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Physical and mathematical model has been developed that makes it possible to describe a
process of excitation of acoustic pulses when the energy of ultrashort laser pulses is absorbed
by two-dimensional metallic nanostructures (nanogratings) deposited on a substrate of a
semiconductor material. Simulation is based on the numerical solution of two-dimensional
equations of motion of continuous media in the form of Lagrange, which allows calculating
fields of temperature, pressure, density and velocity of particles in the medium. It is shown
that deformations of metallic nanolayers, arising from their heating and further expansion-
compression, are transferred into the substrate in the form of a train of acoustic pulses, the
typical repetition frequency of which is in subterahertz range and is determined by the linear
dimensions of nanostructures and the speed of sound in the metal.
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1. Introduction

Recently, studies of the processes of
excitation of acoustic pulses in absorbing micro-
and nanostructures are of particular interest.
The frequency of sound oscillations generated in
such structures upon absorption of the energy
of short (nano- and picosecond) and ultrashort
(femtosecond) laser pulses lies in the range
from giga- to terahertz [1, 2]. Among potential
applications of high-frequency acoustic waves are
characterization of the structure of nanoobjects,
the development of microwave devices for
acoustooptic modulation, the development of
nanophotonics [3] and nanoacoustics [4].

In theoretical study of mechanical
deformations of nanoparticles and
nanostructures, a simple model of a harmonic
oscillator is used in most works [1, 5], which
however allows only qualitative description of the
processes occurring. Also approaches to modeling
deformation oscillations of nanoparticles by the
molecular dynamics method are developed [6].
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In this paper, the problem of excitation
of acoustic pulses due to absorption of the
energy of ultrashort laser pulses in a metal
lattice deposited on a crystalline substrate
has been considered within the framework of
continuum mechanics. The processes occurring in
a continuous medium under the action of laser
radiation can be described by the equations of
motion of the medium in the form of Euler or
Lagrange [7]. Here, two-dimensional equations
of motion of continuous media in the form of
Lagrange were used, which made it possible to
describe the motion of inhomogeneous media
whose properties change upon passage through
the interfaces. It can be noted that this approach
was successfully used to describe the action of
ultrashort laser pulses on one-dimensional micro-
and nanostructures [8–11], and we develop it into
the case of the two-dimensional geometry of the
absorbing metallic nanolayer.

2. Theoretical model

Heating of a metal film is described in the
framework of the two-temperature model for an
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electron gas and an ionic lattice [12]:

ρeCe
∂Te

∂t
= keT

(
∂2Te

∂xl2
+

∂2Te

∂yl2

)
+QS

−γ (Te − Ti) , (1)

ρiCi
∂Ti

∂t
= γ (Te − Ti) . (2)

Here, the quantities ρ (density), C (heat
capacity), T (temperature) with the index ”e”
refer to the electronic subsystem, with the index
”i” – to the ion one. The parameter γ determines
the rate of the energy relaxation from the electron
gas to ions of the crystal lattice. The value of QS

in equation (1) is determined by the energy release
source: QS = I (xl, yl, t)κ, where I (t, xl, yl) is the
intensity of the light beam, κ is the absorption
coefficient of the medium, xl, yl are Lagrangian
coordinates.

The Lagrange equations for the two-
dimensional motion of a continuous medium have
the form [13]:
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• equations of the changing of Euler
coordinates:
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, (6)
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• an equation of state:

P = P (V, E) . (8)

Here, xe, ye are the Euler coordinates; P is
the pressure; V0 = 1/ρ0, V = 1/ρ are the
initial and current specific volumes; ρ0, ρ are the
corresponding densities; E is the specific internal
energy. The system of equations (3–8) are used
to describe thermomechanical processes both in
a metal layer and in a crystal substrate with the
appropriate choice of material constants.

To approximate the equation of state of a
metallic film, we use the Mie-Grüneisen equation,
which, taking into account the separation of two
subsystems (electronic and ionic ones), takes the
form [10, 11]:
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where Γi,e are the Grüneisen coefficients, u0 is
the speed of sound in the metal. As the equation
of state of the substrate, the Mie-Grüneisen
equation in its binomial form has been also used:
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where Γ is the Grüneisen coefficient of the
substrate, ul is the speed of sound in the
substrate.

The simultaneous solution of the system
of equations (1–10) makes it possible to
calculate the space-time dependencies of pressure,
temperature, density and velocity of motion,
both in the metal layer and in the crystal
substrate. Numerical simulation has been carried
out using the finite-difference approximation of
the equations of motion in the form of Lagrange.
When implementing the numerical method, the
calculation region has been divided into cells of
the size of the order ∆xe,∆ye = 0.05 nm. The
time step has been determined by the Courant
criterion ∆t = k∆xl/u, where u is the sound
velocity in the material, k = 0.1 ÷ 0.01. The
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equations of motion were approximated taking
into account the introduction of pseudo-viscosity
[14], which made it possible to stabilize the
numerical solution in the region of existence
of pressure jumps. When setting the boundary
conditions, it has been assumed that the
boundary xl = 0 is a free surface, and,
accordingly, the pressure P (xl = 0, t) = 0.

3. Numerical results and
discussion

In experiments on excitation of high-
frequency acoustic pulses under the action of
femtosecond laser pulses on the absorbing layer,
various metallic coatings of various substrates are
used: Al/GaAs [4, 15], Ti/Si [16], Cr/Al2O3 [15],
Au/ITO [2], Au/GaAs [17], etc. The thickness of a
metal film is usually about 10–70 nm. In addition,
the substrate itself can be a multilayer structure
of the photonic crystal type [3], phononic crystal
[4], or multilayer metamaterial [18]. In what
follows we consider structures of the Au/GaAs
type.

Let us consider the action of a laser pulse
I(t) = I0(t/τp) exp(−t/τp) with the intensity I0 =
108 W/cm2 and duration τp = 10−13 s on a gold
(Au) layer (thickness L = 70 nm, the absorption
coefficient κ = 5 · 105 cm-1) deposited onto the
surface of the GaAs crystal (Fig. 1a). Calculations
have been carried out for typical thermophysical
parameters of Au and GaAs. When solving the
thermal problem, all material parameters have
been considered as constant, without regard for
their temperature dependence.

As it has been shown by numerical
experiments, the absorption of the energy of an
ultrashort laser pulse by conduction electrons
leads to increase in the temperature of the
electron gas over times period of the order of the
laser pulse duration τp (Fig. 2a, curve 1) with
the subsequent transfer of the energy to ions of
the crystal lattice and its heating (curve 2). The
averaging of the electron and ion temperatures
occurs over a time of the order of τe−ph ∼ 10 ps,

FIG. 1. The structure under consideration. (a) -
metalic film (Au) deposited onto crystal substrate
(GaAs). (b) - metalic grating (Au) on the surface of
GaAs/Al/As heterostructure. (In color)

which is a typical value for the gold.
The change in temperature of the ion lattice

initiates the emergence of the pressure ∆P ,
density ∆ρ, and the velocity of particles of the
medium u propagating with the sound velocity
u0 waves inside a metallic nanolayer and reflecting
from the free surface at r = 0 and the boundary
of the metal and the substrate at r = L. Thus,
at the initial moments of time, a region of the
high pressure inside the metal layer is formed
(Fig. 2b, curve 1), which, due to the presence
of pressure gradients of a different sign on the
free surface and the metal-substrate boundary,
determines the multidirectional motion of the
particles of the metal layer (Fig. 2c, curves 1–
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FIG. 2. Temporal (a) and spatial-temporal (b, c)
dependencies of temperature (a), pressure (b), and
velocity (c). (a): 1 – change in the temperature of
electron gas, 2 – change in the temperature of ion
lattice; (b, c): 1 – 500 fs, 2 – 4.5 ps, 3 – 8.5 ps, 4
– 12.5 ps, 5 – 17.5 ps, and 6 – 22.5 ps. The dashed line
indicates the Au/GaAs interface. The arrows indicates
the direction of motion of pressure wave fronts (see
text). (In color)

3, arrows B and C). In this case, a motion with
a positive velocity inside the material appears in
the crystalline substrate (r > L) (arrow A).

When the pressure wave is reflected from
the free surface r = 0, a tensile pulse is formed
(Fig. 2b, curves 2–3, arrow C). When the pressure
gradient breaks down at the metal-substrate
boundary r = L and the pressure wave exits
into the crystalline substrate, a positive phase
of the first acoustic pulse is formed (Fig. 2b,
curves 2–6, r > L, arrow A). The interaction
of counterpropagating waves inside the metal
layer (Fig. 2b, curves 2–4, r < L, arrows B
and C) forms a negative phase of the acoustic
pulse (Fig. 2b, curves 4–6, r < L, arrow D ),
which partially leaves the crystalline substrate
and is partially reflected in the metal layer.
Thus, the first peak of the bipolar acoustic pulse
propagating in the substrate is formed (Fig. 2b,
curve 6, r > L). The spatial shapes of the other
parameters (density, velocity of the particles of
the medium) generally repeat the shape of the
pressure wave.

Further, the pressure wave propagating
inside the metal layer, when reflected from the
interface between the metal and the substrate,
initiates in the latter the occurrence of pressure,
density and velocity oscillations of the particles
of the medium. In this case, the appearance of
several peaks in a wave of pressure propagating
in the substrate (Fig. 3a) is the result of the
partial passage of the compression-rarefaction
wave through the Au/GaAs interface. With the
passage of time, which is determined by the
ratio of the acoustic impedances of the adjacent
materials, the amplitude of the oscillations
decreases. The presence of wave-like motion of
particles of a metal layer can also be interpreted
as the appearance of its oscillations as a whole.
Thus, Fig. 3b shows the time dependence of
the relative change in the Au film thickness.
The period of the excited acoustic oscillations
is determined by the formula T = 2L/u0i, and
for the case under consideration T = 43 ps
(frequency ν = 0.023 THz) is the main peak in the
frequency spectrum of the acoustic signal – the
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FIG. 3. Time dependencies: (a) pressure changes in
the GaAs crystal substrate, (b) relative changes in the
thickness of metal layer. The inset shows the frequency
spectrum of acoustic signal.

inset to Fig. 3a). As follows from the numerical
experiments, the amplitude of the oscillations is
proportional to the intensity of the exciting laser
pulse in a wide range of parameters, the damping
time of the oscillations can be estimated by the
value of the order of τosc ∼ 250 ps. The maximum
amplitude of the relative change in the thickness
of the metal layer for the selected material
parameters is of the order of ∆L/L ∼ 5 · 10−4I0
(GW/cm2). With the selected intensity of the
laser beam, I0 = 108 W/cm2, and the thickness
of the metal layer L = 70 nm the value of ∆L ≈
3.5 pm.

In [19], the method for active control of
the characteristics of surface plasmon polaritons

using acoustooptical modulation in subterahertz
frequency range was theoretically proved. For this
purpose, the multilayer acoustic structure was
designed as a phononic Fabry-Perot nanocavity,
in which the mirrors are formed by an acoustic
superlattice and a structural metal surface, which
ensures the localization of high-frequency acoustic
oscillations in the vicinity of metal lattice and the
enhancement of acoustooptical interaction.

FIG. 4. Time dependencies of the pressure variation
at the center of the acoustic cavity (a) and in the
crystalline substrate behind the phonon mirror (b).
The insets show the frequency spectrum of acoustic
signals.

In subsequent, we consider a structure
consisting of a metallic (Au) layer with a thickness
L = 70 nm, a GaAs cavity d = 13 nm thick, and a
phononic mirror of alternating AlAs/GaAs layers
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(N = 20) with thickness d1 = d2 = 5 nm, formed
on a substrate of GaAs. Calculations have been
performed for the same parameters of the laser
pulse (I0 = 108 W/cm2, τp = 10−13 s). Fig. 4a
shows the calculated time dependence of the
amplitude of the pressure wave at the center of the
acoustic cavity (r = L + d/2) and the spectrum
of this signal. As one can see, the acoustic signal
is a superposition of oscillations (the main one
with the period T = 43.4 ps and harmonics)
caused by heating of the metal film and its further
expansion and compression, as well as oscillations
supported by this acoustic resonator (peaks in
the spectrum at frequencies of the order of ν =

0.25 THz and ν = 0.264 THz). Moreover, with
the passage of time, damping of the oscillations
occurs at the frequency ν = 0.023 THz and
the formation of well-defined oscillations at the
frequencies ν = 0.25 THz and ν = 0.264 THz.
The amplitude of steady-state oscillations is, for
these parameters, of the order ∆P ∼ 1 bar. In
the spectrum of the signal passed through this
structure (Fig. 4b), at a frequency of the order
of ν = 0.25 THz, a minimum is observed, which
confirms that oscillations at a given frequency
are effectively localized in a designed acoustic
resonator.

FIG. 5. Distribution of pressure in the structure at different time moments: 1.6 ps (a), 3.2 ps (b), 6.4 ps (c),
9.6 ps (d), 19.2 ps (e), 40 ps (f). (In color)

Two-dimensional model of laser heating of a metal nanolayer made it possible to
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investigate in detail spatiotemporal distributions
of pressure, density, and velocity fields in a
periodically structured nanolayer (nanograting).
The calculation results for the pressure fields
are presented for the following geometry of the
periodic lattice element: layer thickness 70 nm,
width 350 nm, lattice period 700 nm. Calculations
have been made for one period of the metal lattice
(Fig. 5).

As one can see, in accordance with the
results obtained above within the framework
of a one-dimensional model, over a time
of the order of 1 ps, the pressure in the
metallic nanolayer increases (Fig. 5a). Then,
when the compression wave exits into the
substrate material and reflects from the metal-air
interface, an initial compression-rarefaction pulse
is formed (Fig. 5b–f). In the subsequent stage,
the structure of the pressure field in the metal
lattice element is the imposition of two acoustic
pulses propagating in orthogonal directions,
causing deformation (periodic changes) in the
lattice element, both in the longitudinal and
transverse directions. Moreover, as follows from
the numerical calculations of the real periodic
structure, when propagating acoustic beams,
generated in each element of the metal lattice,
their interference is observed, which considerably
complicates the structure of the acoustic wave
field.

4. Conclusions

A method based on the numerical solution
of two-dimensional equations of motion of
continuous media in the form of Lagrange
has been applied to solve the problem of
the interaction of ultrashort laser pulses with
multilayer nanostructures containing metallic
layer or grating as an absorption structure.
Performed numerical experiments allow studying
the structure of the fields of temperature,
pressure, density and velocity of particles in the
medium. It is shown that excited high-frequency
acoustic oscillations propagate in the crystalline
substrate as a train of compression-rarefaction
pulses, and can be localized in the vicinity of the
surface by properly designed acoustic nanocavity,
what can be used, in particular, for modulation of
resonance conditions of surface plasmon-polariton
excitations [19].
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