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O CITEKTPAX BEPXHUX YACTOT CEPTEEBA
ANMHENHBIX AUODOEPEHIIMAABHBIX YPABHEHUU

A. C. BOHJIEJIEBHY "

Y Uncmumym mamemamuxu HAH Benapycu,
yn. Cypeanosa, 11, 220072, 2. Munck, benapyco

W3BecTHO, YTO CHIEKTPB! (MHOXKECTBA 3HAYEHHIT) BEPXHUX M HIDKHHUX dacToT CepreeBa HyJel, 3HAKOB M KOpHEH JIH-
HelHoro nudQepeHraIbHOr0 YPaBHEHUS TIOPsAKa BBIIIE ABYX C HENPEPBHIBHBIMU KOA(DQUIMEHTaMU NPHHAICKAT
KJIACCy CYCIMHCKHUX MHOXKECTB HEOTPULATEJIBLHOM IMOJIyOCH PACIIMPEHHON 4nCiIoBOM npsiMoil. bonee Toro, ans cnekr-
POB BEPXHHUX YacCTOT yPaBHEHUH TPETHETO MOPsI/IKA paHee 0KAa3aHO OOpaleHUE TOTO PEe3ylbTaTa B MPEAION0KEHUN
MIPUHAJUISKHOCTH CIIEKTpaM HyJisl. B HacTosimei padote nosrydeHo obparieHne chopMyIHPOBAHHOTO YTBEPIKICHUS ISt
YpaBHEHMI YETBEPTOrO MOPsAKA U BBIIIE. A UMEHHO AJISl MPOU3BOIBHOTO COZEPIKAILETo HyIb CYCIMHCKOTO TTOAMHOXE-
cTBa S HEOTPHUIATEIHHON MOIYOCH PACIIMPEHHON YHCIIOBOM MPSIMOW M HAaTypaJIbHOTO YHCIIA /1, OOJBIIETO 3, IIOCTPOEHO
nuHeiHoe quddepeHnnansHoe ypaBHEHNE TTOPSIKa /1, CIIEKTPBI BEpXHUX 4acToT CepreeBa HyieH, 3HAKOB ¥ KOPHEH KO-
TOPOTO COBMAJIAIOT C MHOJKECTBOM S.

Knioueswie cnosa: nuneiinoe nuddepeHnnanbHoe ypaBHEHHE; CIEKTp BepXHUX yacToT CepreeBa HyleH; CeKTp
BepxHHUX 4acToT CepreeBa 3HAKOB; CIIEKTP BEPXHUX 4acToT CepreeBa KOpHEH; CyCIMHCKOE MHOKECTBO.

Bnazooaprnocms. Pabota BrImonHEHA TpH (PMHAHCOBOH moaepskke bemopycckoro pecmyOmmkanckoro ¢poHma pyHAa-
MEHTaJbHBIX HcchenoBanuil (morosop Ne @17-102).
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It is known that the spectra (ranges) of upper and lower Sergeev frequencies of zeros, signs, and roots of a linear dif-
ferential equation of order greater than two with continuous coefficients belong to the class of Suslin sets on the nonnega-
tive half-line of the extended real line. Moreover, for the spectra of upper frequencies of third-order equations this result
was inverted under the assumption that the spectra contain zero. In the present paper we obtain an inversion of the above
statement for equations of the fourth order and higher. Namely, for an arbitrary zero-containing Suslin subset S on the non-
negative half-line of the extended real line and a positive integer number n greater than three a n order linear differential
equation is constructed, which spectra of the upper Sergeev frequencies of zeros, signs, and roots coincide with the set S.
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BBenenune

n v
Jiist 3aJaHHOTO HATypalibHOTO 7 Yepe3 £ 0003HAYMM MHOXKECTBO JIMHEHHBIX OJHOPOIHBIX TU(depeH-
[MATBHBIX yPAaBHEHHUH 71-TO IOPSAKA

YWt a () 4 a, (1) + a,(1)y=0, teR, =0, +oo), (1)
C HENPEPHIBHBIMH KO3 PHULHUECHTAMHU ai(-) R, >R, i= 1, n. Bynem otoxxaectBiats ypasuenue (1) u crpo-
Ky a= a(-) = (al(-), ey an(-)) ero Ko3(pQUIUEHTOB U MO3TOMY 0003Ha4aTh ypaBHeHue (1) Takxke uepes a.

ITyctb S(a) — MHOXKECTBO pelleHHil ypaBHEHUS a, S *(a) — MHO>KE€CTBO €TI0 HEHYJIEBBIX PEIICHUH, T. €. S *(a) =
= S(a)\{o}.
[t HeHyJIeBOTO peleHus y() ypaBHeHus (1) Touka € R, Ha3bIBaeTCs TOUKOM CMEHBI 3HaKa, €CJIU B JIO-

00l OKPECTHOCTHU ATOM TOUKH (PyHKUIHS y() NPUHUMACT 3HaYCHUS pa3HbIX 3HaKkoB. Hyib ¢ pyHKINH y() Ha-

3BIBACTCSI KOPHEM KPATHOCTH Kk, €CJIM B TOUKE / €€ TIepBbIe kK — | TIPOM3BOIHBIX PABHEI HYJIIO, a k-1 TPOU3BOTHAS
OTJIMYHA OT HYJIA.

CHMBOJIOM > 0603HaYNM BETMYMHY, IPUHUMAIOIIYIO 3HAYeHNs BO MHOXKecTBe {0, —, +}. Jlns Henynesoro
pemenns y(-): R, — R ypasuenns a € £ uepes v* (»(-); ) o6osHaumm uncio Hyneit, ecan 3 = 0; quciO
CMEH 3HaKa, €CJIH > = —; CyMMy KPaTHOCTeH KOpHeH, eciu » = +, Gynkuun y(-) Ha momyunrepsaie [0, ¢).
OueBnIHO, uTO BenudauHbl v (y(); ) mpy m000M ¢ > 0 KOHEUHBI.

Onpenenenne 1 [1; 2]. Bepxueii uacroroii Cepreesa nyneit (V°[y]), snakos (V'[y]) u xopreit (V[y])
pemenns y(-) € S.(a) ypasuenns (1) HasbiBaeTCA BeIMUMHA

VIS Tm v (v(): ), (2)

toteo |

TJ1€ CUMBOJI >z paB€H O, — U + COOTBETCTBCHHO.
Onpenenenne 2. Crekrpamu V° (S*(a)), 2 (S*(a)) u \A/+(S*(a)) BepxHuX yactor Cepreesa Hyseil, 3HaKOB

1 KopHEeH ypaBHeHHS (1) Ha3bpIBAIOTCS MHOKECTBA, COCTOSIIHE U3 BEpXHHUX 4acToT CepreeBa HyIeH, 3HAKOB U KOp-
Hel Beex peruenuii u3 S, (a) cOOTBETCTBEHHO.

MmuoxectBo 4 C R naspiBaercs [3, c. 213; 4, c. 489] cycamHCKHM MHOXECTBOM NpsMoi R, eciim oHO
SIBJISIETCS] HENPEPBIBHBIM 00pa3oM MHOMKECTBA HPPALMOHATIBHBIX YHCEN, PACCMaTPUBAEMOI0 B €CTECTBEHHON
Torosiornu. MuoxectBo 4 C R — cyclImHCKOE MHOXKECTBO pacIIMPEHHON YHUCIOBOM NMPsIMOM, €CJIM OHO Mpes-
CTaBUMO B BHJIe 00BbEIMHEHHSI CYCIIMHCKOTO MHOXeCTBa MpsiMoii R 1 HEKOTOporo (B TOM YHCIIE U ITyCTOrO)
ITOIMHOXXECTBA MHOXECTBA {—oco, +oo}.

Kak crnenyer us reopemsl LlITypma u otmMedeHo B [1; 2], ciekTpbl BepxHuX yactot CepreeBa Hyjlel, 3HaKOB
U KOpHEH ypaBHEHHS MEPBOTO IMOPSAKA COAEPKaT TOJBKO Hylb, @ YPaBHEHHUsI BTOPOTO IMOPSIIKA COBIAIAIOT
MEKIY COO0H U COCTOST U3 OAHOTO HEOTPHULATEIBHOTO uncia. B pabore [5] mokazaHo, UTO CHIEKTPBI BEPXHUX
yactoT Cepreesa HyJel, 3HAKOB U KOpHEH JTMHEHHOTO TudGepeHInaNIbHOT0 YPaBHEHHS TOPSAKA BBILIE IBYX
NpUHAUIEKAT KIAcCy CYCIMHCKHX MHOKECTB HEOTPHIATEILHON MOIYOCH PACIIMPEHHON YMCIOBOH MPSIMON,
U TIOJTy4eHO OOpalleHNne 3TOr0 YTBEPXKIACHHUS ATl CIEKTPOB BEPXHHUX YACTOT YPaBHEHHH TPETHETO MOpPSIKa
B TIPETIOIOKEHUN IPUHAUICKHOCTH CIIEKTPaM HyJIsl.

EcrecTBeHHO BO3HHMKAET BOINPOC, HACKOIBKO TOYHBIM SIBJISIETCSl NPUBEIEHHOE B [5] ommMcaHUE CIEKTPOB
BepxHUX yacToT Cepreesa ypaBHEHHI IOPsAIKa BhIlIe TpeX. B HacTosmiel pabore B MpeAnoaoKeHNH IpUHaI-
JISKHOCTH CHIEKTpaM HYJS yCTAaHOBJIEHA TOYHOCTD YKa3aHHOTO OIMCAHMSL.

Pe3yabTarsl U BX 00CyKaeHUE

Jlng nokaszarenbeTBa OCHOBHOTO PE3yJIbTaTa IMPUBEAEM U TOKAXKEM PsJT BCIOMOTaTeIbHBIX YTBEPKICHUI.
Yr1Bep:xnaenne 1. [TycTsb x() — peuieHue ypaBHEHU

()= by (1) + 21 b, (1)xY)(e), 120, 3)

e b; (), j=0, n, — HenIpepbIBHBIC (PYHKIIUH, ONpEACICHHbIC TIPU ¢ > (0 U MPUHUMAOIINE TTOJOKUTEIbHBIC

3Ha4YCHUA.
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(j)(O) >0, j=0, n —1, To npu Bcex ¢ = 0 BepHbI HEPABEHCTBA x(i)(t) >0, i=0,n, n

Torna eciu x

x(1) Zfdtlfdtz "J;Ibo(tn_l)dtn_l. “4)
0 0 0

HokazaTenbcTBO. U3 paBeHcTBa (3) ClemyeT, 4To x(")(O) > (. Uepe3 T 0003HaYMM MHOKECTBO BCEX
MOMEHTOB BpeMeHH ¢ > 0, A7l KOTOPBIX CYLIECTBYET Takoe k € {O, 1..., n}, 3aBUCSLIEE OT 7, 4TO x(")(t) =0.
JoxkaxeMm, uto MHO)kecTBO I mmycro. IIpennonoxum nporuBHoe. HeTpyHO BuaeTh, 4yTo 7' ABISETCSA 3aMKHY-
THIM, & 3HAYUT, KOPPEKTHO OTIpe/iesieH MOMEHT BpeMenu ¢ = min7. Tak kak ¢ € T, T0 x(k)(t*) =0 111 HEeKoTO-

poro k € {O, 1,..., n} Bonee Toro, x(i)(t) >0, i= O,_n, Ipu ¢t € [0, t*). U3 paBencTBa (3) creayert, uto k < n.
o

Tak kak x(k)(t*) = x(k)(O) + Ix(k+l)(1)dt, 10 x¥ (t*) > x(k)(O) > (. JlaHHOE MPOTHBOpEUYHE MOKA3BIBAET, UTO
0

x(i)(t) >0,i=0,n, npu Beex ¢ = 0. HakoHew, TponHTErpupoBas 7 pa3 HEPaBEHCTBO x(")(t) > b,(t), momyuaem

HEPaBEHCTBO (4).
Yr1Bep:kaenue 2. [l mpou3BOILHON JIOKANbHO orpanndeHHON ¢yHKnuu f: R — R cymecTtByeT Takas

6eckoneuno auddepenmnupyemas pyuknusa g : R — R, gto g(t) > f (t) pu Beex ¢ € R.

Jloka3aTenabcTBO. 1 NPOU3BOJILHOIO LIEIOr0 uKcia k uepes g, () 0003Ha4YNM TaKyr0 (QYHKIUIO U3

KJjlacca C“(R), 4TO gk‘ )= 0, g, ‘[k’ k] = 1, a Ha mHTepBanax (k -1, k) u (k +1, k+2) dyuxuus

R\(k—1, k+2
g, (") cTporo MoHOTOHHO BO3pacTaer u yObiBaeT cooTBeTcTBeHHO. CymectoBanue GyHkunn g, (-) caemyer

u3 [6, c. 54]. Yepes M, ob6o3Hauum sup f (t) Tak kak ¢yHKUIMS [ () JIOKallbHO orpaHuyeHa, To M, € R.
telk k+1]
Haxkoner, paccmoTpuM (hyHKIHIO

g)=1+ Y Mg, (1), teR.

keZ
HerocpeacTBeHHas IpoBepKa MOKasbIBaeT, 4To ¢yHKums g (-) koppexrtHo onpenenena, g € C”(IR) u npu Beex
t € R BbinonHeHo HepaseHcTBo g(7) > f(7).

Jlemma. /{ns 3a0annvix ¢hynkyuii x,€ C "(R . ) i=1,n, BPOHCKUAH W(xl, Xy enes xn)(-) KOMOPbLX OMAUYEH
om HYNA 6 Kaxcool mouke Heompuyamenbrou nonyocu R, cywecmeyem maxas nonodjcumenvras Qyuxkyus
xe C”(R,), umo

lim m: 0,i=1,n u W(xl, Xy eves X5 x)(t);t 0 nputeR,.

1=+ x (t)
HoxazarenscTBo. s nponsBonsHoil pyrkimn y € C™ (R+ ) Pa3IoKHM OIIPEIEITUTENh BpoHCKOTO cHc-

TeMbl PYHKIMH X, X,, ..., X,, Y 11O IOCJIETHEMY CTOJIOLY:

W(x,, Xy evus X, y) = cny(") + cn_ly("_l) + .t ),

rae ci(-) — HenpepbIBHbIE HAa R, QyHKIMH, i = 0, n, IIPH 9TOM C, () = W(xl, Xy eens xn)(-).

Uepes b,.(-), i= I,_n, 0003HaunM OecKoHEeUHO nuddepeHunpyeMyo QyHKIHUIO, 3aJaHHy0 Ha R, U1 KoTO-
poil cripaBeNINBO HEPABEHCTBO b, (t) = max (1, - cl.fl(t)c;1 (t)) npu Beex ¢ = 0. IIycts h() € C”(RJ — QyHK-
1usl, YIOBJIETBOPSIOUIAsl MPH Beex ¢ = () HEpaBEHCTBY h(t) > max |xi(t)|. Bribepem ¢yHKIHIO bo(') eC” (]R +) u3
yenosus by(t) = max (1, (t””h(t))n) st Beex ¢ € R,. Cymecrsosanue dynkumii () u b,(-), i= 0, n, cremyer

13 YTBEPKACHUS 2.
[Tycth x() — IPOM3BOJIBHOE PeLICHHE ypaBHEHUS (3) C TOJIOKHUTEIbHBIMU HadaJbHBIMH JaHHBIMH. Torna
B CHJIy yTBepXkaeHHs | nmeem

n-1
Costl _(n-1) S | S .0)
X x| =, b0+26 bt oo | |#0.
iz

n

W(xl, Xyy ooy X,y x) = cn(x(n) +
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Bonee Toro, n3 HepaseHcTBa (4) cieyer HepaseHCTBO X(¢) = " 'h(¢) npu Beex ¢ > 0, a 3HAYMT, M PABEHCTBO

x,(1) —
ox\r) oL -
tgrllw% =0, i=1, n. Hakoner, Tax kak ko3¢ duiueHTsl ypaBaenus (3) npunapiexar kiaccy C (R +), TO
3TOMY KIIACCY IVIAJKOCTH NIPUHAUICHKHT U €ro peleHue X(-).

YrBepikaenue 3. {1 IpOU3BOIBHBIX PA3INYHBIX AEHCTBUTENBHBIX YHCel K, k, 1 HAaTypaJIbHOTO YHCIIA

n > 2 Haiigercs Takast QyHKUUS x() eC” ([O, 1]), 4TO
1(0)=ky, x(1)=ky, x7(0)=x"(1)=0,i=2, n, u %(r) # 0 npu £ € (0, 1),
HJoxazarensctBo. [Ipsmoii mpoBepkoii IeTKO yOETUTHCS, YTO (PYHKIUS

<) ks f;(;k) J drj&"*(l—a)“d&, refo,1],

(n=1)1y
(2n-1)1"

[epeiinem kK GopMYIUPOBKE U JTOKA3ATEIBCTBY OCHOBHOTO pe3ynbTara paboThl.

rIe B(n, n) — 3Ha4YeHHE OeTa-PYHKITHH, paBHOE o0magaeT HeOOXOMUMBIMU CBOMCTBAMH.

Teopema. /[ns npoussonvrozo CYCRUHCKOZO MHOIICECTEA A cR,, cooepacaweco nynv, u namyparvroco

yucaa n 2 3 cywecmsyem ypasHeHue a € g cnexmpul éepxuux uacmom Cepeeesa Hynell, 3HAKOS U KOPHEll
KOMOPO20 cO8Nadaron ¢ MHOJCecmeom A.

JlokazaTenbCcTBO. 3adUKCHpPyEM KaKoe-THOO CYCIMHCKOE MHOXecTBO A C R+, coneprkaiiee Hylb.
Meton0oM MareMarn4eckod MHIYKIUH 110 71 — TOpAAKy AuddepeHInaabHoro ypaBHeHUS — JIOKaKkeM Oolee
CHJIBHOC YTBep)KI[eHI/Ie A nmeHHO IIOKaXXEM, 4TO IJIA JIFOOBIX HaTypaJIbHLIX YUCCIT m >n=>3 HaI/II[eTCSI Ta-

KO€ ypaBHECHUE a € (‘: YAOBJICTBOPAIOIICE YCJIOBHUIO TCOPEMBI, YTO BCC €TI0 PCIICHUS IMPUHALICIKAT KIACCY
c"(R,).
C MMOMOIIBIO YTBCPIKACHUA 3 6.’:133 WHAYKIUU TIPpU 71 = 3 MOXET 6LITI: YCTaHOBJICHA ITOCTPOCHUSAMU, dHAJIO-

THYHBIMH [TPUBEACHHBIM B pabote [5].
TIPEATOIOKIM, YTO TSl HEKOTOPOTO 71 U TIPOM3BOIBHOTO 71 > 1 IOCTPOCHO TAKOE YPABHEHUE d € & , UTO

\A/O(S*(a)) =V (S*(a)) =v" (S*(a)) =Amn S*(a) c C’”(R+). ITycts m = n + 1. Beibepem nponsBonbHyto QyH-
JaMEHTAJIbHYIO CHCTEMY {xl(-), % ()s ees X, ()} cc” (]R+) peuienuii ypasaenus a. Crenys JOKa3aHHOH JieM-

Me, JIONOJIHUM BBIGpaHHYIo cucTeMy (yHkuueii x, ,,(-) € C™(R, ). Tak kak BpoHCKHaH W(xl, Xyyeees xnﬂ)(t)

~n+1
ormmmueH ot 0 mpu ¢ > 0, To cymecTByeT ypaBHeHue b € € e $yHIaMEHTaIbHOH CHCTEMOW peLIeHUN
{xl(-), % () oo an(-)}. JlokaxkeM paBeHCTBa
/\O A~ _ ~
9(5.() = 97(5.(8)) = 9°(5.(0)) = A. ©
Tak Kak IIPOM3BOIBHOE pemeHue X(-) ypaBHEHHs a ABISETCS PELICHHEM yPaBHEHHs b, TO MIMEIOT MECTO

BKJIoUeHus A C V ( (b )) Ac Vv (S.(b))u Ac V(S,(b)). Mycrs x(-) — nponssonbHOe peluenne ypasHe-

HUs b, KOTOpOE He SIBJISIETCS PelLieHUEM ypaBHEHHUs a. Toraa cylecTBytOT TaKHe IIOCTOSIHHBIC €|, Cy, ..y C, 4 15

xA(t)

. i

KOTOPBIX CIIPABEIIMBO PABEHCTBO X = C,X, + C,X, + ... + ¢, X, , |, IpU ITOM ¢, , | # 0. Tak Kak tlilllx—(t) =0,
n+l

InIE: |

i=1, n, TO Ipx BCEX AOCTATOIHO OONBIMX ¢ > () 3HAYCHHE x(t) ormmmuso ot 0. ClieoBarensHO, V° [x] =V [x] =

= 0+[x] = 0. IToaromy u3 mpunamiexkuoctu 0 € A crenyrot pasenctsa (5). Teopema mokaszana.
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