puc. 5, 6 npeacTaBiieHa BpeMeHHas 3aBUCUMOCThL BEPTHKAJILHOTO CMELLEHHMS TOTO e y3ia.
Pe3oHaHCHBIN XapakTep noBeJeHUs MaccuBa YHT npu Bo3aeiictBum ¢ uacrotoii 430 MI'y
OUEeBHUJICH.

CyluecTBeHHbIM pe3yJbTaTOM 3TUX PacueToB ABISETCS OTCYTCTBUE COOCTBEHHBIX MOJ
maccusa J0 280 M1 M HannuKe «OKOH NpO3pauHOCTH» B 00Jiee BLICOKOUACTOTHOM obac-
TH, B KOTOPBIX COOCTBEHHBIE KOJIeOaHUs TOXeE OTCYTCTBYIOT. B Takux «OKHax nmpo3payHo-
CTH» npuMeHUMO onucanue maccuBa YHT kak a¢dekTBHON crutowHol cpeast. B peso-
HaHCHBIX YyUYaCcTKax CMeKTpa AOMKHO HaOJI0AAaThCsl PEe3OHAHCHOE MOTJIOLIEHHE U Nepeus-
JIyueHHe NIeKTPOMArHUTHBIX M aKyCTH4eCKUX BOJIH, U MaccuB YHT nomkeH Bectu cebs
KaK «(OHOHHBIN KpUCTALN.
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MATHEMATICAL SIMULATION OF PULSE-DRIVEN
JOSEPHSON JUNCTION

V. A. Churicalov

Kyiv research T. Shevchenko national Universityet, chva@mycard.net.ua

Since its inception, the Josephson junction has been applied in a number of scientific
and technological areas in which fast switching coupled with low power dissipation is a
desiratum [1]. The standard model of a Josephson superconducting junction consists of a
junction shunted by a resistance. We denote ¢ the phase difference between electron pairs

across the junction, t dimensionless time, i, and 1; dimensionless current. The resulting
cquation is

d/dt+sin¢ -1,

where parameter b has a dimension of inverse time, f is periodic function. Most analyses
of equation (1) are based on the choice of the periodic term proportional to a single sinu-
soid sin @7 . In such a case one is forced either to use some form of perturbation theory ora
numerical solution of equation to derive an approximate solution. When either of these
procedures is used, one can demonstrate, among other things, the existence of so-called
Shapiro steps, which is equivalent to phase locking. When Shapiro steps are present there is
a net average voltage across the junction which is proportional to mean value¢ , ¢, .
where the average is over a complete cycle. An explanation of the phenomenon of Shapiro
steps can be given in mechanical terms in terms of an overdamped pendulum driven by the
sum of a constant torque 7, and a time-depended torque f(t). The average voltage

222


mailto:chva@mycard.net.ua

across the junction is analogous to the frequency of rotation of such a pendulum provided
that the torque is sufficiently large. Thus, if iy <i;, and there is no external torque, the
pendulum performs small periodic oscillation around ¢ =0 with the consequence satisfy

=0. In contrast, when iy >1, the oscillation is replaced by rotation with a

characteristic frequency ®; =b(1y —ii")"'“. The motion is further complicated when an

oscillatory forcing term is added to the dynamics equation, in which case the system can
became phase locked in the sense that the average angular velocity can equal to an integer

multiple of ;. A complete mathematical analysis of these effects is complicated by the
fact that equation (1) cannot be solved in any convenient form when f(t) is pure sinusoid.

The main aim of the present paper is to present an algorithm that converts the problem of
solving equation (1) when f(t) is a periodic train of 8 functions into the solution of a set
of recursion relations which is to easy to solve numerically.

We consider the case when Josephson junction is driven by a set of 8 -function pulses
in the form

f@)=iy +2mi; Y 8(t —ty —kT), )

Here ¢ is initial moment of time, i, is the constant component of current, 27, is in-
tegral amplitude of pulses. The condition of existence of Shapiro steps which is equivalent
to phase locking can be written aslim(¢p(t +w.1,) - 6()=2nk(0w.7./T)+o0(1,),

fr »

where 1, is the time of averaging, if T, = %, o(t,) = 0. The function ¢(¢) satisfies the
condition of jumping

-0)=2m,. 3)

For existence of phase locking it is necessary and sufficient that following condition
holds

lim, 0 ¢, (¢ +7) =0, (1) =21k, 4)

here k =0,+1,+2... is the order of Shapiro step [1].
Following [2] the equation (1) can be replaced by the system of linear impulsive equa-
tion

{
/

| 3(0) = =0,50¢1)x(0) + v(1)).
here

or
i()=ig + 210 Y 48( — (T +1)/2~nT)~8(t —(T - 1)/ 2 - nT)]

i.e. monopolar or bipolar train of impulses. _
The solution of the nonlinear impulsive equation (1) may be transformed to a lin-
ear impulsive system of second order [3]. Rewrite the equation (1) as the system
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Following [3] ((¢(¢),E(¢)) with the initial conditions ¢(0)=¢,, &(0)=0 is the solu-
tion of the system (6) if and only if the functions

x(r)=e>" " cos(0.5(¢(1) - $(0)),

is the solution of the system (5) with the initial conditions x(0) =1, (0) = 0. The solution
() of the equation (1) satisfies the condition (4) if and only if the sequence

Ao (1) =01 + nT) convergence of point wise, it =-1 » X)) =(x(1) + iy(0)) [(x(2) = iy(1)).
For a periodic bipolar train of 3 -functions the system (4) can be rewritten as impulsive

linear system for vector 2 =(x,y) on interval [0,T)

2= Az = o e =) + RS- 1) 1)
1 0,510
where ) =(T-1)/2, 1, =(T+1)/2, 1€[0,T),t<T/2, A= 051 |
\- ’ 0 - ’
0 1)
| o ‘ is symplectic matrix. The condition of jumping for vector 2(7) has the form

= Dlz(’l )v (k =112)1

where Dy =1 - nyv , Dy =1+ miyJ . The monodromy matrix of the system (6) has the
form

where T—-t,=(T-t)/2, t,-ty=1t, 4, =(T-1)/2. Thus,dete =1 then

detU(T)=det D, dct D, = detU(T)=(l + 1r2i|2 )2 >1. The impulsive periodic system
can be reduced by Lyapunov transformation into the system with constant matrix
=(1/T)InU(T) without impulses. The egenvalues of monodromy matrix p;,k =1,2
are named multiplies. They are connected with egenvalues of matrix I' by for-
mulaA, (I =(1/T)Inp, . The characteristic equation for monodromy matrix has the form

p? - Tr(U(T))p + dey(U(T)) =0,

where Tr(U(T)) = uy (T) + up(T) . 1t has two solutions. The monodromy matrix iy also
the matrix of the difference equation corresponding to the system (4), .., =U(T)C,,
where C, =z(1,, + 0). The condition (4) is equivalent to the condition of convergence of

the sequence z,,n — o, with initial condition z, =(1,0). It corresponds the multiplier
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which satisfy the condition p, <1. So, the condition of phase locking is corresponding to the
condition of existence of real value of multiplier for which the recursion relation is convergence.
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JA3EPHO-IVIABMEHHOE OCAXIAEHHUE AMIJIEKTPHYECKHUX
AJIMA3OIIOAOBHBIX YIJIEPOJHBIX TNOKPbITHH
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O. B. Kpexorens, M. B. Ily3sipes

Huemumym npuxnaduvix pusuueckux npobiaem uv. A. H.Ceguenko
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U3BecTHO, 4TO 6e3BOAOPOAHBIE aNMa30MoaobHble yriepoaHble mieHkun (AVYTI) ¢ Bbi-
cokuM (6onee 80 %) coaepxaHueM Sp3-CBﬂBaHHOI‘O yriiepoaa o61aaaoT 61IM3KHMHU K anl-
Ma3y (pU3NUECKUMH XapaKTEpHUCTHKaMHM, CpelM KOTOPbIX MOXHO OTMETHTb BbICOKOE
yIenbHOe COMPOTHBIIEHHE, BLICOKYIO MEXaHHYECKYI0, XMMHUYECKYI0O M paaHaliOHHYIO
CTOMKOCTb, BbICOKOE Hamnpsbkenue npobos [1, 2]. TNepeuncnennsle coiicta aenarot AVl
OIHUM U3 HauboJiee NEPCNEKTUBHBIX AUITEKTPUUECKUX MAaTEPHAJIOB COBPEMEHHOM MHKPO-
3JIEKTPOHUKH M CTUMYJIUPYIOT HCCNeA0BaHKUA B 06/1aCTH COBEPLICHCTBOBAHHS TEXHOJIOTUM
NoJNy4eHUs TakuX MOKpbITHH. OAHMUM M3 Hanbonee NMEpCNEKTUBHLIX METOAOB MOJy4EHHs
aIMa30MnoA00HbIX TJIEHOK ABJSETCS METOA Ja3epHO-TUIa3MEHHOro ocaxaeHus [3, 4]. Ha-
crosiuas paboTa MOCBsLIEHA UCCIIeOBAHHIO BIUSAHUSA YCIOBHH OCXKIAECHHUSA Ha 3NeKTpUYe-
CKHE XapaKTepUCTUKH YIIIEPOAHbBIX MIEHOK, MOJy4aeMblX JaHHBIM METOAOM.

Jlns ocakaeHMs YyrnepoAHbIX TIEHOK NPUMEHSICS YAG:Nd** nasep ¢upmsi Lotis-TII.
JlazepHoe u3slydeHHe AMHOM BOJIHBI A = 1064 HM ¥ ANMTENBHOCTBIO UMMNYJIbCa T = 20 HC
¢$oKyCcHpOBanoCh Ha rpadMTOBYIO MULIEHb, PACMOJIOKEHHYIO B BAKyYYMHOW Kamepe npH
JAaBieHuu okono 2.6-107 Ta. JinaMeTp Jla3epHOro ny4ka BO BCEX IKCMEPUMEHTaX COCTaB-
aan 2 wmMm.  TINOTHOCTL MOILMHOCTM  H3NY4YEHHs BapbuMpoBajacb B J1ManasoHe
(1—5)-108 Br/cM’ MpH NOCTOSHHOM AMaMeTpe Jla3epHoro myvka. YacToTa cienoBaHHs na-
3epHBIX UMIYJILCOB U3MeHstach OT 1 a0 5 I'il. KonvuecTBo 1azepHbIX MMITYJILCOB BO BCEX
3kcnepuMmenTax pasHsnoch 4000. Muluenu 6binv u3rotoBneHsl u3 rpapura MINOCH u
YCTaHaBIMBAKCh MO YoM 45° K OCH JIa3epHOro myuka. Jiis npeaoTspailenus obpaso-
BaHWS Ha TMOBEPXHOCTM MHUUIEHH 3PO3MOHHOrO KpaTepa IPOU3BOAMIOCH CKaHMpOBaHHE
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