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Abstract

The problem of reducing the dimensionality in statistical classi�cation is stud-
ied. The case of the well-known Fisher model of multivariate normal (Gaussian)
distribution mixture is considered. The average decrease of interclass distances
square is presented as a new criterion of feature selection directly connected with
the classi�cation error probability. The stepwise discriminant analysis procedure
based on this criterion is proposed.
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1 Introduction

Let a sample of n jointly independent random observations x1, ..., xn from L ≥ 2
classes {Ω1, ...,ΩL} be registered in the feature space RN and dot ∈ S = {1, ..., L} be
an unknown random class index to which xt belongs:

{dot = i} = πi > 0, i ∈ S (π1 + ...+ πL = 1), (1)

where {πi}i∈S are prior class probabilities [1, 3] . Under �xed dot = i (i ∈ S) the obser-
vation xt ∈ RN is described by the conditional probability density function: pi(x) ≥ 0,
x ∈ RN :

∫
RN

pi(x)dx = 1, i ∈ S.
The classes {Ωi}i∈S are completely determined by the introduced characteristics

{πi, pi (·)}i∈S. Often in practice [1, 2, 3] these characteristics are unknown, however
the vector of true classi�cation indices Do = (do1, ..., d

o
n)T ∈ Sn (“T” is the transposition

symbol) for the sample X = {x1, ..., xn} is observed (so-called training sample). The
discriminant analysis problem [1, 2, 3] consists in construction of decision rule (DR)
d = d(x;X,Do) ∈ S for classifying a random observation x ∈ RN with true class index
do ∈ S.

However, often in practice the initial feature space is redundant. It means that
its dimensionality N is too large [1, 2] and new sample Y = {y1, ..., yn} must be
constructed from sample X: yt = f(xt) ∈ RN∗ , N∗ < N (t = 1, n), so as classi�cation
d = d(y;Y,Do) ∈ S (y = f(x) ∈ RN∗ , x ∈ RN) remains acceptable.

2 Fisher model and Bayesian classi�cation

Let the well-known Fisher model [1, 2, 3] of multivariate normal (Gaussian) distribu-
tion mixture be investigated:

pi(x) = nN(x|µi,Σ), x ∈ RN , i ∈ S, (2)
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where nN(x|µi,Σ) is N -variate Gaussian probability density function [3] with mean
vector µi = {x| do = i} ∈ RN (class �center") and non-singular covariance (N × N)-
matrix Σ (det(Σ) 6= 0), common for all classes: Σ = {(x− µi)(x− µi)T | do = i}.

The Bayesian DR corresponds to the Fisher model (1), (2) is

do(x) = arg max
i∈S
{πinN(x|µi,Σ)} = arg max

i∈S
{δi(x)}, x ∈ RN , (3)

where δi(x) = µTi Σ−1x− 1
2
µTi Σ−1µi + ln πi, i ∈ S, are linear (per x ∈ RN) discriminant

functions [1, 2, 4].
The DR (3) has the minimal error probability ro = {do(x) 6= do} [1, 3] at estimating

unknown true class index do ∈ S to which classi�ed observation x ∈ RN belongs. For
e�ciency characteristic ro named by risk [1, 3] the following estimation from above is
true [4]:

ro ≤
∑

i∈S πi
∑

i 6=j∈S Φ
(
−1

2
∆ij −∆−1

ij ln(πi/πj)
)
, (4)

where Φ(z) = 1√
2π

∫ z
−∞ exp

(
−w2

2

)
dw, z ∈ R, is the standard Gaussian distribution

function, and

∆ij =
√

(µi − µj)TΣ−1(µi − µj), i 6= j ∈ S, (5)

are so-called Mahalanobis interclass distances [1, 3]. Note that only in the case of two
classes (L = 2) in (4) exact equality is true [1, 3].

From (4) it is seen that interclass distances (5) determine e�ciency of classi�cation:
the more distances, the risk value there is less.

3 The principle components method and interclass

distances

According to principle components method [1, 2] N -vector x = (x̃1, ..., x̃N)T ∈ RN with
the covariance (N ×N)-matrix Σ is linearly transformed:

ỹk = ỹk(x) = ΨT
k x, k = 1, N, (6)

where {Ψk}Nk=1 are orthonormalized eigenvectors of matrix Σ:

ΣΨk = λkΨk, ΨT
kΨl = δk,l = {1, if k = l; 0, if k 6= l}, k, l = 1, N, (7)

and {λk}Nk=1 are descent ordered eigenvalues of matrix Σ: λ1 ≥ λ2 ≥ ... ≥ λN > 0.
Obtained values ỹ1, ..., ỹN are called principle components for initial observation

x = (x̃1, ..., x̃N)T . The dispersion values of principle components are equal to ap-
propriate eigenvalues and trΣ =

∑N
k=1 {x̃k} =

∑N
k=1 {ỹk} =

∑N
k=1 λk. To detect

informative principle components the criterion of large variability of these components
is applied. Components with small dispersion are rejected and N∗ �rst principle com-
ponents ỹ1, ..., ỹN∗ are used (N∗ ≤ N). The number of informative components N∗ is
de�ned by the following rule [1, 2]:

N∗(ε) = min{k : 1− ν(k) ≤ ε, k = 1, N}, ν(k) =
∑k

l=1 λl

/∑N
l=1 λl, (8)
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where ε ∈ [0, 1) is a predetermined value, 0 < ν(k) ≤ 1 is the relative summarized
dispersion fraction of �rst k principle components (ν(N) = 1).

Let new sample Y = {y1, ..., yn} be constructed from X = {x1, ..., xn} using princi-
ple components method (6), (7): yt = f(xt) = ΨNxt, t = 1, n, where ΨN = (Ψ1

......
...ΨN)T

is (N × N)-matrix composed of eigenvectors of matrix Σ. Observations {yt}nt=1 from
Y are described by the Fisher model with the following parameters {mi}i∈S and Σy:

mi = (mi,1,mi,2, ...,mi,N)T = ΨNµi, i ∈ S; Σy = diag{λ1, ..., λN}. (9)

Let N∗∆yij be the Mahalanobis interclass distance between classes Ωi, Ωj in the
space of �rst N∗ principle components:

N∗∆yij =
√

(mi(N∗)−mj(N∗))T (Σy(N∗))−1(mi(N∗)−mj(N∗)), i 6= j ∈ S, (10)

where
{
mi(N

∗) ∈ RN∗
}
i∈S and Σy(N

∗) are obtained from (9) by removal of last N−N∗
rows and columns. The following theorem is true.

Theorem. The Mahalanobis interclass distance N∗∆yij in the space of �rst N∗ prin-
ciple components (N∗ < N) is related to appropriate interclass distance N∆yij in the
space of all N principle components by expression:

N∗∆
2
yij = N∆2

yij −
∑N

l=N∗+1(mi,l −mj,l)
2/λl, i 6= j ∈ S, (11)

and the inequality is true:

N∆2
yij − N∗∆

2
yij ≤ |µi − µj|2

∑N
l=N∗+1 1/λl, i 6= j ∈ S, (12)

where |z| =
√
zT z is the Euclidean norm of vector z ∈ RN .

Under N = N∗ the distance (10) coincides with the appropriate distance (5) in the
initial space: N∆yij = ∆ij, i 6= j ∈ S.

The obtained results (11), (12) allow to investigate the e�ciency of the classical
procedure of principle components selection based on the rule (8). It is seen that the
interclass distances decrease when features are rejected from the space of N principle
components: N∗∆yij ≤ N∆yij, i 6= j ∈ S, and the value of this decreasing is inversely
proportional to dispersions {ỹl} = λl > 0, l = N∗ + 1, N . Therefore the rejection of
principle components with small dispersions as in (4) can cause the acute increase of
the classi�cation error probability.

4 E�ective classi�cation in the space of principle com-

ponents

The results (11), (12) of Theorem allows to introduce new (directly connected with
the classi�cation error probability) criterion of principle component rejection. The
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rejected component number k (k ∈ {1, ..., N}) should minimize the average decrease
of interclass distances square:

δ∆2
y(k) =

1

L2 − L
∑
i∈S

∑
j∈S
j 6=i

(
N∆2

yij −N\k∆
2
yij

)
=

2

L(L− 1)

∑
i∈S

∑
j∈S
j>i

(mi,k −mj,k)
2

λk
, (13)

where N\k∆yij is the Mahalanobis interclass distance (10) in the space of N−1 principle
components after rejecting the component number k.

If under the Fisher model (1), (2) the class characteristics {πi, µi}i∈S, Σ are un-
known then observed sample X = {x1, . . . , xn} and true classi�cation vector Do =
(do1, . . . , d

o
n)T ∈ Sn allows to use their statistical estimates [1, 4]:

π̂i =
ni
n
, µ̂i =

1

ni

n∑
t=1

δdot ,ixt, i ∈ S; Σ̂ =
1

n− L
n∑
t=1

(xt − µ̂dot )(xt − µ̂dot )T , (14)

where ni =
∑n

t=1 δdot ,i. In the criterion (13) the statistical estimates {m̂i}i∈S are calcu-

lated by applying (9): m̂i = Ψ̂N µ̂i (i ∈ S) , where Ψ̂N = (Ψ̂1
......

...Ψ̂N)T is (N×N)-matrix
composed of eigenvectors and λ̂1 ≥ ... ≥ λ̂N are eigenvalues of matrix Σ̂ from (14).

The proposed stepwise discriminant analysis procedure based on the criterion (13)
transforms an initial observation x = (x̃1, ..., x̃N)T to principle components ỹ∗1, ..., ỹ

∗
N :

ỹ∗j = ỹij , j = 1, N : δ̂∆2
y(i1) ≤ ... ≤ δ̂∆2

y(iN); δ̂∆2
y(k) =

2

L(L− 1)

∑
i∈S

∑
j∈S
j>i

(m̂i,k − m̂j,k)
2

λ̂k
,

where ỹ1, ..., ỹN are classical principle components (6), (7).

References

[1] Aivazyan S.A., Buchstaber V.M., Yenyukov I.S., Meshalkin L.D. (1989). Ap-
plied Statistics: Classi�cation and Dimensionality Reduction. Finansy i Statistika,
Moskow.

[2] Fukunaga K. (1990). Introduction to Statistical Pattern Recognition. Academic
Press, New York.

[3] Kharin Yu.S., Zuev N.M., Zhuk E.E. (2011). Probability Theory, Mathematical
and Applied Statistics. BSU, Minsk.

[4] Zhuk E.E., Serikova E.V. (2007). �Compression" of the Multivariate Probability
Mixtures with Keeping the Interclass Distances. Computer Data Analysis and
Modeling: Complex Stochastics Data and Systems: Proc. of the Eighth Intern.
Conf. Vol. 1, pp. 190-193.

340


