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The potential energy curves of the low-lying electronic states correlating up to the limit K(4p) + Rb(5s) of
KRb molecule have been calculated using the multi-reference perturbation theory method at the CASSCF/
XMCQDPT2 level of theory without and with spin–orbit coupling. The calculated parameters of the
ground X1R+ state are in the best agreement among all previously performed ab initio calculations for
the KRb molecule. The calculated vibrational intervals of the ground electronic term of the 39K85Rb mole-
cule describe the experiment with the accuracy within ±1 cm�1. The calculated intensities of the 21R+

(v0 = 3, J0 = 26)? X1R+ (v00 = 0. . .24, J00 = 25, 27) transitions satisfactory reflect the experimentally observed
intensities distribution.

� 2016 Elsevier B.V. All rights reserved.
1. Introduction

The KRb molecule is among the most intensively studied polar
alkali diatomics, partially because of its successful usage in produc-
tion and investigation in cold and ultracold conditions (see for
instance [1–4]). Recent efforts are often focused on transferring
weakly bound ultracold molecules into their ‘‘absolute” ground
state X (v00 = 0, J00 = 0) by additional optical cycles via excited elec-
tronic states. The efficiency of these processes depends rather crit-
ically on the proper choice of optical paths, which needs reliable
information about the potential energy curves (PECs) of the com-
bining electronic states in wide range of energies and internuclear
distances. Since the empirical information based on spectroscopy
studies is still insufficient, the analysis of the efficiency of optical
paths has to include the data from ab initio calculations (see for
KRb the recent paper [5]).

The goal of the present paper is to perform ab initio calculations
of PECs of the ground and several excited electronic states of the
KRb molecule corresponding to the first three asymtotic limits of
separated atoms and to derive molecular constants, vibrational-
rotation energies and Franck–Condon factors. The calculation of
the electronic structure of molecular systems, which contain a
heavy alkali metals atom, is a non-trivial task that requires taking
into account the relativistic effects for the core electrons, the static
and dynamic components of the correlation energy, a large number
of excited configurations, etc. The diatomic polar molecule KRb is a
typical example of the above-mentioned systems. The electronic
states of 39K85Rb (the most abundant isopotomer, 67.3%) and
others stable isopotomers of the KRb molecule (39K87Rb, 26.0%,
41K85Rb, 4.9%, 41K87Rb, 1.9%) were studied experimentally in [1–
4,6–29] and theoretically in [5,30–44]. The investigation of the
ground state X1R+ was performed by Ross et al. [6], Amiot and
Vergès [9], Stwalley [20], Wang et al. [22] and Pashov et al. [13]
by employing high-resolution spectra of laser-induced fluores-
cence yielding the highly accurate PEC. Regarding the excited
states, fragmentary experimental data for the next (21R+) singlet
state are available in [4,6]. The Dunham coefficients and RKR
potential of the 31R+ state can be found in Amiot et al. [8]. Aikawa
et al. [26] obtained the parameters of the 31R+ state PEC. Molecular
constants of the ‘‘twin” 11G and 21G states have been obtained by
Kasahara et al. [7], Amiot et al. [10] and Okada et al. [16]; note that
the molecular constants of the 21G state obtained in [7,10] differ
substantially. Low-lying KRb triplet terms have been investigated
by Pashov et al. [13] (13R+), Kobayashi et al. [15] (13G), Amiot
[11] (23R+), Lee et al. [12,17], Kim et al. [23] (33R+), Banerjee
et al. [14] (23R+, 11G) and Kim et al. [23] (23G). Highly-excited
states of the KRb molecule were studied in
[8,12,21,23,25,27,29,43].

Ab initio calculations of the KRb electronic states are tradition-
ally [30–34,40,41,43] performed in the multi-configuration
CASSCF/MRCI (Complete Active Space Self-Consistent Field/Multi-
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Reference Configuration Interaction) approximation. Such an
approach in the case of a multi-configuration problem allows one
considering both static part of correlation energy (at the CASSCF
level of theory) and its dynamic component (at the MRCI level of
theory). Note that both levels of theory, which are consistently
applied here, are based on a variational principle. The common fea-
ture of calculations [32,33,41] is the sufficiently successful repro-
duction of the experimental value of the equilibrium internuclear
distance Re equal to 4.06770 Å [13] of the ground electronic state
X1R+, namely 4.055 [32], 4.09 [33] and 4.095 Å [41]. At the same
time these calculations yield significantly lower values of the
ground state dissociation energy De, namely 4110 [32], 4113 [33]
and 4128.8 cm�1 [41] if compared with the experimental value
4217.815 cm�1 [13]. Meyer and Bohn [40] at the above-
mentioned level of theory received Re = 4.33 Å and De = 4039 cm�1.
At the coupled clusters (MRCC) level of theory Meyer and Bohn
[40] and Fedorov et al. [44] received significantly lower
(4062 cm�1) and higher (4306 cm�1) values of De, respectively.

Recently [45] a new approach to the MS-MR-PT (Multi-State
Multi-Reference Perturbation Theory) level of theory has been
developed, which is called XMCQDPT (Extended Multi-
Configuration Quasi-Degenerate Perturbation Theory). This
approach allows one to look at the considered problem from an
alternative point of view, which is not based on variational princi-
ple, but exploits the perturbation theory methods. In particular, the
XMCQDPT2 method proposed in [45] is approximately size-
consistent for low-lying states in contrast to MRCI and other CI
methods, which are not size-consistent.

The main goals of this work are: (i) to calculate the PECs of the
ground and some low-lying excited states of the KRb molecule at
the multi-reference perturbation level of theory and (ii) basing
only on the performed without any fitting ab initio PECs calcula-
tions, to determine other spectroscopic characteristics of the states
(vibrational and vibration-rotational energies, etc.). The main
attention is paid to the ground X1R+ and first triplet 13R+ states
of the KRb molecule. The empirical PECs of these states are deter-
mined with a high accuracy by Pashov et al. [13]. It allows using
these PECs as a kind of benchmark for the ab initio calculations
at the high level of theory. The quality of the present calculated
PECs was tested by comparing the predicted Franck–Condon fac-
tors with the relative intensity distribution in the 21R+ ? X1R+

transition measured in Laser Centre, University of Latvia.
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Fig. 1. Calculated at the CASSCF(2,14)/XMCQDPT2 level of theory low-lying singlet
and triplet (a) and spin-mixed with X = 0+, 0� (b) and X = 1, 2 (c) terms of the KRb
molecule.
2. Computations

The small core Stuttgart RSC ECP [46] has been used in our calcu-
lations. TheGaussianbasis sets usedare (11s11p5d3f)? [8s8p5d3f]
(ECP10MDF) for the potassium atom and (13s10p5d3f)?
[8s7p5d3f] (ECP28MDF) for the rubidium atom [46].

First, the CASSCF calculations with the state-averaged (SA) pro-
cedure were done. The active space for the CASSCF calculations
was 2 electrons in 14 orbitals. The SA procedure was realized for
singlet and triplet states. The SA-CASSCF(2,14) calculations were
performed pointwisely with the step of 0.01 Å in the range of inter-
atomic distances from 3.00 to 6.00 Å. In contrast to the automatic
PEC scanning, which is less time consuming, but often leads to a
divergence of solution at a large distance from the starting point,
the point-by-point calculations allow to get the convergence of
the solution at the CASSCF level of theory at each point under con-
sideration, as well as to avoid ‘‘jumps” of energy and PEC’s breaks.
A lack of convergence at using the automatic PEC’s scanning can
lead to the errors in the calculations of PEC’s shape [41] (see
below). Outside the specified range (2.50–3.00, 6.00–15.00 and
15.00–20.00 Å) the calculations were performed with the steps of



Table 1
Molecular spectroscopic constants of 39K85Rb molecule.

Term Te, cm–1 Re, Å De, cm–1 xe, cm–1

Experimental Calculated Experimental Calculated Experimental Calculated Experimental Calculated

X1R+ 0.0 0.0 4.06770a 4.055b

4.09c

4.33d

4.05d

4.095e

4.073f

4.076g

4217.815a

4217.91h

4217.822i

4110b

4113c

4039d

4062d

4129e

4306f

4213g

75.8713a

75.8458j
76.3b

76c

75.395e

75.3f

75.232g

13R+ 3968.784a 3871b

3845c

3901e

3938g

5.9029a 5.901b

5.94c

5.920e

5.952g

249.031a 239b

242c

238e

275g

17.579 a 17.4b

18c

17.931e

19.234g

13G 9720.531k 9718b

9721c

9911e

9910g

4.02698k 4.023b

4.06c

4.071e

4.024g

7129b

7017c

6682e

7019g

77.4b

78c

65.973e

76.929g

21R+ 10862b

10804c

11104g

4.707b

4.74c

4.747g

5985b

5968c

5807g

57.7b

58c

56.639g

23R+ 13507.146l 13423b

13323c

13588g

4.983l 4.953b

5.00c

4.967g

3424b

3388c

3323g

48.638 l 48.6b

49c

51.750g

31R+ 13995.46m

13995.5113n
13985b

13886c

14306g

5.259018m

5.25904119n
5.218b

5.21c

5.359g

3246.0363 n 3148b

3226c

2961g

40.763 m 39.9b

41c

36.106g

11G 15012.493o,p 15034b

15011c

15224g

4.3813o,p 4.370b

4.40c

4.363g

2021.5 o 1813b

1774c

1705g

61.256 o,p 61.3b

60c

62.884g

21G 16210.252o

15902.06q
15835b

15777c

16232g

5.0822o

5.088q
5.048b

5.06c

5.170g

1298b

1210c

1019g

51.70o

49.76q
55.4b

54c

42.728g

23GX X = 0+/0–, or (5)0+/(4)0–

17369.8r
17303b

17245c

17828g

4.763b

4.91c

4.856g

39.4r 38c

X = 1, or (6)1
17408.8r

17323b

17274c

17872g

4.868b

4.91c

4.855g

37.7r 40c

X = 2, or (2)2
17441.8r

17339b

17296c

17914g

4.868b

4.92c

4.855g

39.0r 40c

33R+ 18601.322s

18601.25t
18524b

18528c

21109g

4.4121t 4.445b

4.44c

4.264g

64.530s

64.56t
65c

Notes:
a [13].
b [32].
c [33].
d [40].
e [41].
f [44].
g This work.
h [20].
i [22].
j [9].
k [15].
l [11].

m [8].
n [26].
o [7].
p [16].
q [10].
r [23].
s [12].
t [17].
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0.1 and 0.25 Å, respectively. Then the calculations for singlet and
triplet states were performed in the XMCQDPT2 [45] approxima-
tion. All eight lowest double occupied orbitals were included in
the perturbation based calculations. The ISA shift of 0.20 [47,48]
was used in present approach. The dimension of the effective
Hamiltonian was 13 � 13 [48]. Finally the spin–orbit coupling
(SOC) calculations were performed with the one-electron Pauli–
Breit operator. All these calculations were performed using a
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(Ecalc) with respect to the bottom of the ground singlet state for the KRb first triplet
state 13R+ term: (1) Rousseau et al. [32], (2) Chen et al. [41], (3) present work.
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quantum chemical package Firefly [49]. The electronic energy
terms Te and the equilibrium internuclear distances Re were
obtained using fourth degree polynomial approximation of the
ab initio PECs near their minima.

The calculations of the vibrational states energies were
performed by numerical Fourier-transform based solution of the
corresponding Schrödinger equation [50,51].
3. Results and discussion

3.1. Electronic states

The PECs calculations have been performed for the singlet and
triplet states (without and with spin–orbit coupling) correspond-
E v
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Fig. 4. Present ab initio vibrational energies Ev (a) and vibrational interva
ing to the three lowest dissociation limits: K(4s) + Rb(5s), K(4s)
+ Rb(5p) and K(4p) + Rb(5s). The ground state X1R+ and the first
triplet state 13R+ correspond to the first asymptotic limit, the sin-
glet states 21R+, 11G and the triplet states 13G, 23R+ correspond to
the second one, and the singlet states 31R+, 21G and the triplet
states 23G, 33R+ correspond to the third one. When the SOC is
taken into account, the X1R+, 21R+ and 31R+ terms correspond to
the (X)0+, (3)0+ and (4)0+ terms, respectively; the 11G and 21G
terms correspond to the (4)1 and (5)1 terms, respectively; the
13R+, 23R+ and 33R+ terms split into the (1)0� and (1)1, (3)0�

and (3)1 and (5)0� and (7)1 terms, respectively; the 13G and 23G
terms split into the (2)0+, (2)0�, (2)1 and (1)2 and (5)0+, (4)0�,
(6)1 and (2)2 terms, respectively.

The calculated PECs versus internuclear distances are shown in
Fig. 1 and are also presented in the supplementary material. The
calculated molecular spectroscopic constants (the electronic term
energy Te, the equilibrium internuclear distance Re, the dissociation
energy De and the harmonic vibrational frequency xe) are pre-
sented and compared with experimental and previous theoretical
studies in Table 1.

The calculated molecular constants Re and De for the ground
electronic state X1R+ (Re = 4.07581 Å, De = 4213.1 cm�1) agree con-
siderably well with the experimental data [13] (Re = 4.06770 Å,
De = 4217.815 cm�1). As can be seen from Table 1, the Re value
and particularly the De value obtained from present calculations
are in better agreement with the experiment than the respective
values obtained in previous ab initio calculations.

Besides the above-mentioned spectroscopic parameters, which
characterize the behavior of a PEC near the minimum and its
asymptotic limit, the PEC’s shape in the wide range of internuclear
distances is also important. In Fig. 2 the present X1R+ state PEC is
compared with respective analytical empirical [13] and two ab ini-
tio curves [32,41]. The energy differences between the empirical
and calculated curves are presented with respect to the bottom
of the ground state potential well. These data indicate that the pre-
sent calculated ground state PEC (see curve 3) agree better with the
empirical PEC [13]. Almost throughout the range of R above 3.25 Å
the deviations of the calculated energies from the empirical ones
do not exceed 30 cm�1; especially good agreement is observed in
the range of R above 6.0 Å. An exception is the region near 3 Å. It
is worth mentioning that this is the internuclear distance value
at which the empirical PEC is matched with its asymptotic short
range part.

The energy difference Eempir � Ecalc for the calculation by Chen
et al. [41], see curve 2 in Fig. 2, demonstrates ‘‘jumps” by approx-
imately 13, �6 and 2 cm�1 in the regions of 4.45–4.50, 5.45–5.50
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and 10.50–10.55 Å, respectively. These ‘‘jumps” may take place
either because of a failure of the convergence criterion of calcula-
tions at the CASSCF or MRCI level of theory or due to inclusion into
the SA-procedure of an extraneous state and is obviously con-
nected with the automatic scanning of the PEC. We performed a
calculation similar to Chen et al. [41] using a quantum chemical
package MOLPRO [52,53] and found that the CASSCF calculations
of the PEC near 4.3 Å have not been brought to the required level
of convergence. This resulted in an error in MRCI calculations
and further in the distortion of the PEC’s shape (see curve 2 in
Fig. 2).
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The present calculated molecular constants for the first triplet
state 13R+ (see Table 1) also agree rather well with experimental
data of Pashov et al. [13]. The energy differences between the
empirical and calculated curves for the first triplet state are shown
in Fig. 3. Note that here the energy differences are also presented
with respect to the bottom of the potential well of the ground sin-
glet state. These data also demonstrate a successful reproduction of
the first triplet state PEC by present calculations. The ‘‘breaks” and
‘‘ejections” in the curves in the region of 4.2–5.2 Å are supposingly
caused by the above-mentioned reason since here the empirical
functions are matched at the point 4.965 Å.

3.2. Vibrational states

Hereafter for the singlet, triplet and spin-mixed PECs the vibra-
tional energies were calculated up to the dissociation limit of the
respective state. The results for the ground state of the 39K85Rb
molecule are presented in Fig. 4 and compared with experimental
[13] and previous theoretical studies [32,41] in Fig. 5. One can see
from Fig. 5a that the difference between experimental and present
calculated vibrational energies for all vibrational levels of the
39K85Rb molecule ground state does not exceed 20 cm�1. These
data demonstrate that present calculations (see curve 3) reproduce
the system of vibrational states of the ground electronic term of
the 39K85Rb molecule better than the other ones (see curves 1
and 2). As can be seen from Fig. 5b, the present calculated vibra-
tional intervals (see curve 3) describe the experiment with the
accuracy within ±1 cm�1 in the entire v range. It should be noted
that the deviation from the experiment at large v observed in
Fig. 5a and b for curves 1 and 2 is connected with the smaller De

value in [32,41].
For the first triplet state 13R+ of the 39K85Rb molecule the calcu-

lated vibronic energies also well correlate with the experimental
ones [13] (Fig. 6a). The deviations of the calculated vibrational
intervals DG(v0 + 1/2) from the experimental values of [13] do
not exceed 1.5 cm�1 (Fig. 6b). Note that the energies in Fig. 6a refer
to the bottom of the singlet ground electronic state.

The similar analysis was performed for the 11G state with the
experimental data of Kim et al. [3] and theoretical data of Rousseau
et al. [32] (see Figs. S3 and S4 in the supplementary material). The
calculated vibrational energies and vibrational intervals for other
(21R+, 31R+, 21G, 13G and 23R+) states (excluding quasibound
states 23GX and 33R+) are given in the supplementary material in
Figs. S1, S2 and S5–S7.
3.3. Franck–Condon factors

Basing on ab initio PECs and calculated vibrational eigenfunc-
tions we predicted the Franck–Condon factors (FCFs) between
the relevant states of the 39K85Rb molecule. The FCFs have been
calculated for the singlet–singlet, triplet–triplet and singlet–triplet
rovibronic transitions. These calculations were performed for tran-
sitions between the fixed vibrational level v00 of the lower elec-
tronic state and the sequence of vibrational levels v0 of the upper
electronic state (applying the selection rules DJ = 0 or DJ = ±1).
The FCFs for the singlet–singlet 21R+ X1R+ and 11G X1R+ tran-
sitions with DJ = 0 are shown in Fig. 7. The equilibrium internu-
clear distances for X1R+ and 21R+ states are markedly different,
while the ones for X1R+ and 11G terms are more close to each other
(see Table 1 and Fig. 1). This is reflected in the FCFs distributions.
For the 11G X1R+ transitions the nonzero FCFs have a narrower
distribution, with larger values, than for the 21R+ X1R+ transi-
tions. The FCFs for the triplet–triplet 23R+ 13R+ transitions and
for the intersystem crossing singlet–triplet 13G X1R+ transitions
with DJ = 0 are shown in Fig. 8. The equilibrium internuclear dis-
tances of the X1R+ and 13G states are practically coinciding (see
Table 1), therefore the FCF between the X1R+ (v00 = 0) level and
the 13G (v0 = 0) level is close to 1 (0.9204). This value well agrees
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with Kobayashi et al. [15] data (0.9474). The FCF between the X1R+

(v00 = 1) level and the 13G (v0 = 0) level (0.0533) also agrees with
Kobayashi et al. [15] value (0.0500).

The calculated, assuming constant transition dipole moment,
normalized fluorescence intensities (FCFs multiplied by the forth
degree of the transitions frequencies) of the P, R doublet progres-
sion 21R+ (v0 = 3, J0 = 26)? X1R+ (v00 = 0. . .24, J00 = 25, 27) transitions
(second and third sets, or yellow and green1 bars in Fig. 9) are com-
pared with the experimental normalized intensities, measured in the
Laser Centre, University of Latvia (first set, or blue bars in Fig. 9). KRb
molecules were produced in a linear heat pipe at 310 �C. The exper-
imental intensity distribution in the given progression was obtained
from the laser induced fluorescence spectrum, which was recorded
by Fourier Transform spectrometer IFS-125HR (Bruker Optics) with
0.03 cm�1 spectral resolution. The transition 21R+ (v0 = 3,
J0 = 26) X1R+ (v00 = 2, J00 = 25) was excited with Titan Sapphire laser
at 10908.902 cm�1 frequency. The experimental line intensities
were determined for both doublet components separately and then
averaged, since P- and R-line intensities coincided within few per-
cents. Measured intensities were corrected for spectral sensitivity
of the InGaAs detector. More details can be obtained from Ref. [54].

The second data set (yellow bars) in Fig. 9 is obtained from the
present ab initio ground X1R+ and ab initio excited 21R+ state PECs
without any shifts. For the third data set (green bars) the ab initio
PEC of the 21R+ term was shifted by �0.02 Å. We note that the
intensities calculated from the shifted PEC are closer to the
observed intensities distribution than the non-shifted one. Conse-
quently, the equilibrium internuclear distance of the 21R+ PEC
might be less than the one predicted by calculations. Taking into
account that the 21R+ term is in fact partially mixed with the
13G0 term (95% 21R+ and 5% 13G0) [54], and, what is more, that
the transition dipole moment function [37] is ignored here, the cal-
culated FCFs data satisfactory reflect the experimentally observed
intensity distribution.
4. Conclusions

We have calculated PECs for the ground and some low-lying
excited states of the KRb molecule at the CASSCF(2,14)/XMCQDPT2
level of theory. The ab initio results (PECs, molecular spectroscopic
constants, vibrational energies, vibrational intervals, FCFs)
obtained without any empirical fitting are in good agreement with
the experimental and previous theoretical data. The calculated
parameters of the ground X1R+ state are in the best agreement
among all previously performed for KRb molecule ab initio
calculations.

We assume that the calculations at the CASSCF/XMCQDPT2
level of theory are well applicable for electronic structure calcula-
tions of other heavy alkali diatomic molecules, especially high
accuracy is expected for the ground electronic state.
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