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Abstract: The problems ol statistical forecasting of vector auloregressive
lime series with missing values are considered. The maximum likelihood
lorecast is constructed and its mean square risk 1s evaluated for the case of
known parameters. The “plug-in” forecast and statistical estimators are con-
structed for unknown parameters. Asymptolic properties ol constructed esti-
mators are analyzed. Resulis of numerical experiments are presented.
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1 Introduction '

Missing values are a typical distortion of medel assumptions in data analysis (Little and
Rubin, 1987; Stockinger and Dunter, 1987). It is fairly common for a time series to have
gaps for a varicty of reasons (Greene, 2000; Shafer, 1997): 1) the data do not exist at the
frequency we wish 1o observe them; 2) registration errors; 3) deletion of “outliers™.

Veclor autoregression (VAR) is often used in practice for staustical analysis (staus-
tical estimation of parameters, statistical testing of hypotheses, statistical forecasting) of
time series in econometrics (Pantula and Shin, 1993), biometrics (Beran et al., 1998),
technometrics (Jones, 1980) and in many other applications:

If the parameters of the VAR-model are a priori known, then the ML-forecast (Kharin2
and Huryn, 2003) can be used. In practice, the paramelers are usually unknown, and there
are three approaches to forecasting in this prior uncertainty: 1) joint maximum likelihood
estimation of the future value of the considered 1ime series and the parameters; 2) appli-
cation of the EM-algorithm (Little and Rubin, 1987); 3) “plug-in™ approach, consisting of
iwo slages: a) estimation of the parameters by some admissible approach; b) calculation
of the forecast putting the ¢stimates of the parameters into the ML-forecast.

The first approach is characterized by significant computational complexity; the sce-
ond approach, and the first approach also, suffice from the multimodality of the objective
function (because of the difficult problem of detection of the main maximum for the situa-
lion with many local ones). To avoid these difficulties we develop here the third approach.

In Section 2 we define the underlving model of time series and formulate main as-
sumptions on probabilistic characteristics of the model and on the “missing patterns”.
Section 3 is devoted to the ML-forecasting under missing values for two levels of prior
uncertainty: |) parameters of the VAR model are known; 2) the parameters are unknown.
In Section 4 we construct statistical estimators of the parameters B. G, “plug-in™ fore-
casting procedure, and also analyze asymptotic propertics of the constructed estimators.
Section 5 contains some numerical results using real statistical data.
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2 Mathematical Model
Let the observed «-vector time scries ¥, be described by the VAR( 1) model:
¥, « BY,y 1 Uy tEZ. (n

where E is the set of integers, ¥, = (¥,..... YV € RY, B - (By) € R is a matrix
of unknown coefficients (all eigenvalues of the matrix [? are assumed 1o be inside the unit
circle), [ — (. ... U € R {0} are iid. random vectors, E{[/;} = (); is the
zero d-vector, E{U,L} — X = Consty, |X1 # 0, where by Const,, ;. we will denole
a mathematical object (variable, vector, matrix, etc.) that is independent of the variables
TIR in, 1 € M. There are missing values in observations {Y;}. For each vector Y,
the binary veclor (called “missing pattern™ , - {Oy..... 0wl € {01} is given,
where O = {1, il Y, isobserved: 0. if ¥, 15 a missing value}. Define the discrete
set Al {(t.i). t e Z.i e {l..... d} © Oy — 1}, its elements are assumed 10 be
lexicographically ordered in ascending order; A || is the wotal number of observed

components; - - min{t : 57 Oy > 0} is the minimal time momeft with observed
components, L, — max{{ : 7 O, > 0} is the maximal time moment with observed
components, Without loss of generality assume (_ - 1,1, = T,

Note, that AR(p}-model and VAR(p)-model can be transformed 10 VAR(1)-model in-
creasing the number of components { Anderson, 1971).

Let us introduce some assumptions on the innovation process Uy and “missing pat-
terms™ {0 }.
Al. The moments of the orders three and four for the innovation process are bounded:
E{Uuy, -V} £ Consty,, i [BE{Us, -V} £ Consty,, ot EZdy..... iy €
{1..... d}. .
A2, The moment of the fourth order for the innovation process is independent of the
time moment and the moments of the orders from 5 to 8 for the innovation process are
bounded:
E {Usy -+~ Ung} = 55, = Consty, [E {Us, -+ - Uni, }| < Comsty; .

|E {4, -+ UsigH < Constyy i, [E{Ud, - Ui }| < Constyy s

|E {U, -~ Ut }| < Constyy, ot €Z,dy.....ig € {L.....d}.
A3. U, is a Gaussian random vector: £ {U,} = N (04 X).
Ad. The "missing patterns™ {O, } satisfy the asymptotics at T — 2 (i, € {1,..., d}):
T =1
T3 060, = v € (01T - 1)7' Y 0110y = v € (0.1, ()
=l =1
uff’ is the limit frequency for the pair of components (1, 3} observed at the same time
moment, uf:] is the limit frequency for the pair of components (. 7) observed at the

neighbor time moments.
AS. The “missing patterns™ {(J, } satisfy the asympiotics at T — oc:

T=1
{T - |"r| - ”_l Z ﬂn”;Jf}ﬁ'ﬂrﬂftfg_;'_r — “;jfr’.f[f} (S IU 1|
e
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,w. (7} 15 the limit frequency for the pair of components (i, 5) observed together with
the pair (i". j ] al the delay 7, v, " S0y = :r*"]. 4, is the Kronecker symbol;

T-1
(T =71 = 17" Y OnOyOps 10Op s = v 3 (T} € [0 1],
fi'=1

”‘ pAT)is the |tl'|lll frequency for the pair of components (7, j) observed together with
the components (1. ') observed at the delay 7 — | and 7;

=1
(T =171 = 107" Y 0141404004100 pber . — 0 (7)€ [0.1].

e

' (7 is the limit frequency for the pair of components (i. j ) observed at the neighbor

I: P,
m:w ;nunwnls and the pair (i, ;') observed at the neighbor time nw:'mma al the delay r,

vy 0) = o)) where r € Z, 0, 4.4, 5 € {1.....d}.
Let Yo, € RY be a “future vector” 1o be '.I‘uruaﬂud for v > 1, ¥par — f”n,{.\;'] ;
®¥ — R" be a lorecasting statistic (procedure). Introduce the matrix risk /7 € B9 and

the (scalar) risk r of forecasting:
R E{(ﬂ-“ ~ ¥rar ) (Yrar = Yrur) } = tr(R) > 0

Itis known (Greene, 2000), that for the case of complete observations and known param-
eters B, ¥ the minimal risk v5 - tr (377, B'E(B')') > 0 is atained for the forecast
(Greene, 2000): Y., — BTY,,

3 ML-Forecasting Under Missing Values

Define a bijection Af « {1..... K} : k — \(t.i) and the inverse function (.7) — y(k).
Compose the A -vector of all observed components: X - (X..... Xx) e RY, X, -
Yury & € {1.... A} Note, thatif O, 1, ¢ € {I,.... Thie {l.... d}, then the
process Y; is observed on [1, T without any missing value, A — Td, X — (Y/,..., ¥{),
(L) =it (t— D x{k) = (k= 1)/d| + 1. (k—1)modd i 1). k€ {1,...,K}.
Denote the matrices: F = (F;) = cov{X. X} € R*** I — (H,;) — cov{X. ¥y, ) €
R’|;I'|‘:|l1 G {E-;Ij:] - mv{]'-'f-irszi-r} = Rdld- GI - Cﬂ\r{}’}'+r+].}'}+r} = IEdId-
Ao — A(B.E) = I'F~! € R™¥, Note, that according 10 Anderson (1971) & -
x B'E(B).G, - BG.

Lemma 1 Lei the model (1) take place. The following expressions for F, H hold:
Fy=F;= {Huh'r—nu?'f}]u[“.wm, i.je{l,....K}. i 2 j (3)

”.‘,i - {Ff“ +Ti=vy tr]f }
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Proof. Using the expression for the covariance mairix for the VAR(1) model (Anderson,
1971 cov{}..},} B'™G 0 =, we find covariances: F cov{X, X,} -
ED\"{..II“H.IF.,'U]} = (Eﬂ?{]‘l.‘l“.T.,'IU]}]““L““] = {HUI:”-I:U:{;}x_ﬂil.\?‘lﬂ' In the
same way we find /. [ :

Theorem 1| Let the model (1) and the assumprion A3 take place. If the true values B. Y
are known, and 'F| /), then the ML-forecasting statistic and its risk functionals are

Frira - E{} 74X} - 40X, (4)
Bag, — G =TPF " = 00y = wr{GY = ar(FH LAY (5)

Proof. Denote Y, = (X" ¥/,.) € R**“ By Theorem | assumptions, the vector Y.,
has the Gaussian distribution. By the Anderson theorem ( Anderson, 1971), the likelihood
function{w.r.d Y7L, ) is

HYrer BLE) = ng (X |0g. FYng (Yra [ H'F'X.G - WFH) (6)

where nig (X |p. X)) means the N -dimensional Gaussian p.d.f. with the parameters p. .
The ML-forecast is the solution of the extremum problem: [ (Yo B.E) — maxy, .
Since the first multiplier in {6) does not depend on Yr, -, we come to the unigue solution
(4): Yraoan — HPF'X - AgX. Using the total mathematical expectation formula and

(), we find the risk (5): Ry, ~ B{ (Yraean = Yrer ) (Fresan, = Yrae) } -
E {E {(E{Yrs:|X} — Yrin) (B{Vrer| X} - YiprV [X}} -
E{cov {Yrir. Yrie X} = E{G - H'F'H} - G- H'F'H.O

Theorem 2 Let the model (1) and the assumption A3 take place, If B. Y are unknown,
|F| # 0, then the ML-forecast of Y1, has the “plug-in" form:

Yrera = Ao B.E)X, (7)

where the ML-estimators B. ¥, af the model parameters are the solution of the minimiza-
tion problem: 1,(B.Z) = X'F7'X { n|F| t In|G = H'F~'[I| = mingx.

Proof. According to the equation (6), the joint ML-cstimalors of Y5.., B. X are the
solution of the extremum problem: { (Yoo BLX) — maxy, _ gy, From Theorem | we
get (7), where the ML-estimators B. % of the model parameters are the solution of the
problem: ny (X|0g, F)ng (H'FIX|H'F'X.G - H'F'H) — maxgy. Taking the

logarithm, we come to the statement. [

4 “Plug-in” Forecasting in the Case of Unknown B, %

Because of computational complexity of the minimization problem in (7), we propose 1o
construct more suitable estimator for Ay instead of Ayl B. X} in (7).
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Liet us define the minimal admissible observation time Tor the observed time serics
(V;}: T min {T e W :ming 32, OpOy > 0oming, 77 0,04 > [J.}.und ma-

rices €. 0 € B for T > 1)

Er 1 }frihi}hi'}u ((. ) ;. 1] Ll}fj[".f 1. r("'I_r g J
. i . .
Yooy OuO z F= OO

It follows from the underlying model (1), that [¢.| # 0 and the matrices [3. (7. (7, sanisly
the matrix equation (7, - BG, consequently # - (,G7'. Following the “plug-in”
principle and using the previous equation let us construct a matrix statistic (if |(7) # O

a,

BGHG)Y. (9)
Putting then the statistics ., (7 (instead of £3, () into (3) we get the matrices F. I, the
statistic (if : F© # 0) _ o

Ay - H'FL,
and the “plug-in" forecasting procedure:

.-TI+'I".[!||l|= =im = -'II'D-": -

According to Lemma 1, theorems 1 and 2, the performance of the “plug-in" forecast-
ing procedure is determined by the performance of the underlying estimators 1B, (. (7.
Let us analyze asymptotic properties (T — 20} of the proposed estimators (8), (9). De-
note functions (/.7 € Z, T € M, i.j.#.j € {1.....d}) generated by the “missing
patterns’™:

-1

T-1 ' T
Ao T T 040 O Opypbyap.s (Z 040y Zr}..ﬂ.,.,-)
‘=] i=] i=1l
T-1 T T=1 =1
I‘.Er]J;‘-j {T] T Z r}”r}”ljr".,.i r'fﬂ‘" ’ﬂf o (Z (-}!t{ji_f ZDI'I'LI'{J:J"I) N
Ii'=1 i=] =]
T-1 1= T .
f'ffldl,-._,a{T] - T E: EJH-l.:(}u(}!'r'fje’fl'jr-r'.r (Z GF+I.I'I:-:':U Z{}ri'mij') .
4=l =1 t=1
r=1 T=1 T-1 =1
o TV =T 3 0041.:040p 51400 iy » (Z Or1,404 Zﬂm,.au,;) .
Li'=1 =1 =
I A2 {0) mp +2) _ A3 () m
Ciuu ””{r]( ) it gt JHJH}( ) '
3 B W 1 (- 1
r-:'l:.l_fl-._p :j_: r._.r[ } ( :; L”) {--fl:““d ] H:'ji.-d..{?'] (“{I]“JI::‘I) i

and covariances.

B ssr = EAYaYy = E{Y%Yi D) (YeuYep = E (Ve Yer D},

ﬂ! —"d g
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Gy - BAYaYy —E{VY H (YearaYoy — E{YesreYor D},
0 iiry - BAanYey = B YD) (Yoo Yoy —E{YerYep B}

ufrfl.r'.r'._,r.r'.j’ E‘ {'I:lr:+|,,l|1j - E {};+|.J}}j}j {l'.r'+l.:‘1-!'_,|' - E {}FF'-H...I' -l'-}’_;l'}:”' :

The following lemma is straightforward and the proot is omited.

Lemma 2 Let the model (1) and the assumptions Ad, A3 rake place. Then ar T — 2¢ the
following asvmptotic behavior of the “missing patterns™ {0, } 1akes place:

=1
: ; &1
T - :.-I _ I !!rzl f}'+[_.r}r_ll[.}!'ll{.l}riJ-ltI!l'_rJ.f —r HI"-.I"-E-.J‘{_T} -E ["‘ ]l:
"IE'E.-'JJ.JrJI{Ti — {.-.Eﬁfjlillllji‘ ;l E {].2.:&.']:
k) ik ] (3) A2} o
Crrgis = Corijrp- R E€ELALC iy ClrigigeTE Z.ig.i.je{l,. ... d}.

Lemma 3 Ler the model (1) and the assumprtion A2 take place. Then the covariance
E {(Yitni¥is = E{VesuaYis D) (Yeauw i Yy = E {Yequ o Vi)
depends functionally on the time moments {1 through their difference t — ' only,
B {(Visui¥y = E{Yiewi¥ei}) Veswirtey = B {Yosw o Vo DH < A Const, .
where L. t'. u, v’ € L. A € |0.1). and the relations for covariances iake place:

(k) W ke {1.4}.g% & e TEL G EL,....d}.

Oergig  I-rijiy i gtig T Herigiry

Proof. The first statement of this lemma follows from the invanance property (w.r.l. Lime
t) of the momenis . £, The second statement — from the ineguality for powers of
the matrix /7 {(Anderson, 1971): |{Hfju| < ATConst, ;5. where A € [0.1), 7 € N,
i.j € {l.....d}. By replacement of indices one can easy come to the third statement of
lemma, U

Theorem 3 Ler the model (1) and the assumprions Al. Ad take place. Then the estimators
(&), (9) are consistent at T — o¢:

B —TB.G =Yoo —a,.

Proof. The statement follows from the ¢xpression (9) for matrix /3 and the propertics of
estimators for covariances (8). O ‘

Next results on asymptotic normality of [ are based on the following central limit
theorem for myr-dependent random vectors (Shergin, 1976; Maejima, 1978).
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Theorem 4 Ler {E}T-"J T L'?-} be a sequence of myp-dependent random vari-
ables with E {.Ef*l.”} -~ O forall i and T, by — xat T — ., 5¢ :'=“1 E}T.r.
D3 - E{Si} Do TR E{( ) } Frir) P (St < Dys) be the distribu-
tion function of Sv, Hqple) - | Fele) = $(r), o) is the standard normal distribution,

' ﬁ;ﬁ%_ Const is a constant, 0 < & < |, ¢ = U.JT.EmT“ . Suppose that
Qe
E {|E,m } < oc and the following assumptions are satisfied: 1) 5. — 2. 2)

R N |
Di O I E{IEJ”| ’ } = Q(D}), 4) by — O(D}). 5) Dimz® < k-

for large T, 6) 27 — 0. Then Ap(r) < “iﬁj—;f}' for all r.

Let a sequence of random vectors &7 — (£7,) € RY converges in distribution 10 random
vector £ = (£) € RTat T — =c. If the covariances cov [£,.£;} < oc exist Wi j €
I d}, then let us call these covariances as the asymptotic covariance$ of the scquence
£, and let us denote them in the following form:

MW{{ETJ,-,[ETL} - cov{E.E )i e {1.....d).

In the same manner define the asymptotic variance and asympiotic mathematical expec-
tation of the sequence &7 aE {¢r} - E{¢}.aD {¢n,} - D{&}.i € {1.....d}.

Lemma 4 Lei the model { 1) and the assumpiions A2, A4, A5 take place. Thenat T — >
the vector, composed of elements of marrices vT ({}‘ - f-'), VT (ﬂ*] - .‘,). has the
asvmprotically normal distribution with zero mean and asympirotic covariances:

acmr{ﬁ(f.‘—{}')'j.ﬁ(ﬂ‘—ﬁ’]lur} . i g oy C s 10)

acw{ﬁ(d'l—r:])”.ﬁ(t’u—n:) } Z Py e,y
e
o {VT(¢-6) VT(@-6), b 3 o0

where i j.i', 7 € {1.....d}.

Proof. According to the theorem of Shiryaev (1995), a vector has an asymptotically nor-
mal distribution if and only if any linear combination of its elements has an asymptotically
normal distribution. Define the linear combination with arbitrary coefficients ny;., 3 € R:

u“'-z (nu (f: - f) &, ({'}: —f.-'.)”) = miT) + iT) + m(T).

a4l
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where

) r-1 4 fay; (}}*‘;"'I}H;ﬂrri -E { y o J-Hflrm 1}) 0,0, '
miT) vT . _ |
Z E‘ Z:|=|‘l:',i:llf"I-fL,l'

Iml ¢

g, (v e vy ) "*’*H-““ﬂ)

T=I
b=t Ony+0:00;

b

r=1 d
m(T) - VT ¥

=l f =1

ay (e - B {yirmuil) 0,0,
EI!J:=I l'r"}flf":‘}h.l
oy (Um0vims —E{UYm ) 040
T +
Uh:f}h_r -

rp=1
ag (E_rttr_ﬂlv :'{J'!E;HJ E {Lr!':"-': ]'I_:r'ffl ?}) f}nf}u
Yot o1 OOy
.~:rr_; (HT:I.‘J:!"!T” | o E {l.lllTlrtIE ?J"_:" ]}) G""'L"{"]!J
Yoot On+140n |
g (LY - B{UEIYE™}) 00,

T=1
=1 l‘-.-"ill'|+ l.r"r:-']!u

elmep by o{me sl bp el b
8; (v - B{uiniui™}) 004 |
E!T;;I; EJT|+]..r{Ji|J'

4

t

d - .
a;i (Y, Y7 — E{Y3Yr D OO
() - VT Y 2ultndn, - BihYE)) OnOr,
i,j=1 ZJ’:] D“UU
H‘ _ }rrfﬂ'!a-:l + E.-‘[ln;-ll| F}{m-r] _ E:TH B, L_rr[m;-:l > Z:;:m:--p-[ Hh{;’;_., my € M is a
parameter of decomposition,
By choosing d = 1L hky — T =1, my = [T:l?!], where [-| means inlcger part,

g - E - i Ciyg ('}-',E'h .--!'l.’!;-m] ;E {}-;Em;-]};imj ]}) [-:’!l{-}:_; .
Lt Er.=| OOy

Ly=1

3y (i vi - E{r YY) Oy
ezt Ou1404 5 '

=l
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and using lemmas 2, 3, one can casy verify the assumptions of Theorem 4 and therehy
prove that 7, (T) has the asymptotically normal distribution with zero mean and asymp-
lolic variance:

E Z i1 dl y {3
(ﬂjjn"'lf'gm_;_r'd’f T g g “'.?'i"'_f"-;r N € r.i g o+

R - -I'.J".j._,l'=l

j' {"ﬂ: K1 n jl j 4] {ril:-'ll )
F | LT

B
-l'”'J'-"'I"rJI Tua’’ J'r'I'I"l_;.l Sl N AN

The convergence in probability of the second and the third terms to zero takes place:
il T —" 0T —" 02t T — =x.
Then according 1o the theorem of Shiryacy (1995) the vector, which 15 composed

of the elements of the matrices ﬁ(lﬂ‘ - I:'-‘). vT ({"-‘. - (';1). has the asymptotically
normal distribution with scro mean and asymptotic covariances ( 10). U

Theorem 5 Let the model (1) and the assumptions A2, A4, A5 rake place. Then at
T — oc the vector, composed of the elements of the matrix VT (ﬂ - H). has the asymp-
taticedly normal distribution with zero mean and asvmptotic covariances:

am{ﬁ(ﬂ—ﬂ)ﬂ,ﬁ( -8) } E Z (G™M), (G, x N

il'=l r=-ad

d
(1) 1 {4 (1) (23
( Z BB porie rCriaierr + GrarionCririor EE Bikgipr. f"{-'f.k,n'-r".l") :

kdom] k=

where . 3.7, 7 € {1..... k}.
Proof. Transform the normed deviation using the formula (9):
VT (B-B) VT (-GG (G-6)6™ + (G- G)6™).
Define the linear combination with arbitrary coeflicients o, € Kt
z a VT (B - ﬂ) fz y X
i, jmli i yml
d o ) d
(Ei— y(ae) (¢-6) (67),+ E (6 - G, (G“)u) :

Using Theorem 3, Lemma 4 and the well known theorem on continuous functional trans-
formations of random vectors {Barndorff-Niclsen and Cox, 1989), we come to the asymp-
tetic normality of the lincar combination with zero mean and asympiotic variance:

D {”‘l— Z W (Z{_”{{”f’_]] ( G- lf:)l-r{":';“-L“h-" !

=1 k=1
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z ({}l - “l)” Ef:_l}u)} N E gty i i H"_]]n [ﬁ"}.,,", i

=1 gt oy =1 =1 re=x

i d
(1] A1 X A1) . (2] 2]
( E Bi Bow 9o gy 0 Crrn V ritirdrC it = JZ BitlypsorC u-.;.r.r) -

kkf=1 ez |

Thus the vector, composed of the elements of the matrix T (E‘ - H), has the asymp-
totically normal distribution with zero mean and asympiotic covanances (11). O

5 Numerical Results

To evaluate the performance of the estimators (9), the experiment on the celebrated “Bev-
eridge price index for wheat 1500 - 1869 (Anderson, 1971) was made. The AR(3) model
15 goqr — 0.718%y, — 03397y, + D.O38By,_ 4 &, where {£,} are i.i.d. Gaussian random
variables with zero mean and the variance & — 4, ¢ 1,1, = T - 400. This model
was transformed 1o the 3-variate VAR(1)-model (1) with ¥, = (¥.. Yio1. Yiea)' € R and
was considered for the “missing patterns™ (), = {ll - [ﬁh—] i, i€ {1.....(T-
d)|}: 1,else}, where + is a gwen punmn of missing values, d - 3. Dcpc:ndcm:: of
the sample variance V' = & 31 'S4 (B = By)? (for 400 Monte-Carlo replica-
tions) for the estimator (9) on the I::nglh T of observed time series is presented in Figure
| for different portions of missing values + € {0.0.07,0.1}. Also the empirical risk of
Iuﬂ_ll.{y]l";-::'-l yr+1)* for the forecast el - 1JIT-‘l"+l.:1-'ll.||;-i:|)1 was
evaluated, its dependence on the length T is presented in Figure 2.

0.7 - .

054

04 - —— Gamma=0 ,

03 - -H—Garnmar-ﬂl]?i
—— Gamma=0.1 |

0,2 - ' T

ﬂ1—

u|
5 10 20 30 40 50 60
T

forecasting 7 — 75 3

Variance

Figure 1: Sample variance of the estimator B
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| ——Gamma=0
| Gamma=0.1|

3 T - = I T

5 10 20 30 40 50 60
T

Figure 2: Empirical risk for the forecast ‘f}+1,p|,,;_i“ -
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