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Abstract

For operators defined on the Cartesian product of random and deterministic
continuous functions the interpolation polynomials of arbitrary fixed degree, co-
inciding at the given points with the original operator, are constructed. Formulas
of the linear interpolation and their applications for the approximation of specific
random operators, nonlinear with respect to the Wiener process, are considered.
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1 Introduction

Let us denote by = = {g(t,w), tel, we Q} the set of random processes, defined
on the probability space {2, F, P}, by C(T) the space of the deterministic functions
x(t), t € T, continuous on T, where T is the time interval on RT = [0, 00).

Let the operator F(&, ) = F(£(t,w), x(t)) be defined on the Cartesian product of
EXC(T)and F : Zx C(T) — Y, where Y is a set, whose elements have random or
deterministic nature.

We introduce vectors of the form r(&,z) = {& — {2 — x;} and (€, z) =
= {& — &, x, — 21}, where £, & are elements of the set =, and x = x(t), xp = xx(t), 7, =
= x,(t) are functions continuous on T, 0 < I,k < n. Let us denote by (r;, r;) the scalar
product of 7, and ry, 1 (g, 76) = (§ — &) (& — &) + (@ — ) (@, — 7). Correspondingly
(le,’/’lk) is the square of vector length of Tk - (le, le) = (fk — &)2 -+ (ZEk — ZL’l)Z.

We associate the operator F'(£,z) and the points (&, 2zx) (kK =0,1,...,n) with a
random algebraic operator polynomial L, (F; ¢, z) of the form

nooel
Ln(F; &) = F(&,70) + ) / Lk (6(7), (7)) d-F (& + (& — &), o + 7(w — 20)),
k=10
(1)
where the integral on the variable 7 in the equality (1) is understood as the Riemann—

Stieltjes integral for trajectories of random processes in this integral, and

Loe(€, ) = (0, 7or) (71, 71k) =+ (P15 Tkt 1) (Tt ot &) ==+ (T Tke) 2)
k = .
R (Tor> ok ) (T1ks T1k) =+ (The1 &> o1 £) (TRt koo Tht1 &) (Trks k)
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2 Operator interpolation formulas of other form

Now we consider another version of the polynomial of the form (1) for the opera-
tor F(&,z) that is differentiable by Gateaux. We denote by dF[¢, x; h] the Gateaux
differential of this operator at the point (£, x) in the direction h = (hg, hy), where
ho = ho(w,t) is a random process from the set =, hy = hy(t) € C(T'). The Gateaux
differential 0 F'[¢, x; h] of the operator F'(£, z) in the direction h = (hg, hy) is defined by
the equality F[¢, z; h] = & F(£+ Ahg, @+ Ahq)a—o, A € [0,1]. This differential is used
below only at the points (&, z) = (& + 7(& — &), o + 7(zx — 20)), 7 € [0,1] and in
the directions hox = (& — &0)lnk (&, ) and hy, = (2 — 20)lax (), Where

(x —@o) -+ (& — wp—1) (@ — Tpsr) -+ (2 — @)
(zr — o) -+ (T — Tp1) (T — Tpeyr) - (T — )

lnk($): (]{3:1,2,...,71),

and here we suppose that in (2) and in the fraction [,;(x), none of the factors in the
denominator vanish.
Let us denote by L, (F; &, x) the operator polynomial of the following form

Ln(F, 5, I) = F(fg, l’o) + Z/O 6F [fo + T(ék — fo), Zo + T(xk — l’o); hOk; hlk] dr. (3)
k=1

Theorem. Random operator polynomials (1) and (3) are interpolational for the
operator F'(§,z) and nodes (&, xy), i.e.

Lo(F; &, w1) = Lo(F; & ap) = F(&ay) (k=0,1,...,n).

During applied problems solving are often limited by the formulas of the linear and
quadratic interpolation. In the linear case we use two nodes (&(t), zo(t)), (& (t), z1(t))
and the formulas (1) and (3) take the form correspondingly

Ly(F;€, ) :F(§0>$0)+/0 L (E(7), (7)) d. F &+ 7(& — &), o+ T7(z1—20)], (4)

Ly(F;€,2) = F(&, o)+
+/0 SF[&0+7(&1 — &), w0+ 7(x1 — m0); (61— &0)lua (€, x), (21 — xo)lna(z)]dr, (5)

where

zn(g(f),xm):(6(7)—50(7))((&(7) o ))2 i —_a:io );;vl(r)—:co(f))7

It is obvious that for linear on = x C(T') operators (4) and (5) the interpolation
conditions L (F;&;, z;) = Ll(F, & xi) = F(&,2;) (i =0,1) hold true.
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In the case, when the approximated operator F' depends only on random process
&(t) the formulas (4) and (5) take the form

Li(Fi¢) = Fl&) + | %M(@ (e — &),
LA(F;€) = F(&) + /0 SF[E + (6 — &0); € — &o]dr. (6)

3 Some applications of formulas of the linear interpo-
lation

We construct the formulas of the linear interpolation for certain types of random pro-
cesses. Let

F(ﬁ,x) — Xoeaf(t)-‘r(T—%a-z)m(t)’ (7)

where X is a random variable independent on £(t) = {(w,t); r and o are arbitrary
given numbers, ¢ € T. When {(t) is a standard Wiener process W (t) and z(t) =
t, then F(W,t) = X(t) (see, for example [2], p. 524 or [3]) is the solution of the
stochastic differential equation with linear drift and linear volatility dX (t) = r X (¢)dt+
+o X (t)dW (t), X(0) = X,.

For the random process (7) we construct the polynomial of the form (5) at the
nodes (£(t), zo(t)) and (&1(t),1(t)), where &(¢) is a stochastic process defined on the
space {Q, F, P}, and z;(t) is a deterministic function continuous on 7' (i = 0,1). The
Gateaux differential of the operator (7) at the point (£, z) in the direction h = (hq, hy)
can be calculated by the formula §F[, z; hg,hi] = F(&, x) [aho + (r — %(72) hl] . In
this case the integral in (5), when hg = (& — &)l11(€, x), h1 = (21 — zo)l11(x), can be
calculated exactly, and the formula (5) can be transformed to the form

Li(F;€,2) = F(&, o) + [F(&1,21) — F(&,20)] %

y U(fl(t) - 50(75))111(57 ) + (7“ - %(72) (xl(t) — xo(t))lu(x)

o (&(t) = &) + (r — 302) (1(t) — zo(t))
Since for the operator (7) at every fixed function z(¢) the Gateaux differen-
tial OF[, z; ho] with respect to variable £ is defined by the formula 0F[¢, z; ho] =

oho(t)F (&, z), then the integral in (6) can be also calculated exactly and this interpo-
lation formula with the nodes &, and &; takes the form

(8)

£(t) — &ol(t)
Eu(t) = &o(t)

Interpolation formulas (8) and (9) can be used for the linear approximation of the
random processes F'(¢, x) of the form (7).
Similarly we are constructing the interpolation formulas of the form (8), (9) and for

the operator F(W;t) =Y (t) = X%(t), € R, where X(t) = Xoe“W(tH(T_%”Q)t and X

Li(F;&,2) = F(&,z) + [F(&,2) — F(&, )] (9)

332



is a random value or a given number. The mathematical expectation of this operator in
the case of stochastic independence of the initial condition X, and the Wiener process
W(t) (see [3], [4]) is given by E{Y (1)} = B{Xg}e L2770t

The requirements of coincidence of the mathematical expectation and the variance
of the interpolated operator with the expectation and the variance of the correspond-
ing interpolation polynomial in the approximation problem of random functions are
natural. Let us illustrate the construction of such class of interpolation formulas on
the simplest examples.

We consider the interpolation polynomial (6) for the random process F(W) =
= W?2(t). We take two deterministic functions zy(#) and x;(t) as interpolation nodes.
In this case

Li(F; W) = Ly(W) = —ao(t)a1 (t) + [zo(t) + 21(8) ] W (2). (10)

We choose the functions zo(t) and z(¢) such that the mathematical expectation and
dispersion of both F(W) and Ly(W) coincide. Since E{F(W)} = E{W*(t)} =t
and the dispersion of this process D{F(W)} = 2t2, then with the requirement of
coincidence of the mean values and dispersions of the random processes W?2(t) and
Li(W) the nodes zo(t) and z1(t) have to be determined from the system of equa-
tions E{zl(W)} = t, D{Zl(W)} = 2t%. From the equality (10) we obtain, that
E{El(W)} = —x0(t)z1(t). Hence, x,(t) = ——— and correspondingly the formula (10)

Io(t)
has the form Ly(W) = = t + [a:o(t) - L)} W (t), where z((t) is arbitrary function

xo (t

- 2
which does not vanish on 7. Since E{L?(W)} = t* + [a:o(t) — %} t, then for the

o(t)
L 12
= [l’o(t) - m} 2
2
Thus, x((t) has to be determined from the equation [xo(t) - #(t)} = 2t, solving which

(123)
2
equality (10) at these nodes takes the following simple form

dispersion of the process (10) we obtain the equality D{zl(W)}

V2t

we get two pairs of nodes zo(t) = , w1 (t) = — 1t/ and correspondingly the

Li(W) =t +V2tW (1) (11)

As a consequence equalities E{F(W)} = E{Zl(W)} = t, D{F(W)} =
D{W?2(t)} = = 2t in some problems the approximate replacing of the square of
the Wiener process with the linear process relative to W (t) of the form (11).

The interpolation formula (1) and (2) are the basis for construction of approxima-
tion and for other random processes of the form considered here. In particular, as
interpolation nodes can be used only deterministic functions.
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