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Finite-difference time-domain method for numerical solution of Maxwell equations has
been applied to the problem of interaction of light beams with microcavities filled with the
media exhibiting Kerr nonlinearity. The evolution of spatial-temporal structure of the light
beams has been analyzed in the mode of optical bistability. The dynamics of transverse
switching waves and the peculiarities of pattern formation in the cross-section of the light
beams has have been analyzed numerically.
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1. Introduction

A remarkable event in nonlinear optics
was the discovery of the phenomenon of optical
bistability in the propagation of a light beam
in a nonlinear Fabry-Perot interferometer
[1]. Nonlinear interferometers, as nonlinear
systems with feedback, proved to be very
convenient objects for modeling and practical
implementation of various self-organization
effects in distributed optical systems [2]. The
practical use of optical bistable devices depends
on the success in increasing the speed, minimizing
the power consumption, switching energy, and
size. Thus, for realization of optical bistability
effect it is promising to use microcavities based
on photonic crystals with a defect layer whose
optical properties depend on the intensity of the
light radiation [3–5].

In the theoretical modeling of optical
bistability and formation of intracavity spatial
structures, the mean field theory based on the
averaging of the intracavity field along the
propagation axis of the light beam is widely used
[6–8]. Despite the undoubted successes of this
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approach in predicting the formation conditions
and characteristics of such transverse light field
structures as switching waves, spatial solitons,
one-dimensional and two-dimensional periodic
structures, it seems promising to use a more
general approach based on the direct numerical
solution of Maxwell equations for studying the
spatial structure of the intracavity field. In
particular, in this paper we use a finite-difference
method to solve Maxwell equations, and to
analyze the structure of an electromagnetic field
inside a microresonator under the conditions of
optical bistability.

The finite-difference time-domain method
(FDTD) is an efficient approach to numerical
solution of Maxwell equations [9]. The FDTD
method is applicable for a wide range of complex
dielectric structures, linear and nonlinear media
[10, 11], optical waveguides [12], scattering media
[13, 14], and photonic crystals [3–5, 15]. The
explicit scheme of second order accuracy in time
step ∆t and spatial grid ∆x, ∆y, ∆z proposed by
Yee [10] is widely used as a numerical modeling
tool.
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2. Theoretical model

Solution of the problem of propagation of
the light beams in an optically inhomogeneous
nonlinear medium with an arbitrary kind
of spatial modulation of the permittivity
ε
(
r⃗, t, E⃗

)
= εlin (r⃗) + 4πχnl

(
r⃗, t, E⃗

)
is based on

the use of Maxwell equations for the field vectors
in the form of:

∇× E⃗ = −µ

c

∂H⃗

∂t
, (1)

∇× H⃗ =
1

c

∂D⃗

∂t
. (2)

The following analysis will be carried out for
the case of spatially two-dimensional modulation
of the permittivity ε = ε (x, y), and TE-
polarization of an electromagnetic wave. For cubic
nonlinearity χ(3) of Kerr-type the relationship
between the vectors of the electric displacement D⃗
and the electric field E⃗ taking into account finite
response time of nonlinearity τrel is defined by the
equations [16]:

Dz (x, y, t) =

= [εlin(x, y) + 4πχnl (x, y, t, Ez)]Ez (x, y, t) , (3)

τrel
∂χnl

∂t
+ χnl = χ(3)E2

z . (4)

In this case, the system of equations (1–2)
can be transformed to the following form:

∂Hx

∂t
= −c

∂Ez

∂y
, (5)

∂Hy

∂t
= c

∂Ez

∂x
, (6)

∂Dz

∂t
= c

[
∂Hy

∂x
− ∂Hx

∂y

]
. (7)

We introduce dimensionless quantities using
the formulas: x = x̃λ0, y = ỹλ0, t = t̃T0, where
λ0 is a wavelength in vacuum, T0 = 1/ν0 is the
period (ν0 is the frequency) of electromagnetic
oscillations. The system of equations (5–7), taking
into account the formula c = ν0λ0, is rewritten as

∂H̃x̃

∂t̃
= −∂Ẽz̃

∂ỹ
, (8)

∂H̃ỹ

∂t̃
=

∂Ẽz̃

∂x̃
, (9)

∂D̃z̃

∂t̃
=

∂H̃ỹ

∂x̃
− ∂H̃x̃

∂ỹ
, (10)

where H̃z̃ = Hz̃/E0, Ẽỹ = Eỹ/E0, D̃ỹ = Dỹ/E0,
E0 is the maximum value of the amplitude
of the light beam at the entrance to the
medium. According to the FDTD method [13],
the differential equations (5–6) are approximated
by the following finite-difference equations in
space and time [17]:

H̃
n+1/2
x̃ (i, j + 1/2) = H̃

n−1/2
x̃ (i, j + 1/2)− ∆t̃

∆ỹ

{
Ẽn

z̃ (i, j + 1)− Ẽn
z̃ (i, j)

}
, (11)

H̃
n+1/2
ỹ (i+ 1/2, j) = H̃

n−1/2
ỹ (i+ 1/2, j)− ∆t̃

∆x̃

{
Ẽn

z̃ (i+ 1, j)− Ẽn
z̃ (i, j)

}
, (12)
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D̃n+1
z̃ (i, j) = D̃n

z̃ (i, j) + ∆t̃

{
1

∆x̃

[
H̃

n+1/2
ỹ (i+ 1/2, j)− H̃

n+1/2
ỹ (i− 1/2, j)

]}
−∆t̃

{
1

∆ỹ

[
H̃

n+1/2
x̃ (i, j + 1/2)− H̃

n+1/2
x̃ (i, j − 1/2)

]}
. (13)

In these equations, ∆x̃, ∆ỹ are the steps of the
spatial grid along the coordinates x̃, ỹ, ∆t̃ is
the step of the time grid. The required functions
Fn (i, j) refer to the nodes of the space-time
grid as follows: Fn (i, j) = F

(
i∆x̃, j∆ỹ, n∆t̃

)
=

F
(
x̃, ỹ, t̃

)
. When carrying out the calculations,

it is necessary to take into account Courant’s
condition to ensure the stability of the numerical
scheme: ∆t ≤ (∆x,∆y)/v , where v is the velocity
of light in the medium.

The kinetic equation for nonlinear
susceptibility of the medium (4) is approximated
in the form:

χn+1
nl (i, j) = χn

nl (i, j)−
∆t̃T0

τrel
χn

nl (i, j)

+
∆t̃T0

τrel

[
χ(3)E2

0

] (
Ẽn

z̃ (i, j)
)2

. (14)

To find the electric field strength at the
next moment of time, we use the following
approximation of equation (3):

Ẽl+1
z̃ (i, j) =

D̃l+1
z̃ (i, j)

εlin (i, j) + 4πχl+1
nl (i, j)

. (15)

Thus, the numerical solution of the system of
equations (11–15) allows us to describe the
process of propagation of a light beam through an
optically inhomogeneous medium with allowance
for the Kerr nonlinearity of the material.

3. Numerical results and
discussion

First we consider the problem of the
bistable response of a nonlinear microresonator
in the plane-wave approximation. We will assume

that the microresonator consists of two mirrors
formed from six alternating dielectric layers with
refractive indices n1 = 1.45 and n2 = 2.28 of
thickness niLi ≈ λ0/4. The layer of intracavity
material with refractive index ncav = 1.6 has
a thickness Lcav = 0.9 µm. The structure is
located on a glass substrate (n = 1.54). The
structure of the microcavity is shown in Fig.1.
The reflection coefficient of each mirror in the
resonator is R1 = R2 = R ≈ 0.9. With
these parameters, the characteristic cavity build-
up time is τR = 2Lcav/v(1 − R) ≈ 96 fs.
The transmission spectrum of this structure is
shown in Fig. 2. We shall consider the problem of
reflection (transmission) of a light pulse E (t) =

E0 exp
[
−(t− t0)

2/2τ2i

]
sin (2πν0t) whose main

frequency ω0 is tuned from the peak of the
transmission of the microresonator by ∆ω/ω0 ∼
0.02. The duration of the light pulse will be
assumed τi ≥ τR, the wavelength of the radiation
is λ0 = 1 µm. The relaxation time of the
nonlinearity for the electronic Kerr effect is of the
order of τrel = 1÷ 10 fs.

Numerical calculations have shown
that, depending on the relationship between
the duration of the light pulse τi and the
characteristic cavity build-up time τR, various
dynamic modes of transmission and reflection
of the microresonator are realized. In this
case, an important role is played also by the
relaxation time of the nonlinear response τrel.
Fig. 3 shows the calculated dependencies of the
integral transmission of the microresonator on
the normalized square of the amplitude of the
incident light pulse for the case τi ≈ 2τR and the
limit of the instantaneous nonlinearity (τrel = 0).
As the energy of the incident pulse increases,
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FIG. 1. The structure of microcavity. The size of
picture is 12.5− 100 µm.

0.7 0.8 0.9 1.0 1.1 1.2 1.3
0.0

0.2

0.4

0.6

0.8

1.0

/ 0

T

FIG. 2. The transmission spectrum T (ω) of the
microresonator.

the transmission increases due to the presence
of a positive nonlinear addition to the refractive
index of the intracavity material, which increases
the optical thickness of the layer and shifts
the transmission peak of the microresonator
to the main frequency of the light pulse. At
certain values of the energy of the incident pulse,
depending on the thickness of the layer of the
intracavity material Lcav (curves 1 – 4) and
actually determining the initial detuning of the

resonator from the transmission maximum, a
sharp increase in the transmission is observed
with a slight increase in the energy of the light
pulse. Such a behavior of the transmission
function of a nonlinear interferometer makes
it possible to speak about a jumping from the
lower branch of the hysteretic dependence to the
upper one, characterized by high transmission,
characteristic of the optical bistability regime.
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FIG. 3. Dependencies of the transmission of a
nonlinear microresonator on the normalized square of
the amplitude of the incident light pulse. τi = 200fs,
τrel = 0, Lcav = 0.88 µm(1), 0.89 µm(2), 0.9 µm(3),
0.91 µm (4).

Significant differences are also observed
in the space-time structure of the reflected
and transmitted light pulses for the cases
corresponding to the lower and upper branches
of the transmission curve of a nonlinear
microresonator. Thus, in the case of a small
amplitude of the incident pulse, both reflected
and transmitted light pulses do not undergo
significant changes in the time form (Fig. 4, a).
At the same time, in the regime of optical
bistability (Fig. 4, b), one can note the presence
of characteristic antiphase oscillations of the time
envelope in the transmitted and reflected light
pulses accompanying the process of switching the
interferometer to a high-transmission state. Also,
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FIG. 4. Instantaneous distribution of the electric field
strength E after reflection of a light pulse from a
nonlinear microresonator. 1 - reflected pulse, 2 -
transmitted pulse. τi = 200fs, τrel = 10fs, Lcav =
0.9 µm, χ(3)E2

0 = 0.1(a), 0.3(b).

in the tail part of the pulses there is a kinetics
corresponding to the reverse switching of the
transmitted pulse to a state with a low amplitude,
and the reflected pulse to a state with a high
amplitude. Since the duration of the incident light
pulse is only twice as long as the cavity build-up
time (τi ≈ 2τR), the bistable switching processes
are nonstationary.

Next, we analyze the process of transforming
the space-time structure of the electromagnetic
field in a nonlinear microresonator for the case
of a light beam of finite width. Numerical

simulation of the problem of the spatial structure
of a light beam in a plane-parallel nonlinear
microresonator was carried out using the above
resonator parameters (number of dielectric layers,
resonator base, refractive indices of dielectric
layers and intracavity material, etc.) for TE-
polarization by solving equations (11–15). We
used a spatial grid with a discretization step
∆x = λ0/40, ∆y = λ0/20 (∆x̃= 1/40, ∆ỹ =
1/20) and an appropriate time step ∆t̃ = 1/80,
which is sufficient to fulfill the stability criterion
of the numerical scheme. The use of such a grid
actually leads only to a certain change in the form
of the reflection spectrum of the microresonator
because of the less precise fulfillment of the
conditions imposed on the optical thicknesses
of the dielectric layers that form the mirrors
(niLi ≈ λ0/4) and on the optical thickness of the
intracavity layer (ncavLcav ≈ (2m+ 1)λ0/2). In
the calculations, it was assumed that a continuous
light beam is directed to the microcavity, whose
spatial shape is given as follows: Ez (y, x = 0, t) =
E0 exp

[
−y2/2r20

]
sin (2πν0t), where r0 is the half-

width of the Gaussian spatial profile of the light
beam.

Fig. 5 shows the results of calculating
the evolution of the spatial structure of the
light beam (r0 = 20µm) for the nonlinearity
parameter χ(3)E2

0 = 0.3, which, according to the
dependencies analyzed earlier (Fig. 3, and Fig. 4),
is sufficient for realizing the optical bistability
regime.

The dynamics of the field variation inside the
microresonator is characterized by the presence
of the following stages: 1) the presence of a
moment of a sharp increase in the field energy
density (Fig. 5, a, 1–2, and Fig. 5, c, curves 1–
2); 2) an increase in the transverse dimension
of the included region by the development of a
switching wave transverse to the axis of the light
beam (Fig. 5, a, 3–4, and Fig. 5, c, curves 3–
4); 3) development of instability of the transverse
structure of the light beam (Fig. 5, a, 5–6, and
Fig. 5, c, curves 5–6).
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FIG. 5. Evolution of the space-time shape of the light beam near and inside the microcavity. τrel = 10fs,
Lcav = 0.9µm, r0 = 20µm, χ(3)E2

0 = 0.3. (In colour)

FIG. 6. Structure of the electromagnetic field
in the mode of switching wave (a) and in the
mode of modulation instability (b). The parameters
correspond to Fig. 5. (In colour)

Fig. 6 shows the spatial structure of the light

beam in the mode of propagation of the transverse
switching wave (a) and in the formation mode
of the small-scale transverse structure due to the
modulation instability having the same threshold
with the optical bistability regime for the focusing
nonlinearity of the intracavity material [18]. In
the first case, one can note the presence of
antiphase oscillations of the components of the
electromagnetic field (Fig. 6, a) in the regions
corresponding to the upper and lower branches
of the resonance transmission curve. The small-
scale transverse modulation (Fig. 6, b) of the
light beam structure is formed as a standing wave
in the direction transverse with respect to the
resonator axis in the region corresponding to the
state of high transmission of the resonator.

4. Conclusions

The FDTD-method for numerical solution
of Maxwell equations has been applied to solve
problems of the interaction of light beams
with nonlinear microcavity formed in one-
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dimensional photonic crystal with defect layer.
Performed numerical experiments allow to study
the structure of electromagnetic pulses inside the
microcavity in the regime of optical bistability.
It is shown that the dynamics of the transverse
structure of a light beam in a microcavity in

the optical bistability regime is characterized
by the formation of a switching wave into a
high-transmission state and, for a positive Kerr
nonlinearity, by the development of transverse
instability.
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