtain
vy <C—s+1.

Since the set .S'infinite, it contains an infinite subset
S| < S'such that (v,) = r(v,) for any v, v, € §). Let
v € §). Consider any minor T of order r in the matrix
H, and the corresponding minor 7', in the matrix H, .
Clearly, T, is obtained from 7'by reduction modulo p,.
As mentioned above, 7, = 0 for all v € S;. By virtue of
the infinity of .S}, this implies 7'= 0. Thus, all minors
of order 7 in the matrix H, vanish. Therefore, the rank
of this matrix is less than », and Theorem 2 implies the
existence of a nontrivial unit in the ring Dy. This com-
pletes the proof of Theorem 2.

An algorithmic solution of the problem of the exist-
ence of nontrivial units in the ring D,for polynomials /
with deg /< 4 was obtained in [ 1] by reducing the prob-
lem under consideration to the problem of torsion in
elliptic curves. For the case K = @, an important
observation was made in [1]: the degree of the funda-
mental unit is at most 12 and cannot equal 11. This
opens a way to a fast direct calculation of nontrivial
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units. In the case of degf= 4, the matrix H, defined by
(2) is Hankel, and the condition rank H, < r is equiva-
lent todet H.= 0.

In [1], a question of E Grunewald was answered;
namely, it was proved that the ring D, for the polyno-
mial f(x) = x* + x + 1 contains no nontrivial units.
Moreover, it was mentioned in [1] that if f(x) = x* + ¢
or f(x) = x* + x, then the corresponding ring D, has
nontrivial units.

Using the methods developed in this paper, we can
give a complete answer to the question of for what
polynomials f(x) = x* + bx + c the ring D,has nontriv-
ial units.

Theorem 3. For a polynomial of the form f(x) = x* +
bx + ¢, the ring Dy has a fundamental unit of degree n at
the following n, b, and c:

On=2,b=0,ccQ* u=x+ Jf;
(ii)”=3’c=0,be@*,u=x3+g+fo;

4
(iii)n=4,b=t3,c=%,wherete@*,uzx“—bc3+

2 3 4

£, £ f (2 t2>

— X+ -Xx—= + (X —Ix+= .

2 2 4 2 ﬁ

Proof. The Laurent expansion of /f has the form

Jf= X+ %bx_1 + %cx_2 - éb%c_4 - ‘—I‘bcx_5
- 1c2x_6 + ib3x_7 + ibzcx_8 + ...,
8 16 16

where the coefficients d_; of x~ are calculated by the
recursive formulas

d—(2m+ 1) = _d—ld—Zm T e _d—md—m—la

1
d—2m = _d—ld—2m+l e _d—m+1d—m—1 - ‘d2

—m*

By Theorem 2, the ring D, has a nontrivial unit u of
degree r + 1 if and only if det H,. = 0.

Forr=1,we have det H,.= g = (; therefore, f(x) =

x* + c¢. This case was considered in [1]. Obviously,
the element u = x? + ﬁ is the fundamental unit of the
ring Dy.
2
For r = 2, we have detH, = —% = 0. Therefore,

f(x) =x*+ bx. In this case, the fundamental unit of the

ring Dy has the form u = x°* + g + xJf.

For r = 3, we have det H, = 1—%% b(—b* + 9¢%) = 0.

The case b = 0 was considered above. It is easy to show
that the equation —b* + 8¢® = 0 has the rational solu-
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4
tions b =2, c = % , where t € (Q*. The fundamental

unit of the ring D, has the form

4 3 122 t3 t4 2 1t J
Uu=x —1mx +-=-x +—x——+(x —tx+—2) .
2 2 4 2 /

Note that, for any € Q*, the elliptic curve y* =
f(x) is biregularly isomorphic to the curve y% = fi(x),

where f(x) = x? +x, + % The corresponding mor-

phism is determined by x = £x,, y = £y,.
For r =4, we have

detH, = —L(c" A —l-bg) 0. 7
256 2 16
3
Making the change of variables z = C—4 , We can rewrite

Eq. (7) in the form
1 1
h = 2+— —-—— =0 8
A7) =z 316 (®)

Since the polynomial 4,(z) in (8) has no rational roots,
it follows that Eq. (7) has no rational solutions b, c.
Thus, there exist no polynomials f(x) for which the
ring D has a fundamental unit of degree n=r+ 1= 3.

A similar calculation shows that, forr =5, 6, 7, 8,
3

9,11, theelementz= C—4 is a root of the corresponding
b
polynomial 4,(z), which is defined for these r by
hy(z) = 242 — 122+ 1,

53 132 3 1
h =427 -2+ = -—,
o(D) = T 43T - T+ FIm 5

h.(z) = 5127° - 6407° + 1671,
hg(z) = 4096z° + 307207 — 192007"
+65282° — 11527 + 9673,

hy(z) = 204807° — 737287 + 355847
— 70407 + 720" — 407 + 1,

h,(z) = 327687 — 180247 — 2252807°
+ 1146887 — 294407 + 54407° — 6407° + 407 — 1.

The polynomials 4,(z) with » > 5 are irreducible over
(D, and therefore, they have no rational roots. Hence,
there exists no polynomial f(x) = x* + bx + ¢ for which
the ring D has a fundamental unit of degree n> 5. This
completes the proof of Theorem 3.
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In the proof of Theorem 3, the calculation of the
determinants det H,, the factorization of polynomials,
and the proof of the irreducibility over () of the poly-
nomials 4,(z) with r > 5 were performed by using the
Maple computer algebra system.
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