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DETERMINATION OF THE OPTIMAL ENERGY DENOMINATOR SHIFT PARAMETER
OF KRb ELECTRONIC STATES IN QUANTUM CHEMICAL COMPUTATIONS 
USING PERTURBATION THEORY

M. B. Shundalau* and A. A. Minko UDC 535.34

The infl uence of the energy denominator shift (EDS) parameter and the quantitative and qualitative compositions 
of electronic states included in CASSCF(2,14)/XMCQDPT2 ab initio calculations of the ground state equilibrium 
internuclear distance and dissociation energy of polar KRb was determined.
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Introduction. Polar diatomic molecules (atomic pairs) consisting of different alkali metals (KRb, KCs, RbCs, etc.) 
are under intense experimental and theoretical scrutiny [1, 2] due to their ability to be used in quantum computers, to check 
the fundamental theory of the electron electric dipole moment, to carry out controlled chemical reactions at extremely low 
temperatures, etc. [3, 4]. Molecules in the ground rovibronic state must be produced in order to utilize these capabilities. One 
method for accomplishing this consists of converting polar diatomic molecules into the ground rovibronic state via initial 
optical excitation into higher lying rovibronic states with potential energy functions (PEFs) depending specifi cally on the 
internuclear distance. In this instance, the exact PEFs of the combining electronic states and the energy-spectral and dynamic 
characteristics of their vibronic subsystems must be known for highly effective excitation and subsequent conversion of the 
molecular system into the ground state.

Exact experimental PEF states are constructed by analyzing and interpreting high-resolution rovibronic spectra and 
are based mainly on potential curves obtained from ab initio calculations. Furthermore, ab initio calculations of a system 
of electronic states allow the whole required set of energy, spectral, and other characteristics of the rovibronic states to be 
computed. Quantum-chemical calculations (provided they are spectroscopically accurate) of the electronic structure and 
modeling of the energy-spectral characteristics of the electronic states of molecules including heavy alkali metals are non-
trivial problems. Relativistic corrections for inner electrons, static and dynamic electron-correlation energy components, 
a large number of excited confi gurations, and other factors must be considered.

The diatomic polar KRb molecule is a typical example of the aforementioned compounds. The energy of the KRb 
ground state X1Σ+ as a function of the internuclear distance was studied systematically [5]. The spectroscopic parameters 
of the X1Σ+ state (equilibrium internuclear distance Re, asymptotic limit De, etc.) were obtained and the experimental PEF 
was constructed by analyzing ultrahigh-resolution laser-induced fl uorescence spectra. Ab initio calculations of the electronic 
states of KRb and other similar molecules are traditionally performed using complete active space self-consistent fi eld/multi-
reference confi guration interaction (CASSCF/MRCI) [6–8]. This approach to multi-confi gurational problems enables both 
the static component of the electronic correlation energy (CASSCF) and its dynamic part (MRCI) to be considered. Both 
theory levels that are used sequentially in this instance are based on the variation principle. The calculations reproduced 
suffi ciently successfully the experimental equilibrium internuclear distance Re (4.06770 Å [5]) of ground electronic state 
X1Σ+: 4.055 [6], 4.09 [7], and 4.095 Å [8]. Moreover, the calculations predicted substantially reduced dissociation energies 
De of the ground-state molecule (4106 [6], 4114 [7], and 4130 cm–1 [8]; experimental value 4217.815 cm–1 [5]). A new 
approach to multi-state multi-reference perturbation theory (MS-MRPT) that was recently developed [9] and was called 
extended multi-confi guration quasi-degenerate perturbation theory (XMCQDPT) enables these problems to be examined 
using an alternative approach based on perturbation theory and not the variation principle.
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The principal goal of the present work was to fi nd the optimal parameters for non-empirical quantum-chemical 
CASSCF/MRPT calculations of the electronic state characteristics of polar diatomic molecules including heavy alkali metals 
using KRb as an example.

Calculations. An important feature of MRPT-level theory is the ability to vary the number of states (and their 
qualitative composition) considered in the perturbation theory method in order to achieve the best agreement with the 
experimental data and to use the results further for predictions. Another specifi c feature of MRPT-based quantum-chemical 
calculations is the appearance of so-called intruder states [10]. Such artefacts are generated because of the truncating feature 
of quantum-chemical calculations in terms of perturbation theory for a multi-reference system. A second-order correction to 
the energy of state α generated by its coupling with state s is [10]:
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where H is the unperturbed Hamiltonian; (0)
sE  and (0)Eα , the zero-order energies of states s and α.

The situation (0)
sE  ≈ (0)Eα  is possible for quasi-degenerate states (which is often encountered for excited terms). 

According to Eq. (1), the second-order correction to the energy approaches infi nity and a break occurs in the PEF profi le 
(Fig. 1a). A non-zero correction Δs to the energy of state s (energy denominator shift, EDS) is introduced in order to avoid the 
non-physical behavior of the PEF [10]:

 
(0) (0)
s s sE E= + Δ , 

which is usually written

 Δs = b/( (0)
sE  – (0)Eα ) , 

where b is a certain non-zero parameter. The difference (0)
sE  – (0)Eα  is never equal to zero and the PEF does not develop 

breaks if the energy of the perturbing state is redefi ned in this manner (Fig. 1b). The value 0.02 for parameter b is usually 
recommended in user guides for quantum-chemical programs. It is assumed that it has little effect on the characteristics 
of the calculated states of polyatomic molecules. However, it was shown [11] that parameter b for diatomic molecules has 
a signifi cant effect on the accuracy of the reproduced experimental PEF characteristics. Thus, calculations in terms of MRPT 
[11] using the GAMESS software [12] agreed best with the experimental data for a whole series of diatomic molecules 
including atoms in the fi rst two rows of the Periodic Table (CH, NH, CO, O2, etc.) for b ~ 0.3, which was an order of 
magnitude greater than the recommended value [12].

Fig. 1. Portion of the potential energy function from CASSCF(2,14)/XMCQDPT2 
calculations of the KRb 11Π term with b = 0.0 (a) and 0.001 (b); the minimum of ground-
state term X1Σ+ corresponds to zero potential energy.
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Energies of states at several reference points were calculated in terms of perturbation theory for various b values 
(0–0.3) and a fi xed number (16) of states in order to fi nd the optimal values of b for the examined problem. The calculations 
used the Firefl y applied quantum-chemical software [13] and Stuttgart RSC ECP (effective core potential) basis sets 
ECP10MDF and ECP28MDF [14] for K and Rb atoms.

CASSCF calculations with a density-matrix averaging procedure over 13 states were performed for two active 
electrons involving 14 active orbitals of a molecule with trivial symmetry (C1). In this instance, all examined electronic states 
(both non-degenerate Σ+ and doubly degenerate Π and Δ) belonged to the same symmetry type (A) and were partially mixed 
in the averaging procedure. This situation described more realistically the electronic structure of the molecular system. Then, 
XMCQDPT2 calculations were performed [9]. The electron-correlation energy was considered for all eight doubly occupied 
orbitals in the ground confi guration.

Results and Discussion. Figure 2 shows results from the calculations and indicates that the spectroscopic parameters 
of KRb depended strongly on b. The function was smooth for realistic b values. The equilibrium internuclear distance 
increased with increasing b whereas the dissociation energy decreased. However, whereas the optimal value of b for Re lay 
close to 0.20 (with a certain fi xed number of states in the XMCQDPT2 procedure), at which the calculation reproduced the 
experimental Re, the optimal value of b for De, if it existed at all, was far beyond the limits of its realistic values.

Fig. 2. Equilibrium internuclear distance R e (a) and dissociation energy De (b) of the KRb 
ground-state term as a function of EDS parameter b from CASSCF(2,14)/IMCQDPT2 
calculations including 16 states in the perturbation theory method; lines are experimental 
values [5].

Fig. 3. Equilibrium internuclear distance Re (a) and dissociation energy De (b) of the KRb 
ground-state term as a function of the quantitative and qualitative composition of states in 
the perturbation theory method; lines are experimental values [5].
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The optimal quantitative and qualitative compositions of electronic states included in the XMCQDPT2 procedure 
were assessed for a more accurate reproduction of the KRb experimental spectroscopic parameters. The number of states 
varied from 7 to 16. The qualitative composition included Σ+-, Π-, and Δ-states. The calculations used b = 0.10. The 
calculations were ordered according to increasing calculated Re (Fig. 3). The initial set (calculation 14) consisted of 7 lower 
singlet states of KRb (ground X1Σ+ and excited 21Σ+, 31Σ+, 11Π, and 21Π ). All other calculations included necessarily this 
set of states and also several others. Calculation 1 included the seven initial states in addition to 41Σ+, 51Σ+, 61Σ+, 11Δ, 31Π, 
and 41Π (16 total states); calculation 2 (here and further, only states in addition to the seven initial ones are given), 41Σ+ and 
61Σ+ (9 states); calculation 3, 41Σ+ (8 states); calculation 4, 41Σ+, 51Σ+, and 61Σ+ (10 states); calculation 5, 41Σ+ and 
51Σ+ (9 states); calculation 6, 11Δ, 31Π, and 41Π (13 states); calculation 7, 11Δ and 31Π (11 states); calculation 8, 11Δ and 41Π 
(11 states); calculation 9, 31Π and 41Π (11 states); calculation 10, 11Δ (9 states); calculation 11, 31Π (9 states); calculation 12, 
41Π (9 states); calculation 13, 61Σ+ (8 states); calculation 15, 51Σ+, 61Σ+, 11Δ, 31Π, and 41Π (15 states); calculation 16, 51Σ+, 
61Σ+, 11Δ, and 41Π (13 states); calculation 17, 51Σ+, 61Σ+, 11Δ, and 41Π (13 states); calculation 18, 51Σ+, 61Σ+, 31Π, and 
41Π (13 states); calculation 19, 51Σ+, 61Σ+, and 11Δ (11 states); calculation 20, 51Σ+, 61Σ+, and 41Π (11 states); calculation 
21, 51Σ+, 61Σ+, and 31Π (11 states); calculation 22, 51Σ+ and 61Σ+ (9 states); and calculation 23, 51Σ+ (8 states).

Thus, inclusion of 41Σ+ and 51Σ+ states in perturbation-theory calculations played a decisive role in reproducing 
the experimental spectroscopic parameters of the KRb ground state because calculations 1–5, which predicted a reduced 
equilibrium internuclear distance and substantially increased dissociation energy, all included the 41Σ+ state. Calculations 
15–23, which agreed best with the experimental data, contained the 51Σ+ state. Consideration of the 61Σ+ state and doubly 
degenerate Π- and Δ-states did not noticeably affect the spectroscopic parameters of the X1Σ+ ground state. The non-zero 
contributions of Π- and Δ-states were due to partial mixing of non-degenerate Σ+ and doubly degenerate Π- and Δ-states 
during the averaging. It is also noteworthy that dissociation energies obtained in calculations 6–14 agreed with CASSCF/
MRCI calculations [6–8].

Conclusions. The optimal parameters for XMCQDPT2-level of theory calculations could reproduce characteristics 
of the KRb electronic ground state with close to spectroscopic accuracy. The obtained features could be used for quantum-
chemical calculations of the electronic terms of diatomic molecules with electronic structures similar to that of KRb.
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