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Abstract
In this paper we develop an approach for making various scattered electromagnetic fields on the
transformation-optics ground. To do so, we use the a special coordinate transformation from the
a vacuum virtual space to physical space, which changes the boundary of the scattering device
upon transformation. We explore this approach for small scatterers compared with radiation
wavelength, which allows us to predict the arbitrarily directed optical forces. Obtaining scattered
fields and optical forces can be useful in nano-optics and optical micromanipulation.
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1. Introduction

Transformation optics is used to predict the material para-
meters of devices with preassigned field distributions [1–4].
In the case of cloaks [5–8] the scattered field and the field
inside a hidden cavity are absent. Rotator [9, 10] performs the
field rotation by a certain angle. Illusion devices [11–13]
make the desired scattered fields, while a transformation-
optics lens [14] creates a special field distribution on the
output having a plane wave on the input. Most of the above
applications can be clearly obtained using the coordinate
transformation from the virtual (electromagnetic) space to the
real (physical) space. The transformation region of the device
is allocated in the virtual space, which is subjected to coor-
dinate transformation. The remainder of the virtual space does
not change; therefore, the material parameters and the fields
do not change, either.

Properly designed electromagnetic fields have important
practical applications; consequently, they are an increasingly
popular focus of study. Directional light scattering caused by
the interference of electric and magnetic dipoles have appli-
cations for the light-on-chip nanoantennas [15–18]. Primary
forward- and backward-scattering can create efficient inter-
action between light and particle and thus in the strong optical
forces required for stable microparticle manipulation [19–21].
Since transformation optics is intended for novel applications,
we expect a significant demand for these unusual scattered
fields and optical forces.

In this paper, we use the field approach in transformation
optics developed by Novitsky et al (2012) and Novitsky
(2011) [14, 22]. It is advantageous, when we need to deal
with the fields themselves, to find a distinguished field dis-
tribution. This approach involves writing the general solu-
tions in transformation media and connecting them with the
fields outside using the boundary conditions between the
media. In Novitsky et al (2012) [14], one can find the
applications of the field approach to the cloaking devices,
concentrators, and rotators. The general solutions can be
expressed in terms of the so-called potential functions ri ( )y
(i = 1, 2, 3) setting the inverse Jacobian matrix J of the
transformation between the virtual r r r n

j j i1

3( ) ( )å y¢ = =
and

physical r spaces as

r r n n nJ ,

1

1
1 1 2 2 3 3( )

( )

y y y=  Ä ¢ =  Ä +  Ä +  Ä-

where ni are the unit orthogonal vectors and a bÄ is the
outer product of vectors a and b. Potential functions are often
the coordinates in virtual space x ,i¢ but they can have more
general meaning as the complex-valued functions of the
circular frequency ω. Taking the inverse matrix, we obtain the
Jacobian matrix in the form

n a
J , 2i i i1

3

1 2 3( ) ( )å
y y y

=
Ä

  ´ 
=
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where × denotes the vector product,
a ,1 2 3 2 3( )y y y y=  ´  =  ´ 
a2 3 1 3 1( )y y y y=  ´  =  ´  and
a .3 1 2 1 2( )y y y y=  ´  =  ´ 

The fields E¢ and H¢ in the medium with permittivity ê¢
and permeability m̂¢ are solutions of the Maxwell equations in
the virtual space (note that they should not necessarily coin-
cide with the fields and material parameters outside the
transformation medium). The fields in the physical space are
equal to
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The permittivity and permeability tensors in the physical
space read
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J J
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where Jdet 1 ,1 2 3( ) ( )y y y=   ´  n nij i jˆe e¢ = ¢ , and

n n .ij i jˆm m¢ = ¢ Equations (3) and (4) coincide with those used
in the conventional theory of transformation optics [4].

The paper consists of 5 sections—including the intro-
duction. In section 2, we derive the expressions for an optical
force in terms of the fields in a transformation medium and in
terms of the potential functions. In section 3, we discuss the
general idea of generating scattered fields and apply it to our
investigation, in which the particle made of transformation
medium is much smaller than the radiation wavelength. We
examine the closed-form results—comparing them to the full-
wave simulation. In section 4, we describe how to create
arbitrarily directed optical forces. In section 5, we conclude
the paper and discuss the further directions for study of the
control of scattered fields and optical forces.

2. Transformation optics of the optical force

The expression for the optical force follows from the con-
servation-of-momentum equation [23]

g
f

t
T , 5L
ˆ ( )¶

¶
-  = -

where g S c2= is the field momentum, S is the Poynting
vector, T̂ is the Maxwell stress tensor, and fL is the Lorentz
force density. By integrating this equation over time within
the period of oscillation T, one obtains zero contribution of
the field momentum g. Integrating over the volume

embracing the particle, we derive the time-averaged optical
force

F s
T

t T V T
1

d d d , 6
T

V S0

ˆ ˆ ( )ò ò ò=  = á ñ

where the time-averaged Maxwell stress tensor reads
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Here 1 is the unit three-dimensional tensor, S is any surface
around the particle, and * is the complex conjugate. Total
electric and magnetic fields outside the scatterer equal the
superpositions of the incident and scattered fields as
E E Et inc sc( ) ( ) ( )= + and H H H .t inc sc( ) ( ) ( )= +

Although the force is usually written by means of the
incident and scattered electromagnetic fields, it can be
rewritten in terms of the field inside the scatterers E and H. In
fact, the tangential field strengths and normal field inductions
at the interface between the scatterer and the ambient medium
Ssc are continuous: E EI I ,S S

t
sc sc∣ ∣( ) = H HI I ,S S

t
sc sc∣ ∣( ) =

n EE ,n S S
t

sc sc∣ ∣( ) e= and n HH ,n S S
t

sc sc∣ ∣( ) m= where n is a unit
vector normal to the interface, and n nI 1= - Ä is the
projector onto the interface. If the surface of integration S
coincides with the interface between the particle and the
ambient medium S ,sc then we can replace the total electro-
magnetic field with the field inside the particle.

Then in terms of the potential functions ψi (see (3) and
(4)) we write

E n na

H n na

I E

I H

,

. 8
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where δij is the Kronecker delta.
Let an electromagnetic wave propagates in the empty

virtual space ( 1e¢ = and 1m¢ = ), the fields being represented
as E nA k xexp i 0 2( )¢ = ¢ and H nA k xexp i ,0 3( )¢ = ¢ where
k0 = ω/c is the vacuum wavenumber and A is the amplitude.
Passing through a closed, empty region in the empty virtual
space, the wave does not scatter. Transformation optics
allows us to find the fields in physical space using (3):
E A kexp i 0 1 2( )y y=  and H A kexp i ,0 1 3( )y y=  where
x 1y¢ = (we assume the potential functions are the coordi-
nates in the virtual space x ,i iy = ¢ therefore real-valued
functions). Hence EI A k Iexp iS S

t
0 1 2sc sc∣ ( ) ∣( ) y y=  and

nE A kexp i .n S S
t

0 1 3 1sc sc∣ ( )[ ( )]∣( ) y y y=  ´  Total electric
and magnetic fields at the interface between the scatterer and
the ambient medium read

E n n

H n n
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A I
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By substituting (9) into (6) and remembering that
s n sd d ,= we derive the optical force expressed via the real
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potential functions ψi as
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Coordinate transformation r rxi i( ) ( )y¢ = should satisfy
the boundary conditions at the interface between the particle
and ambient medium. When the outer interface of the trans-
formation medium Ssc does not change upon transformation
( xi S i Ssc sc∣ ∣y = ), the fields out of the transformation medium
coincide with those in the virtual space. If the boundary
between the ambient and transformation media changes, as in
the case of the illusion devices [11, 13], the two-shell trans-
formation medium is used: the inner transformation medium
replaces the scatterer itself, while the outer one keeps con-
dition xi S i Ssc sc∣ ∣y = after transformation.

Thus if one knows the field in the virtual space, it is
possible to write the force in terms of potential functions (or
Jacobian) without knowing the scattered fields. Unfortu-
nately, in such a formulation, the force described by the
potential functions has no heuristic power. Indeed, the force
does not change upon the transformation. Hence it can be
even simpler to perform calculations in the auxiliary virtual
space, in which we know the fields E¢ and H .¢ Only if we
determine the potential functions from the boundary condi-
tions specifying the incident and scattered fields we can
anticipate a different value of the force compared with
the conventional transformation technique. In this case, the
interface Ssc is different in virtual and physical spaces and the
relationship xi S i Ssc sc∣ ∣y = no longer holds true.

3. Scattered field engineering

The goal of this section is to demonstrate that the transfor-
mation optics can be adopted for the generation of the
demanded scattered fields. First, we will describe the general
theory and then we will apply it to the formation of quasistatic
electric fields. Scattered field is induced by the incident field
and linearly depends on it at the interface between the scat-
terer and ambient medium. Field inside the scatterer can be
written by means of auxiliary fields E¢ and H¢, satisfying the
Maxwell equations in the virtual space characterized by ê¢
and .m̂¢

The boundary conditions at the scatterer surface stem
from the continuity of the tangential field components:

E E n E

H H n H

I I

I I

,

. 11
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Using some scattered fields satisfying Maxwell’s
equations, equation (11) yields the system of differential
equations for the potential functions ψi. If the potential func-
tions exist, the presumed scattered electromagnetic field appears
as a result of the scattering by a particle with the permittivity
and permeability described according to (4). The optical force
can be calculated using either the incident and scattered fields
(6) or potential functions (equation (10) or similar).

The scattered field can be quite complicated, but in
general it is the multipole expansion. When the particle size is
small enough, the series can be truncated up to dipoles,
quadrupoles, etc. Thus, we can manipulate the scattered fields
and optical forces using the transformation optics.

Let us apply the proposed idea to the particular case of
the incident plane wave (fields E eA k xexp i y

inc
0( )( ) = and

H eA k xexp i z
inc

0( )( ) = ) generating a rotated dipolar scatter-
ing pattern. Assuming the particle size is much smaller than
the radiation wavelength, we represent the scattered electric
and magnetic fields of the electric dipole at the interface Ssc in
the form

E E HR , 0, 12S S S
sc

0
sc sc

sc sc sc∣ ˆ ∣ ∣ ( )( ) ( ) ( )» »

where R̂ is the three-dimensional rotation matrix and E S0
sc

sc∣( )

is the scattered field without rotation. For the small particle
size the scattered field is approximately the near field of the
point dipole p E 0 :e

incˆ ( )( )a=

E
r r r

r
ER

13
0 , 13S e S

sc
2

5
inc

sc sc∣ ˆ ∣ ∣
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ˆ ( )∣ ( )( ) ( )a=
Ä -

where eâ is particle’s polarizability tensor and E 0inc ( )( ) is the
incident electric field at the center of the particle.

The field in the transformation medium can be written
in terms of the field in the virtual space

E nA k xexp i 0 2( )e m¢ = ¢ ¢ ¢ ¢ and H A e m¢ = ¢ ¢ ¢

nk xexp i 0 3( )e m¢ ¢ ¢ as

E HA Ae , e .

14

k ki
2

i
30 1 0 1

( )

y
e
m
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¢
¢

e m y e m y¢ ¢ ¢ ¢
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The boundary conditions read
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The equation of equal phases puts restriction on the
potential function ψ1 as

x
1

. 16S S1 sc sc∣ ∣ ( )y
e m

=
¢ ¢

Then from the second equation in (15) one obtains the third
potential function

A

A
z . 17S S3 sc sc∣ ∣ ( )y

m
e

=
¢

¢
¢

Function ψ2 should be determined from the first equation in
(15), where we neglect the phase within the point scatterer:

e
r r r

r
eAI R A I

3 1
. 18y e y

S

S

2

5 2

sc
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ˆ ∣ ∣

∣ ∣
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We cannot solve this equation before specifying the form of
the particle. It should be noted that the potential function ψ1

can be chosen in another way, as long as the phase is
negligible: k k a 0.S0 1 0sc∣e m y¢ ¢ ~ »

Further we consider an infinitely long cylindrical particle
with the circular cross-section of radius a in the plane (x, y).
The incident plane wave propagates along the x axis. Dipole
response of the cylinder is the superposition of the responses
of the point dipolar moments distributed along the axis z.
Treating the dipoles as static quantities, we derive

E
e e e e

ER
2

0 , 19S e S
sc

2
inc

sc sc

( )
∣ ˆ ˆ ( )∣ ( )( ) ( )

r
a=

Ä - Är r j j

where ρ, j, and z are the cylindrical coordinates, e ,r ej, and ez
are the basis vectors. Since only the scattered electric field
changes after turning to the cylindrical geometry, potential
functions ψ1 and ψ3 are given by (16) and (17):

a z a, , cos1( )y j j e m= ¢ ¢ and a z z, , ,3 ( )y j m e= ¢ ¢
where A A= ¢ is used. The differential equation for ψ2 reads
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e e e e
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The normal vector to cylinder’s surface and projector are
n e= r and e eI 1 ,= - Är r respectively. We take the scalar
polarizability in the cylinder cross-section αe and consider the
rotation of the scattering pattern in the plane (x, y). Thus the
rotation is performed with respect to the axis z:

e e e e eR 1cos sin , 21z z z z z( )ˆ ( )b b= - Ä + + Ä´

where β is the rotation angle. Solution of the equation for ψ2

e e e
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The simplest potential functions resulting in the rotation
of the scattering pattern are of the form

r r
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When the plane wave is scattered by the cylinder, we can
expect the scattered electric field in the near-field zone is
quasistatic and equals

E e e e e e

e e

A
R

2

2
sin cos 25

e
y

e
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ˆ
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a
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= Ä - Ä
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with the x-component of the field

E
A2

sin 2 . 26x
esc
2

( ) ( )( ) a
r

j b= +

It takes maximum values in the directions specified by the
angles 4 21j p b= - and 5 4 22j p b= - and mini-
mum values at 3 4 23j p b= - and 7 4 2.4j p b= -

In figure 1, we show the result of the COMSOL simu-
lation of the x-component of the scattered electric field. The
cylinderʼs material parameters are calculated using (4) for the
potential functions ψi given by (24). One notices quite good
correspondence with the predicted scattered field. Dis-
crepancies are caused by the approximations used in the
model. It is interesting that the elliptical region in the virtual
space is transformed into the circular one in the physical
space, in contrast to the usual result in which the transfor-
mation region remains unaltered. This fact should not be
surprising, because the common continuity of the coordinates
in virtual and physical spaces is replaced by the continuity of
the tangential fields. The continuity of the fields is a more
generic feature, having the continuity of the coordinates as a
particular case of the absence of additional scattered fields
compared with those in the virtual space.

If the angle distribution of the scattered field is arbitrary,
the potential function ψi can be also found. In this case, we
specify not the scattered field itself, but only the scattered
field at the boundary ρ = a. Spatial evolution of the scattered
fields away of the boundary should satisfy the Maxwell
equations, but this is immaterial. It can be understood as
follows. In the quasistatic approximation, we still have near-
zero magnetic field; therefore, the changes of the magnetic
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field resulting from the change of electric field are negligible
and we can keep the value of function ψ3 unaltered. In the
exact theory the change of the electric field would require the
change of the magnetic field and ψ3 as well. In figure 2(a) we
demonstrate how the above proposition works for the
potential function r z r B, , sin sin 2 .2 ( ) [ ( )]y j j j= - The
predicted dependence E sin 3x

sc ( )( ) j~ is well-observed in
figure 2(a). The coordinate transformation transfers the con-
tour of the vacuum particle in virtual space into the cylinder in
physical space as shown in figure 2(c). Quasistatic scattered
field is no longer observed when the radiation wavelength is
comparable to the radius of the cylinder (see figure 2(b)).
Indeed, in this case, the magnetic scattered field is noticeable
and the phases at particle’s center and cylinder’s interface
cannot be treated equal. The boundary conditions cannot be
solved in the way as it has been done before.

4. Predicting optical forces

What one really needs in opto-mechanical applications is to
control the direction and magnitude of the optical force. In
this section we show the prospect of getting an arbitrary force
using transformation optics.

The previous section has been ended up with the state-
ment that any function ψ2, therefore arbitrary quasistatic
electric field at the interface, can be obtained. Thus we have
the whole set of three potential functions, one of which is
arbitrary, and can expect that the optical force calculated
using (10) can exhibit many possibilities. This force has an
approximate character and therefore well works only if its
value is quite great, when we can safely neglect the scattered
magnetic field.

Figure 1. Full-wave simulation of the rotation of the scattering pattern by the angle (a) β = 0, (b) β = π/2, (c) β = π, and (d) β = 3π/2
(radius a 0.2 m,= polarizability 0.01ea = m2, wavelength 6 m,l = A = 1 V/m, 1,e¢ = μ′ = 1). Incident wave propagates from left to
right. The bottom of each density plot shows the transformation of the ellipse in virtual space (x′, y′) to the circle in physical space (x, y).
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Taking the ansatz of the potential function as

r r B

B B
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sin 2 sin 3 27

2 1 1

2 2 3 3
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j b j b
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the two non-zero components of the optical force per unit
cylinder’s length can be written as follows

f
A a

B B B B

f
A a

B B B B

8
cos 3 cos ,

8
sin 3 sin .

28

x

y

2

1 2 1 2 2 3 2 3

2

1 2 1 2 2 3 2 3

( )
( )

( ) ( )

( ) ( )
( )

b b b b

b b b b

=- - + -

=- - + -

Since 2p b p< < corresponds to the change of sign of
coefficient B, we assume B 0.> The force does not vanish,
when the potential function has two terms of the form
B nsinn n( )j b+ and B nsin 1 ,n n1 1(( ) )j b+ ++ + i.e. B1

and B2 or B2 and B3 in (27).
It is curious that though the incident plane wave propa-

gates along the x axis, the optical force can be arbitrarily
directed in the cross-section of the cylinder. For B3 = 0, the
direction is fully determined by the difference of the angles β1
− β2. For example, forward force ( f 0,x > fy = 0), backward

force ( f 0,x < fy = 0), and orthogonal force (fx = 0, f 0y < )
appear at ,1 2b b p- = 01 2b b- = and 2,1 2b b p- =
respectively. In figure 3, we show the regions in virtual space
that are transformed into the circle in physical space. When
the force is not directed along the x axis, the regions lose their
symmetry. Indeed, the unconventional direction of the force
requires that the rotation of the field which properly deforms
the region to be transformed to the circle.

The angle-dependence of the dielectric permittivity and
magnetic permeability tensors calculated according to
equation (4) is quite complicated (see figure 4) for the case of
pulling force f ef .x x∣ ∣= - The off-diagonal component re j
takes both positive and negative values, while the rest of the
components oscillate near unity. One more drawback of such
a tensor is the singularity at cylinder’s center (angle depen-
dence cannot be observed at one point). Core-shell particles
should be considered to overcome this problem.

5. Discussion and conclusion

The results obtained above can be straightforwardly gen-
eralized to the cases of arbitrary incident field and spherical

Figure 2. (a) Distribution of the scattered electric field Ex specified by the potential function r z r, , sin 0.25 sin 22 ( ) ( ( ))y j j j= - at the
wavelength (a) λ = 6 m and (b) 0.3 ml = (radius a 0.2 m,= A = 1 V/m, 1,e¢ = 1m¢ = ). Incident wave propagates from left to right. (c)
Coordinate transformation of the region in virtual space (x′, y′) into the circle in physical space (x, y).
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particles in the approximation of small size of the particle
compared with the wavelength. The rotation matrix for the
sphere is determined by the angle and the axis of rotation;
therefore, scattering pattern and the optical force are rotated in
the three-dimensional space. Scattered magnetic field can be
also designed in quasistatic regime.

The case of the particle sizes comparable to the wave-
length is much more complicated. In this case, we can also
choose arbitrary scattered electric field at the interface as for
quasistatic fields, but the scattered magnetic field cannot be
arbitrary then. In fact, they are connected by Maxwell’s
equations or, equivalently, with the surface impedance at the

interface between the particle and ambient medium .Ĝ Hence
the specified scattered electric field EI Ssc∣ (e.g., defined by the
potential functions ψ1 and ψ2) must result in the magnetic
field HI Ssc∣ (potential function ψ3), because they are con-

nected via the surface impedance as E HI I .S Ssc sc∣ ˆ ∣= G The
surface impedance technique has been developed, e.g., in
[24, 25], where the impedances of the partial cylindrical and
spherical waves can be found. Thus, the potential functions
and material tensors should depend on the solutions of the
Maxwell equations (Hankel functions of argument ωa/c).
This inevitably leads to the lossy dispersive transformation
media.

Transformation optics predicts the pulling optical force
for an object made of anisotropic inhomogeneous materials.
Pulling force makes a reality the tractor beams recently pro-
posed in a number of works [26–29]. The transformation
optics approach is advantageous for searching material para-
meters of the objects that can be pulled by a simple wave,
such as a plane wave, in contrast to the previous approaches
dealing with intricate light beams. Moreover, the transfor-
mation optics paves the way to the total control of the optical
force. With an impenetrable cavity inside the transformation-
medium particle (as for a cloak), any object inside the cavity
can be dragged in any direction by a simple plane wave.

The main problem with the experiment is the fabrication
of the particles with required material tensors, e.g., as in
figure 4. If the scatterers are manufactured, their character-
ization can be carried out, e.g., using the dark-field micro-
scopy as in [16]. However, we do not discuss the required
experimental facilities here. Current research is destined to
show one more path for the transformation optics.

Figure 3. Region of transformation in virtual space (top row) and direction of the force f exerted by the x-incident plane wave (bottom row)
for three sets of parameters in potential function (27): (a) B1 = B3 = 0.2, B2 = 0.1, and 0;1 2 3b b b= = = (b) B1 = B2 = 0.2, B3 = 0, and

2 0;1 2 3b p b b= = = (c) B1 = 0.3, B2 = 0.2, B3 = 0, β1 = π/2, and β2 = β3 = 0.

Figure 4. Angle dependence of the components of dielectric
permittivity tensor ˆ ˆe m= for B B 0.1,1 2= = B3 = 0, and

0.1 2 3b b b= = =
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In conclusion, we have applied the method of transfor-
mation optics to the prediction of the scattered fields and
optical forces in quasistatic regime. We have revealed that the
coordinate transformation can be used to generate any scat-
tered electric field. Unlike the ordinary transformation optics
devices, which keep the boundary of the device upon trans-
formation from virtual to real space, the scattered field gen-
erators change the transformation region. This very feature is
responsible for the creation of the electromagnetic field,
which is absent in the virtual space. Our approach perfectly
controls the optical forces, thus being good tool in optical
micromanipulation.
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