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A quasi-classical model of ionization equilibrium in the p-type diamond between hydrogen-like

acceptors (boron atoms which substitute carbon atoms in the crystal lattice) and holes in the

valence band (v-band) is proposed. The model is applicable on the insulator side of the insulator–

metal concentration phase transition (Mott transition) in p-Dia:B crystals. The densities of the spa-

tial distributions of impurity atoms (acceptors and donors) and of holes in the crystal are considered

to be Poissonian, and the fluctuations of their electrostatic potential energy are considered to be

Gaussian. The model accounts for the decrease in thermal ionization energy of boron atoms with

increasing concentration, as well as for electrostatic fluctuations due to the Coulomb interaction

limited to two nearest point charges (impurity ions and holes). The mobility edge of holes in the

v-band is assumed to be equal to the sum of the threshold energy for diffusion percolation and the

exchange energy of the holes. On the basis of the virial theorem, the temperature Tj is determined,

in the vicinity of which the dc band-like conductivity of holes in the v-band is approximately equal

to the hopping conductivity of holes via the boron atoms. For compensation ratio (hydrogen-like

donor to acceptor concentration ratio) K� 0.15 and temperature Tj, the concentration of “free”

holes in the v-band and their jumping (turbulent) drift mobility are calculated. Dependence of the

differential energy of thermal ionization of boron atoms (at the temperature 3Tj/2) as a function of

their concentration N is calculated. The estimates of the extrapolated into the temperature region

close to Tj hopping drift mobility of holes hopping from the boron atoms in the charge states (0) to

the boron atoms in the charge states (�1) are given. Calculations based on the model show good

agreement with electrical conductivity and Hall effect measurements for p-type diamond with bo-

ron atom concentrations in the range from 3� 1017 to 3� 1020 cm�3, i.e., up to the Mott transition.

The model uses no fitting parameters. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4954281]

I. INTRODUCTION

Boron-doped p-type diamonds (p-Dia:B) are attractive

for use as electrodes in electrochemistry,1 as well as in

power semiconductor electronics.2 Experimental studies of

p-Dia:B superconductivity at liquid helium temperatures are

a topic of current interest (see, e.g., Ref. 3). The effect of

compensation of acceptors by donors in semiconductor oxide

ceramic of p-type on its transition from a superconducting to

an insulating state is discussed in Ref. 4. Studies of electrical

properties of diamond become especially relevant due to the

development of effective technologies for the synthesis of

perfect crystalline films and massive (bulk) diamond sam-

ples,5–7 and to the broader application of such materials.

Currently, there is not enough information about the ion-

ization equilibrium and the migration of holes in the temper-

ature range where band-like and hopping dc conductivities in

p-Dia:B crystals are comparable. This information is impor-

tant, for example, in designing diamond based bolometers

(see, e.g., Ref. 8), when it is necessary to predict the temper-

ature of the transition from band-like to hopping conduction

to block the migration of holes between acceptors. Generally

speaking, this line of research of electrical properties of dia-

mond crystals is not developed in the desirable limits.

Indeed, in Ref. 9, the model of transition of p-Dia:B from the

insulating to the metallic state (Mott transition10) under the

increase in boron concentration is proposed in the presence

of electrical conduction of v-band holes. The critical concen-

tration of boron atoms (NM� 4� 1020 cm�3) at which the

Mott transition occurs is found experimentally in Ref. 11.

The calculation of dc hopping conductivity of p-type dia-

mond by means of hole hopping via the (0) and (�1) charge

states of boron atoms is performed in Ref. 12. However, no

quantitative comparison of calculations of the concentration

and the mobility of holes with experimental data specifically

at the temperature of mass transition from “free” migration

of holes in the v-band to hopping migration of holes via

acceptors has been performed to date.

The purpose of this work is to develop a quasi-classical

model of ionization equilibrium and of hole migration in

boron-doped p-type diamond crystals in the temperature

range of the transition from band-like to hopping dc electri-

cal conduction.

The temperature dependence of the logarithm of the

electrical resistivity q on the reciprocal temperature 1/T
for crystalline semiconductors doped and compensated bya)Electronic mail: poklonski@bsu.by

0021-8979/2016/119(24)/245701/10/$30.00 Published by AIP Publishing.119, 245701-1

JOURNAL OF APPLIED PHYSICS 119, 245701 (2016)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Download to IP:  217.21.43.85 On: Wed, 22 Jun 2016

16:04:35

http://dx.doi.org/10.1063/1.4954281
http://dx.doi.org/10.1063/1.4954281
http://dx.doi.org/10.1063/1.4954281
mailto:poklonski@bsu.by
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4954281&domain=pdf&date_stamp=2016-06-22


hydrogen-like impurity atoms is schematically shown in Fig.

1(a). Note that at the temperature Tj the values of resistivities

qb and qh are approximately equal. Band-like conduction

(the BC regime) is realized at temperatures T> Tj, where an

average hole in the v-band mostly moves “freely” through

the crystal matrix between successive acts of scattering on

phonons and impurity ions. Note that usually the energy of

thermal ionization of the major (doping) impurity is meas-

ured in the temperature range close to T1� 3Tj/2. In the hop-

ping conduction regime (the HC regime) at T<Tj, the hole

is localized near a single acceptor most of the time. Holes

tunnel through the crystal lattice between acceptors in the

charge states (0) and (�1) due to the “assistance” of pho-

nons, so the electrical conductivity r¼ 1/q decreases expo-

nentially with 1/T as temperature decreases in the range

close to T3�Tj/3. It should be noted that in the vicinity of

the temperature Tj the average lifetime of a hole at an

acceptor is approximately equal to the “flight” or jump time

of hole from an acceptor in the charge state (0) to an acceptor

in the charge state (�1). The jump of hole includes a ther-

mally activated transition of hole from an electrically neutral

acceptor to the mobility edge Emb, a flight with thermal

velocity in crystal matrix to the ionized acceptor and capture

on it. This migration regime of the holes can be tentatively

called “relay,”13 “turbulent,”14 or “jumping”15 (the JC

regime). In the JC regime, mass capture of holes from the

v-band by acceptors in the charge state (�1) occurs. This

results in increased mobility of the remaining holes in the

v-band due to the decrease in the concentration of scattering

ions.16

A stationary current density of “free” v-band holes Jp

along the x axis is given by (see, e.g., Refs. 17–19)

Jp ¼ epmblp%� eDp
dpmb

dx
¼ rp%� eDp

dpmb

dx
; (1)

where e is the elementary charge, pmb is the concentration of

holes with energies greater than the mobility edge Emb that

unrestrictedly migrate via the v-band states within the entire

crystal sample, lp is the drift mobility of holes, % is the

strength of an external electric field along the x axis, Dp

is the diffusion coefficient, x is the coordinate, and rp ¼
epmblp ¼ 1=qb is the electrical conductivity of the holes in

the v-band. The ratio Dp=lp ¼ npkBT=e is higher than the

classical value kBT=e, where kB is the Boltzmann constant,

and T is the absolute temperature; parameter np� 1 increases

with increasing hole concentration.20,21

A stationary hopping current density Jh of holes migrat-

ing via hydrogen-like acceptors in charge states (0) and (�1)

is given by12,22,23

Jh ¼ eNh Mh%� eDh
d

dx
ln

N0

N�1

� �� �
¼ rh%� eDh

dN0

dx
;

(2)

where Nh ¼ N0N�1=ðN0 þ N�1Þ � N0N�1=N is the effective

concentration of hopping holes, N0=N is the fraction of the

electrically neutral acceptors, N�1=N is the fraction of the

ionized acceptors, % is the strength of an external electric

field, Mh is the hopping mobility of holes, Dh is the diffusion

coefficient of holes hopping along the x axis, rh ¼ eNhMh ¼
1=qh is the electrical conductivity of holes of the acceptor

band. The ratio Dh=Mh ¼ nhkBT=e exceeds the classical

value kBT=e; the parameter nh � 1 increases with the broad-

ening of the acceptor band.23

It is clear that Eqs. (1) and (2) are applicable in the drift-

diffusion approximation. It means that the strength of an

external electric field %ðxÞ, as well as the concentrations

pmbðxÞ and N0ðxÞ ¼ N � N�1ðxÞ significantly change along

the x axis only for distances much greater than the mean free

path of the hole and the mean hop distance of a hole between

the acceptors.

II. STATISTICS OF HOLES AND CHARGE STATES OF
HYDROGEN-LIKE ACCEPTORS IN p-TYPE DIAMOND
CRYSTALS

We assume that the impurity atoms are randomly dis-

tributed over the sites of the diamond crystal lattice. Let p be

the average over the crystal volume V concentration of holes

in the v-band, N ¼ N0 þ N�1 be the sum of the average con-

centrations of acceptors (boron atoms) in the charge states

(0) and (�1), and KN be the concentration of donors, all in

the charge state (þ1), where 0<K< 1 is the compensation

ratio of acceptors by donors. Then, the electrical neutrality

condition has the form (see, e.g., Refs. 18 and 19)

p ¼ N�1 � KN; (3)

where p and N�1 are temperature dependent.

The average over the crystal volume V concentration of

all holes in the v-band9,24,25

p ¼ 1

V

ðþ1
�1

gp fp dEp; (4)

where gp is the energy density of states of holes, fp ¼
f1þ exp½ðEp � EFÞ=kBT�g�1

is the Fermi–Dirac function,

Ep ¼ Ekin þ Up is the total energy of the hole (the sum of ki-

netic Ekin and potential Up energies), EF is the Fermi level

FIG. 1. (a) Diagram showing the dependence of the logarithm of the dc elec-

trical resistance q on the reciprocal temperature 1/T for a p-type crystalline

semiconductor in the regimes of hole migration in the v-band (qb) and hop-

ping via acceptors (qh). (b) Energy band diagram of the crystal: states of the

v-band filled with electrons are hatched; the top of the v-band of the undoped

crystal is set as the origin of the hole energy Ep; x is an axis of the Cartesian

coordinate system; EF< 0 is the Fermi level, Emb< 0 is the mobility edge

for v-band holes; En is the single-electron energy. (c) The probability density

functions of fluctuations of potential energy of v-band holes (Gp) and of

energy levels of acceptors in the acceptor band (Ga).
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(EF< 0 in the band gap), and kBT is the thermal energy. The

top of the v-band (Ep¼ 0) of an undoped crystal is set as the

reference point for EF [Fig. 1(b)]. Holes in the v-band with

an energy Ep above the mobility edge Emb (Ep>Emb) are

delocalized in a crystal.26

According to Refs. 27 and 28, the probability density

function of potential energy Up fluctuations of a hole in the

v-band of a bulk crystal is normal (Gaussian)

Gp ¼
1ffiffiffiffiffiffi

2p
p

Wp

exp �
U2

p

2W2
p

 !
; (5)

where Wp is the root-mean-square fluctuation of the hole

energy [see Fig. 1(c)].

Taking into account Eq. (5) in the quasi-classical

approximation27–29 for the energy density of states of the

holes in the v-band, we find24,25

gp ¼
V 2mpð Þ3=2

2p2�h3

ðEp

�1
Ep � Upð Þ1=2Gp dUp; (6)

where mp is the density-of-states effective mass of holes in

the v-band of undoped diamond, and �h ¼ h=2p is the reduced

Planck’s constant.

Taking into account three subbands of the diamond va-

lence band (v-band) [heavy (h) and light (l) holes, as well as

holes in the subband split-off due to the spin-orbit interaction

(so)], the hole effective mass mp is equal30

mp ¼ ðm3=2
h þ m

3=2
l þ m3=2

so Þ
2=3 ¼ 0:992m0;

where mh ¼ 0:78m0 is the heavy hole effective mass, ml ¼
0:14m0 is the light hole effective mass, mso ¼ 0:394m0 is the

hole effective mass in the spin-orbit split-off subband of the

v-band, and m0 is the electron mass in vacuum.

The average concentration of mobile v-band holes (char-

acterizes the dc electrical conductivity rp and the stationary

Hall effect) is determined as

pmb ¼
1

V

ðþ1
Emb

gp fp dEp; (7)

where V is the volume of the diamond sample and Emb is the

mobility edge of holes [see Fig. 1(b)].

The average concentration of the acceptors in charge

state (�1), taking into account deviations of their energy lev-

els Ea from the average value �Ea, can be written as31,32

N�1 ¼ N

ðþ1
�1

f�1Ga dðEa � �EaÞ ¼ N�f �1 ¼ Nð1� �f 0Þ; (8)

where f�1 ¼ 1� f0 is the probability that an arbitrary

acceptor with energy level Ea> 0 higher than the top of the

v-band is ionized, Ga is the probability density function for

the distribution of energy levels Ea relative to �Ea in the dia-

mond band gap [Fig. 1(c)].

Excluding the excited states of all the acceptors for f�1,

we find18,19

f�1 ¼ 1� f0 ¼ f1þ ba exp½ðEa þ EFÞ=kBT�g�1; (9)

where ba ¼ 4þ 2 expð�eso=kBTÞ is the degeneracy factor of

level Ea considering all three hole subbands in the diamond

v-band, eso¼ 6 meV is the value of so-subband split-off (due

to spin–orbital interaction) from the degenerate heavy and

light hole subbands. If the thermal energy kBT [e.g., at

T¼ T1; Fig. 1(a)] is substantially larger than eso, then ba� 6.

Taking into account only the excited states of electri-

cally neutral acceptors, the quantity ba in Eq. (9) should be

replaced by18,32

bam ¼ ba

Xlm
l¼1

l2 exp
1� l2ð ÞEa

l2kBT

" #
; (10)

where lm� 1 is the largest number of possible excited states

of the average acceptor in the charge state (0). The number lm
is determined by the equality of the hole orbit radius l2

maH in

the excited state lm to half the average distance between im-

purity atoms dim/2. This quantity is taken to be continuous,

i.e., l2
maH ¼ dim=2, where dim � 0:554½ð1þ KÞN��1=3

. The

Bohr orbit radius aH for a hole is determined by the thermal

ionization energy Ia ¼ e2=8peaH of a solitary acceptor in the

ground (non-excited) state l¼ 1 in the lightly doped diamond

crystal. Here, e¼ ere0 is the static permittivity, er¼ 5.7 is the

relative permittivity of the diamond due to v-band electrons,33

and e0 is the electric constant. To this end, the quantity lm can

be viewed as lm ¼ ðdim=2aHÞ1=2
, where aH¼ e2/8peIa. In Eq.

(10), the summation over l taking into account lm� 1 can be

approximately replaced by integration34

bam

ba

� 1þ
ðlm

1

l2 exp
1� l2ð ÞEa

l2kBT

" #
dl; (11)

where lm � 0:526ð8pere0Ia=e2Þ1=2½ð1þ KÞN��1=6
. In numeri-

cal calculations of the ionization equilibrium in p-Dia:B crys-

tals at Tj in Eqs. (8) and (9) instead of ba, the quantity bam

determined by Eq. (11) will be used. Note that the condition

lm¼ 1 for Ia¼ 370 meV and compensation ratio K� 0.05 cor-

responds to the boron concentration N� 5� 1020 cm�3 that is

close to the experimental Mott transition concentration

NM� 4� 1020 cm�3 after Ref. 11.

According to Refs. 35 and 36, we assume a Gaussian

probability density function Ga for the acceptor energy level

distribution Ea over the crystal (cf. representation of Ga in

Ref. 37)

Ga ¼
1ffiffiffiffiffiffi

2p
p

Wa

exp
� Ea � �Eað Þ2

2W2
a

" #
; (12)

where Wa is the effective width of the acceptor band [see

Fig. 1(c)].

Let us find according to Refs. 31 and 32, and Fig. 1(b)

the position of the “center” of the acceptor band �Ea (relative

to the top of the v-band in the undoped crystal Ep¼ 0). The

quantity �Ea is the energy needed for dissociation of the bound

state of hole on a statistically average acceptor due to the

thermal fluctuations. Specifically, �Ea is equal to the energy of

ionized acceptor with screening “cloud” of charges �E�1 ¼
I�1 þ Ecor plus the energy of hole passed into the v-band on

245701-3 Poklonski et al. J. Appl. Phys. 119, 245701 (2016)
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its mobility edge Emb and minus the energy of neutral

acceptor �E0 � I0. Thus, we yield

�Ea ¼ �E�1 þ Emb � �E0 ¼ Ia þ Ecor þ Emb; (13)

where Ia ¼ I�1 � I0 is the energy level (thermal ionization

potential) of a solitary acceptor (for Ecor¼Emb¼Ep¼ 0),

Ia¼ 370 meV for a boron atom as a substitutional impurity in

the diamond crystal lattice,38 Ecor< 0 is the energy of the

correlative reduction of thermal ionization energy of the

acceptor in the charge state (0) due to the screening of the

acceptor in the charge state (�1) by a “cloud” of charges

(with the total charge þe), Emb¼EperþEexc< 0 is the mo-

bility edge of holes in the v-band,39 Eper is the percolation

threshold for the diffusion of holes in the v-band, and

Eexc< 0 is the shift of the top of the v-band into the band gap

due to the exchange interaction of holes of the v-band.

Note that when the tail of the density of states of holes

in the v-band can be neglected (Wp� Wa), the mobility edge

coincides with the top of the v-band: Emb¼Ep¼ 0 (see, e.g.,

Refs. 9, 31, and 32). If the energy of the hole Ep is less than

the mobility edge Emb, then the hole can only move within a

limited volume in the crystalline sample.

Let us specify in Eq. (13), the energy quantities

Ecor < 0; Eper < 0; Eexc < 0, and Emb ¼ Eper þ Eexc < 0.

According to Refs. 9, 31, 39, and 40, the total electro-

static correlation energy Ecor of the system “acceptor impu-

rity ion þ cloud of screening point charges” is equal to41

Ecor ¼ �
3e2

16pe Ks þ dsð Þ < 0; (14)

where Ks is the screening radius of the Coulomb field of the

impurity ion in the Debye–H€uckel approximation, ds �
0:554½N þ KN þ p��1=3

is the average distance between near-

est acceptors, donors, and v-band holes (point particles ran-

domly distributed over the crystal; see, e.g., Refs. 42 and 43).

When deriving Eq. (14) in accordance with numerical esti-

mates,9 it was assumed that an average acceptor in the charge

state (�1) has the time to gather around it a cloud of screen-

ing charges before capturing a hole from the v-band, i.e.,

prior to electrical neutralization of the ionized acceptor.31

The screening radius of the impurity ion Coulomb field,

taking into account holes in the v-band, is defined by the

expression12,21,22,44

K�2
s ¼

e2

ekBT

p

np

þ Nh

nh

� �
; (15)

where p ¼ N�1 � KN is the total concentration of holes in the

v-band and Nh ¼ N0N�1=N � �f 0
�f �1N is the effective concen-

tration of holes that hop between acceptors in charge states (0)

and (�1); np� 1 and nh� 1 are dimensionless parameters

np ¼
p

1

V

ðþ1
�1

gp fp 1� fpð Þ dEp

;

nh ¼
�f 0

�f �1ðþ1
�1

Ga f0 f�1 d Ea � �Eað Þ
:

(16)

Note that for Wp � kBT and Wa � kBT, according to Eq.

(16), the parameters are np ¼ nh ¼ 1. Analytical approxima-

tions and numerical calculations of np and nh for Wp 	 kBT
and Wa 	 kBT are given in Refs. 12, 23, and 44–46.

Assuming24,28,47 that a critical part of the volume of a

three-dimensional semiconductor sample that is available for

the diffusive motion of holes in the v-band and that corre-

sponds to the energy level of their diffusion percolation Eper is

ðEper

�1
Gp dUp ¼

1ffiffiffiffiffiffi
2p
p

Wp

ðEper

�1
exp �

U2
p

2W2
p

 !
dUp ¼ 0:17;

we obtain48

Eper � �0:955Wp < 0: (17)

As the concentration of v-band holes increases, their

exchange interaction becomes significant.39,40,49 Consequently,

the energy position of the top of the v-band (Ep¼ 0 for an

undoped crystal) shifts deeper into the band gap, decreasing

the energy level of diffusion percolation Eper [see Eq. (17)] by

Eexc ¼
ðEF

�1
EexcðUpÞGpðUpÞ dUp < 0; (18)

where Eexc(Up) is the exchange energy for a v-band hole,

GpðUpÞ is given by Eq. (5). (According to Refs. 39 and 40, in

Eq. (18) averaging over fluctuations of potential energy Up of

v-band holes was performed.) For an isotropic dispersion law

of a highly degenerate gas of all holes in the v-band, the

exchange energy for a hole Eexc(Up) after Slater50,51 in ac-

cordance with Refs. 39 and 40 takes the form (for EF>Up)

Eexc Upð Þ ¼ �
3e2

8p2e�h
2mp EF � Upð Þ½ �1=2: (19)

In the limit Wp ! 0, when GpðUpÞ takes the form of the

Dirac delta function dðUpÞ, Eq. (18) turns into the Slater for-

mula,49–52 i.e., into Eq. (19) at Up¼ 0 and EF 	 kBT.

Thus, taking into account Eq. (19), Eqs. (17) and (18)

give the mobility edge of v-band holes [see Eq. (7)]

Emb ¼ Eper þ Eexc < 0: (20)

To calculate using Eq. (20), the dependence of Emb on the

concentration of impurity atoms and v-band holes, and on

the temperature we need to establish in Eqs. (17) and (18)

the dependence of Wa and Wp on the same quantities.

Following Refs. 9 and 53, we assume that an insulator–-

metal concentration phase transition in the limit of zero tem-

perature (T ! 0) takes place when the Fermi level EF

crosses the mobility edge Emb of v-band holes (which is

equal to the sum of the percolation threshold Eper and the

exchange energy Eexc), i.e., when EF¼Emb.

III. ELECTROSTATIC FLUCTUATIONS OF ENERGY OF
A HOLE IN THE ACCEPTOR AND VALENCE BANDS

The concentration of all point charged particles Nch

that satisfies the condition of electrical neutrality (3) is

Nch ¼ N�1 þ KN þ p ¼ 2ðKN þ pÞ.

245701-4 Poklonski et al. J. Appl. Phys. 119, 245701 (2016)
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Taking into account only Coulomb interaction between

the two nearest “point” charges in the crystal, for the effec-

tive width of the acceptor band Wa, which is equal to the

root-mean-square fluctuation of the energy of the ionized

acceptor, we find31,32,54

Wa ¼
e2

4pere0

ð1
0

1

r2

X3

i¼1

Pi rð Þ dr

" #1=2

� 2:64
e2

4pe
N

1=3
ch ; (21)

where
P3

i¼1 PiðrÞ dr ¼ 4pr2Nch expð�4pr3Nch=3Þ dr is the

Poisson probability55 that the charged particle nearest to a

given charged point particle (charged acceptor (�1), charged

donor (þ1) or v-band hole) is located at a distance from r to

rþ dr, and that there are no other charged particles in the

volume 4pr3/3 of a ball centered on the given charge.

The average distance between the nearest point charged

particles in the crystal matrix, taking into account the proba-

bility density PiðrÞ from Eq. (21) takes the form42,43

dch ¼
ð1

0

r
X3

i¼1

PiðrÞ dr � 0:554N
�1=3
ch ; (22)

where Nch ¼ 2N�1.

Let us now find an expression for the mean fluctuation

Wp of the v-band hole potential energy. Note that Eq. (21)

for the root-mean-square fluctuation Wa of the potential

energy of an acceptor in the charge state (�1) is written for

“frozen” point particles with charge 6e randomly distributed

(after Poisson) over the volume of a crystal.56 As noted in

Ref. 28, an average hole in the v-band with energy above

Emb does not notice potential energy fluctuations on a spatial

scale smaller than or comparable to its mean wavelength kp

(after de Broglie). However, no explicit analytical expression

for the root-mean-square fluctuation of the electrostatic

potential energy of v-band hole (or c-band electron) is given

in Ref. 28 (see also Refs. 47 and 57).

Let us randomly select a region in the crystal with volume

k3
p � 2=p. Here, the factor 2 takes into account that, according

to the Pauli principle, two v-band holes with opposite spins can

simultaneously occupy the same volume � k3
p. The correspond-

ing wavelength of an average hole58,59 is kp � ðp=2Þ�1=3
.

There are q ¼ k3
p=d3

ch charged particles located within this vol-

ume. Each particle is localized in a region with linear dimen-

sions dch � 0:554N
�1=3
ch , where Nch ¼ pþ KN þ N�1. We

assume that the potential energy Us of each sth charged particle

has the same distribution law, thus the average potential energy

of the considered v-band hole Up ¼ ð1=qÞ
P

s Us. Using the

relation for variance of the arithmetic mean of mutually inde-

pendent identically distributed random variables60–62

Var Upð Þ ¼
1

q
Var Usð Þ; (23)

where the corresponding variances are VarðUpÞ ¼ W2
p and

VarðUsÞ ¼ W2
a , we get63

Wp ¼
1

q1=2
Wa ¼

dch

kp

� �3=2

Wa � 0:29
p

Nch

� �1=2

Wa; (24)

where Wa is determined by Eq. (21). Since for a p-type semi-

conductor p < Nch, it follows from Eq. (24) that Wp<Wa.

We note that, according to Eqs. (17), (20), and (24), as

well as condition (3), the energy value Emb of the mobility

edge of v-band holes depends on their concentration p, which

does not agree with the arguments presented in Ref. 64.

Let us rewrite the condition of electrical neutrality (3)

for weakly doped with boron (N � NM) p-type diamond

crystals taking into account Eqs. (4)–(20). For an “ideal” dia-

mond of p-type, when Wa� kBT, Wp� kBT, and �Ea ¼ Ia

¼ 370 meV, taking into account excited states of the electri-

cally neutral boron atoms from Eq. (3), we yield (see, e.g.,

Refs. 18, 19, and 25)

pðKN þ pþ paÞ ¼ pað1� KÞN; (25)

where pa ¼ ðpv=baiÞ expð�Ia=kBTÞ; pv ¼ 2ð2pmpkBTÞ3=2=
ð2p�hÞ3; the degeneracy factor bai is determined by Eq. (11)

for Ea substituted by Ia.

For the low temperatures, when KN 	 pþ pa, from Eq.

(25) we get standard expression relating the concentration p
of delocalized holes in the v-band to the thermal ionization

energy Ia of a solitary boron atom

p ¼ 1� K

K
pa ¼

1� Kð Þpv

Kbai

exp � Ia

kBT

� �
: (26)

Note that the condition KN	 pþ pa combined with Eq. (26)

gives the restriction on hole concentration p� K(1 � K)N.

For the high temperatures, when pa	 KNþ p, from Eq.

(25), we get p¼ (1 � K)N and pa	 N.

In short, we suggest the following algorithm of the nu-

merical calculations using Eqs. (3)–(24):

(i) Initial parameters of a semiconductor (boron-doped

diamond) are set: er, ba, Ia, mp, the compensation ratio

K, the temperature T, the range of variation of the

doping impurity concentration N, and the relative

error of calculations egoal ¼ 10�5.

(ii) By using Eq. (25) the concentration of v-band holes p
in an “ideal” p-Dia:B is calculated. Then, according

to Eqs. (21) and (24), where Nch¼ 2(pþKN), seed

values of the root-mean-square fluctuations Wa and

Wp can be evaluated.

(iii) By using numerical methods the nonlinear electrical

neutrality equation (3) is solved for the unknown Fermi

level EF taking into account obtained seed values of the

root-mean-square fluctuations Wa and Wp. The quanti-

ties p and N�1, which enter into Eq. (3), are determined

on the basis of Eqs. (4) and (8) by involving Eqs. (5),

(6), (9), and (11)–(20). The computed value EF allows

to refine the values of Wa, Wp, N�1, and p.

(iv) The solution of the electrical neutrality equation (3)

and refinement of the values of Wa, Wp, N�1, and p
are iteratively performed until their relative error

becomes less than the desired one egoal. The relative

error e(X) of the value of a calculated quantity X ¼
fEF;Wa;Wp;N�1; pg is calculated as: eðXÞ ¼ 2jXk

�Xk�1j=jXk þ Xk�1j, where Xk is the value of a quan-

tity X at the kth step of the iterative procedure.
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Let us test this algorithm and the developed quasi-

classical theory on the experimental results of Ref. 65. In

this work using photoelectric spectroscopy at T¼ 300 K, a

crystalline film of p-Dia:B was studied. The film was grown

by CVD method and then was annealed in microwave hydro-

gen plasma at temperature 800 8C during 5 min. According

to Ref. 65, the Fermi level EF at the boron concentration

N¼ (2–3)� 1020 cm�3 is located in the band gap at

90–120 meV above the top of the v-band of the undoped dia-

mond. Calculation using Eqs. (3)–(24) at temperature

T¼ 300 K gives EF� 100 meV for N¼ 2.5� 1020 cm�3 at

K� 0.28. Such a compensation ratio can be attributed to the

compensation of boron atoms by hydrogen, or, more specific,

due to the formation of electrically neutral associates of bo-

ron with hydrogen.

IV. CALCULATION OF THE IONIZATION EQUILIBRIUM
PARAMETERS IN p-Dia:B UNDER TRANSITION FROM
BAND-LIKE TO HOPPING CONDUCTION

In Refs. 63 and 66, on the basis of the virial theorem,

the characteristic temperature Tj of the transition from the

hopping migration of holes via boron atoms (the HC regime)

to the band-like migration of holes via states of the v-band

(the BC regime) is determined. According to these works,

the value of Tj temperature, for which rp� rh [see Fig. 1(a)],

is found from the equation

Tj �
0:728

kB

e2

4pere0

N�1 Tjð Þ þ p Tjð Þ½ �1=3; (27)

where N�1ðTjÞ and pðTjÞ ¼ N�1ðTjÞ � KN depends on Tj and

the compensation ratio K, according to the electroneutrality

condition (3).

In the limit of low concentration of holes in the v-band

pðTjÞ � N�1ðTjÞ � KN from Eq. (27), we yield

Tj �
0:728

kB

e2

4pere0

KNð Þ1=3
; (28)

where KN is the concentration of hydrogen-like donors

which compensate the boron atoms.

An algorithm of calculation of the values Wa, Wp, N�1,

and p at temperature Tj according to Eq. (27) is analogous to

that given in the end of the Section III. At the beginning, a

seed value of Tj using Eq. (28) is calculated. The described

iterative procedure for calculation of the values Wa, Wp, N�1,

and p at the seed temperature is performed. Using Eq. (27)

the value of Tj is refined. The iterative procedure for determi-

nation of Wa, Wp, N�1, and p and refinement of Tj are per-

formed until the relative error of Tj becomes less than egoal.

Fig. 2 shows the results of calculations of temperature

TjðN;KÞ, determined from Eq. (27), applied to boron-doped

p-type diamonds for compensation ratios K¼ 0.15 and

K¼ 0.5 as a function of boron atom concentration N. The val-

ues of Tj obtained from experimental data67–75 are also pre-

sented. We should note that the compensation ratio of the

diamond samples with boron concentration N� 3� 1017 cm�3

studied in Refs. 67–75 can reach K� 0.5, and for

N� 3� 1020 cm�3, it can reach K� 0.05. The value of K

affects the position of the Fermi level EF relative to the edges

of the allowed energies.76 It leads to the change in the relation

between concentrations of ionized and electrically neutral

impurities.18,19 Note that in Ref. 77, the temperature depend-

ence of electric conduction of n-type homoepitaxial diamond

films doped with donor atoms of phosphorus (thermal ioniza-

tion energy of a solitary atom �0.6 eV) was measured. The

transition from conduction-band to donor-band migration of

electrons for donor concentration N� 4� 1019cm�3 occurs at

the temperature Tj� 400 K. The calculation using Eq. (28) for

the compensation ratio K� 0.15 gives Tj� 390 K.

Fig. 3 shows the concentration pmb of delocalized v-band

holes [with energy Ep higher than the mobility edge EmbðTjÞ ¼
Eper þ Eexc according to Eq. (20)] as a function of the dopant

concentration N at K¼ 0.15, calculated using Eq. (7). Fig. 3

also shows a comparison of these calculations with measure-

ments of the dc electrical conductivity r ¼ rp þ rh ¼ 1=q

FIG. 2. Dependence of the temperature Tj (at which rp�rh) on the concen-

tration N of boron atoms in a p-type diamond crystal at compensation ratios

K¼ 0.15 (curves 1 and 10) and K¼ 0.5 (curve 2). Values of Tj obtained from

experimental data are indicated by markers: a—Ref. 67, b—Ref. 68, c—

Ref. 69, d—Ref. 70, e—Ref. 71, f—Ref. 72, g—Ref. 73, h—Ref. 74, and

i—Ref. 75. Results of calculations using Eq. (27) are shown by solid lines,

results of calculations using Eq. (28)—by dashed line.

FIG. 3. Concentration of mobile holes pmb(Tj) as a function of the concentra-

tion N of boron atoms in a p-type diamond crystal at the compensation ratios

K¼ 0.15 (curves 1, 10, and 3) and K¼ 0.5 (curve 2) at temperature Tj(N, K)

given by Eq. (27). Experimental values of pH [see Eq. (30)] at T¼Tj from

the following references are shown by markers: a—Ref. 71, b—Ref. 72, c—

Ref. 73, and d—Ref. 74. Lines show calculated results using Eq. (7): 1 and

2—at Wa>Wp> 0; 10—at Wa¼ 0, Wp¼ 0 [Eq. (26)]; 3 is the limit of the

total thermal ionization of acceptors pmb¼ (1 � K)N.
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and of the stationary Hall effect in homoepitaxial diamond

films and p-type diamond crystals.71–74 For the analysis of the

experimental data, we used the relation that takes into account

the contribution of both band-like (rp) and hopping (rh) con-

ductivities to the experimental value of the Hall coefficient78,79

RH ¼
Rpr2

p þ Rhr2
h

rp þ rhð Þ2
�

Rpr2
p

rp þ rhð Þ2
¼ 1

epH

r2
p

rp þ rhð Þ2
; (29)

where Rp ¼ 1=epH is the Hall coefficient due to v-band holes

(when the Hall factor equals to unity in a sufficiently strong

magnetic field), Rprp is the Hall mobility of v-band holes, Rh

is the Hall coefficient due to holes hopping between accept-

ors (Rh � Rp), and Rhrh is the hopping Hall mobility of

holes in the acceptor band. Then, according to Eq. (29), the

experimental value of hole concentration pH(Tj) determined

from Hall effect measurements and electric conductivities

at temperature T ¼ TjðN;KÞ, for which rp � rh, takes the

form18

pH Tjð Þ ¼
r2

p

rp þ rhð Þ2
1

eRH
� 1

4eRH
: (30)

We should note that, according to calculations using

Eqs. (4) and (7), in the range of boron concentrations indi-

cated in Fig. 3, the concentration of mobile v-band holes pmb

hardly differs from the total concentration of holes p (devia-

tion ðp� pmbÞ=p < 4%).

The calculation of pmb ¼ p using Eq. (26) for K¼ 0.15

is represented in Fig. 3 by the curve 10. The calculation of

p � pmb ¼ ð1� KÞN for K¼ 0.15 is shown in Fig. 3 by the

curve 3.

By analogy with Eq. (26) the differential energy of ther-

mal ionization E1 of boron atoms in the vicinity of the temper-

ature T1 ¼ 3Tj=2, when pmb � Kð1� KÞN, is determined as

(see, e.g., Refs. 31 and 32)

E1 ¼ �kB
d ln pmbT�3=2

� �	 

d 1=Tð Þ ; (31)

where the concentration pmb of delocalized holes in the v-

band (with energy Ep higher than the mobility edge Emb

within the volume of crystalline diamond sample) is given

by Eq. (7).

The values of E1 calculated using Eq. (31) for tempera-

ture T1¼ 3Tj/2 are compared in Fig. 4 to the experimental

data of Refs. 72, 73, and 80. Experimental values E1 were

determined in the vicinity of the temperature T1¼ 3Tj/2

using linear approximation of the concentration of holes pH

[obtained from the temperature dependences of the Hall

coefficient RH according to Eq. (29)] plotted in the Arrhenius

scale: lnðpHT�3=2Þ against 1/T.

V. DRIFT MOBILITY OF v-BAND HOLES IN THE
REGIME OF THEIR JUMPING (TURBULENT, RELAY)
MIGRATION VIA ACCEPTORS

For the temperature T � TjðN;KÞ, the band-like electri-

cal conductivity rp equals to the hopping conductivity rh.

Then, according to Eqs. (29) and (30), the experimentally

determined Hall mobility lHðTjÞ of v-band holes is related

with the theoretically determined drift mobility lpðTjÞ ¼
rp=epmb of v-band holes in the following way:63

lH Tjð Þ ¼ RHr ¼ 2RHrp ¼
rp

2epH

¼
pmblp Tjð Þ

2pH
�

lp Tjð Þ
2

; (32)

where RH¼Rp is the Hall coefficient of v-band holes,

rðTjÞ ¼ rp þ rh ¼ 2rp is the total conductivity of v-band

holes and of holes hopping between boron atoms, pHðTjÞ �
pmbðTjÞ is the Hall concentration of v-band holes; lpðTjÞ is

the drift mobility of v-band holes at temperature Tj.

We assume that in the vicinity of the temperature Tj, the

average time of “free” motion tj of a hole in the crystal ma-

trix with thermal velocity vt ¼ ð3kBTj=mprÞ1=2
, where mpr is

the conductivity effective mass, is approximately equal to

the average time of hole localization on an acceptor. Thus,

for turbulent transfer of holes (JC regime), the time of flight

of a v-band hole on the mobility edge Emb between acceptors

is roughly equal to the time of “settled life” of hole at an av-

erage acceptor (see also Ref. 81). Therefore, at T � Tj, the

drift mobility lpðTjÞ of v-band holes is approximately equal

to the jumping drift mobility lj of holes via acceptors. Using

the Drude model (see, e.g., Refs. 17, 79, and 82), we can

estimate the value of lj as follows: lj ¼ etj=mpr, where tj ¼
Lj=vt is the average time of free “flight” in the form of a

jump of hole with the speed vt between two acceptors in the

charge states (0) and (�1), and Lj is the projection of the

hole jump distance between acceptors on the direction of the

strength of the constant external electric field in the crystal.

Taking into account the distribution42,61 of angles between a

half-line with fixed direction and a half-line for which all the

directions are equally probable, we get Lj¼ Sa/2, where Sa ¼
1:28½ð1þ KÞN��1=3

is the average distance between the clos-

est acceptors in the crystal matrix (determined in Ref. 43 by

the Voronoi–Dirichlet polyhedra method).83 Finally, for the

drift mobility of v-band holes lpðTjÞ at T � TjðN;KÞ in the

JC regime, we find

FIG. 4. Thermal ionization energy of boron atoms E1< Ia¼ 370 meV at the

temperature T1¼ 3Tj/2 as a function of their concentration N in a p-type dia-

mond. Calculations of E1 using Eq. (31) are shown by curves: 1 for K¼ 0.15

and 2 for K¼ 0.5; experimental data are shown by markers: a—Ref. 72, b—

Ref. 73, and c—Ref. 80.
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lp Tjð Þ � lj ¼
eSa

2vtmpr
� 0:37e

mprkBTjð Þ1=2 1þ Kð ÞN½ �1=3
; (33)

where mpr is the conductivity effective mass of v-band holes

in a diamond crystal19,25,30,79

mpr ¼
m

3=2
h þ m

3=2
l þ m

3=2
so

m
1=2
h þ m

1=2
l þ m

1=2
so

¼ 0:524m0:

Let us use Eq. (33) taking into account Eq. (32) to calcu-

late the jumping mobility of holes lj in p-type diamond at

the temperature T ¼ TjðN;KÞ, found according to Eq. (27).

The comparison of calculation results to experimental

data69,72–74 on Hall mobility is shown in Fig. 5. The meas-

ured values lHðTjÞ agree well with calculations of jumping

mobility of holes lj � lpðTjÞ ¼ 2lHðTjÞ up to the boron con-

centration NM� 4� 1020 cm�3. This boron concentration

corresponds after Ref. 11 to the insulator–metal transition

(Mott transition) in p-Dia:B. Theoretical estimates of the

concentration of boron atoms for the Mott transition

(approaching to it from the insulator and from the metal

side) according to Ref. 53 for K¼ 0.15 give: 6.1� 1020 and

4.9� 1019 cm�3, respectively.

We should note that we also calculated Tj and lj for the

experimental data84 on a ZnO crystal, containing process-

related donors with the concentration N� 6.6� 1018cm�3,

compensation ratio K� 0.2, and thermal ionization energy

Id� 18.3 meV. According to the experiment: lH(Tj)¼ 73 cm2/

(V s) at Tj¼ 95 K. The calculation using Eq. (27) gives the

temperature Tj� 270 K, and the calculation using Eq. (33)

gives the jumping (turbulent, relay) drift mobility of electrons

via donors lj/2� 53 cm2/(V s). In the calculations, the follow-

ing parameters of the ZnO crystal were used:30 er¼ e/
e0¼ 8.28 and mn¼mnr¼ 0.234m0. The difference between

the calculated lj/2 and experimental lH(Tj) values is related

to the fact that the samples of n-ZnO in Ref. 84 are located on

the metal side of the Mott transition. Indeed, the calculations

according to Ref. 53 give the donor concentration in ZnO for

the Mott transition from the insulator and from the metal side:

1.8� 1017 and 2.4� 1017 cm�3, respectively.

Finally, let us estimate the value of drift hopping mobil-

ity of holes Mh between boron atoms in diamond at the tem-

perature T¼Tj(N, K). From the equality of the electrical

conductivities rp and rh¼ eNhMh at T¼ Tj, the expression

for the hopping drift mobility of holes via acceptors follows:

Mh Tjð Þ ¼
rp Tjð Þ

eNh Tjð Þ
:

Whence taking into account that rpðTjÞ ¼ epmbðTjÞlpðTjÞ �
epmblj and NhðTjÞ ¼ N0ðTjÞN�1ðTjÞ=N, we get

Mh Tjð Þ � lj

pmb

N0N�1=N
; (34)

where all the values in Eq. (34) are determined at Tj found

from Eq. (27).

In Eq. (34) at Tj the turbulent (jumping, relay) hole mobil-

ity lj is found using Eq. (33), the concentration of delocalized

v-band holes pmb is found using Eq. (7), and the concentration

of holes hopping between acceptors Nh ¼ N0N�1=N is found

using Eq. (8) and taking into account Eq. (3). If p� N�1 then

from Eq. (3) it follows that Nh ¼ ð1� KÞKN.

The hopping drift mobility of holes calculated using Eq.

(34) is shown in Fig. 6 as a function of a dopant (boron atoms)

concentration. One can see that the quantity MhðTjÞ on the in-

sulator side of the Mott transition is small even at T¼ Tj and

is decreased exponentially at the increase in the average dis-

tance � ½ð1þ KÞN��1=3
between boron atoms. According to

Refs. 12 and 44, in the temperature range close to T3�Tj/3,

the dc hopping conductivity dominates (rh>rp). The effec-

tive concentration of hopping holes Nh ¼ ð1� KÞKN does

not depend on temperature,85 and the mobility MhðT3Þ is pro-

portional to expð�e3=kBT3Þ, where e3 is the thermal activation

energy for migration of holes via acceptors (boron atoms) in

the charge states (0) and (�1). Note that at temperature T3

[see Fig. 1(a)], the hopping mobility is smaller than at temper-

ature Tj. In fact, the ratio of hopping mobilities of holes

MhðT3Þ=MhðTjÞ � exp½�e3ðT3Þ=kBT3 þ e3ðTjÞ=kBTj� < 1,

because e3ðT3Þ=kBT3 > e3ðTjÞ=kBTj. This conclusion is also

FIG. 5. Jumping (turbulent) mobility of v-band holes lj/2 in a p-type dia-

mond crystal as a function of doping impurity (boron atoms) concentration

N at the temperature T¼Tj. Points a–d are the experimental data on Hall

mobility lH(Tj): a—Ref. 69, b—Ref. 72, c—Ref. 73, and d—Ref. 74. Lines

are calculations of drift mobility lj/2 using Eq. (33) taking into account Eqs.

(27) and (32) for K¼ 0.15 (curve 1) and K¼ 0.5 (curve 2).

FIG. 6. Hopping drift mobility Mh(Tj) of holes via boron atoms in the charge

states (0) and (�1) in a diamond crystal of p-type calculated using Eq. (34)

as a function of boron concentration N at the temperature T¼Tj for

K¼ 0.15. Dashed line is the calculation of Mh(Tj) for Nh¼ (1 � K)KN.
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confirmed by theoretical estimates77 of hopping drift mobility

of electrons via donor atoms of phosphorus in the diamond of

n-type.

From the comparison of Figs. 5 and 6, it is seen that at

the temperature T ¼ TjðN;KÞ the calculated jumping (turbu-

lent, relay) drift mobility of v-band holes lj ¼ lpðTjÞ is com-

parable in value with the calculated hopping drift mobility

via boron atoms MhðTjÞ for the boron concentration

N> 1020 cm�3 and the compensation ratio K¼ 0.15.

The above estimates may explain the fact that the Hall

mobility Rhrh of holes hopping between acceptors is not reg-

istered yet up to the acceptor concentration corresponding to

the Mott transition. For example, even for such perfect semi-

conductor crystals as neutron transmutation doped p-Ge:Ga

with compensation ratio K� 0.35 and the concentration of

hopping holes via gallium atoms Nh ¼ ð1� KÞKN � 0:23N,

mobility MhðT3Þ cannot be determined from measurements

of Hall effect (see Refs. 86–88).

VI. CONCLUSION

We developed a quasi-classical theory for calculating

the concentration of holes in the v-band, as well as their drift

mobility in boron-doped p-type diamond crystals in the tem-

perature range when the dc band-like conductivity of v-band

holes rp is roughly equal to the hopping conductivity via bo-

ron atoms rh. The disorder in crystals is caused by a random

spatial distribution of impurity ions and mobile v-band holes.

Comparison with the experiment and numerical calculations

(without the use of any adjustable parameters) were carried

out for the example of p-type diamond crystals doped with

boron atoms with concentration N� 3� 1017–3� 1020 cm�3

with an approximately constant ratio of their compensation

by donors K� 0.15. We assumed that boron atoms can be in

the charge states (0) and (�1), and donors that compensate

them can be only in the charge state (þ1) on the background

of an electroneutral diamond matrix. Within the frame of the

proposed model, a theoretical description of the dependence

of the differential energy of thermal ionization of boron

atoms as a function of their concentration N in the vicinity of

the temperature T1¼ 3Tj/2 is given. The calculation of the

concentration of mobile v-band holes pmb and their jumping

(turbulent, relay) drift mobility lj were performed for the

temperature Tj. At this temperature, determined on the basis

of the virial theorem, the mass capture of holes from the v-

band by negatively charged boron atoms ends, and rp� rh.

The comparison of the calculation results for pmb and lj with

experimental data for the temperature Tj shows quantitative

agreement for concentrations of boron atoms up to the con-

centration corresponding to the insulator–metal concentra-

tion phase transition (Mott transition), from the insulator

side. Estimates of hopping mobility of holes via boron atoms

extrapolated from the low temperature region (close to

T3�Tj/3) into the high temperature region (close to Tj) are

carried out.
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