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IMMPEITN3VOHHBIE METOADI PEINIEHUA YPABHEHN S
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[TpenM3nOHHBI pacyeT SHEPreTHYECKUX IONPABOK BOJOPOJONONO0HBIX CUCTEM SIBIISIETCSl aKTyallbHOM MPOOIeMOH,
MOCKOJIBKY 9KCIIEPUMEHTAIbHBIC U3MEPEHHsI TAKUX 3HAUCHUH BBIMOIHSIOTCS C BBICOKOW TOUHOCTHIO. B pabore mcronb-
3yIOTCSI HOBBIE CIICIMAJIbHBIC KBaApaTypHble (POPMYJIBI ISl CHHTYISIPHBIX M THIEPCHHTYJISIPHBIX WHTEIPAJIOB IIPH YUC-
JICHHOM penieHun ypasHeHus [Ipénunrepa B MMITYJIIb.CHOM POCTPAHCTBE ¢ OTEHIMAIOM JIMHEHHOTO 3alMpaHus, KyJo-
HOBCKUM M KOPHEJIbCKUM TTOTeHnnanamu. [lokazaHo, 4To SHEPreTHIeCKNil CIIEKTP KBAaHTOBOW CHCTEMBI B 3TOM CITydae
MOJKET OBITh PACCYUTAH C TOYHOCTBIO, HAMHOTO NIPEBOCXOIAIIEH TAKOBYIO IPYrUX MeTonoB. PazpaboTanHas npouenypa
pacueTa SYHepreTHYECKUX CIEKTPOB JIETKO 0000IaeTCsl Ha PENIITHBUCTCKUE YPABHEHUSI, 1€ TIOTEHIMANIBI OOBIYHO MOITY-
YEHBI B UMITYJbCHOM IPOCTPAHCTBE, U MOXKET OBITH MPUMEHEHA Ul W3YYEHUsI M BBIYMCICHUS PasInuHbIX d(PPEKTOB
B JIByX4aCTHYHBIX KBAHTOBBIX CHCTEMaX, TAKNX KaK BOJOPOJONOA00HBIE aTOMBI, a/]POHHBIE aTOMBI M CBSI3aHHBIE KBAPKO-
BbIE CHCTEMBI.

Knrouegvie cnoga: runepcuHryIapHblil HHTErpai; ypasHeHue Llpénunrepa; UMIyIbCHOE IPOCTPAHCTBO; KBaIpaTyp-
HbIE (HOPMYJIBI.
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PRECISION METHODS FOR SOLVING
THE SCHRODINGER EQUATION
WITH SINGULAR POTENTIALS IN MOMENTUM SPACE

V. V. ANDREEV*

*Francisk Skaryna Gomel State University, 104 Saveckaja Street, Gomel 246019, Belarus

A high precise calculation of various energy corrections of the hydrogen-like systems is a relevant problem since the
experimental measurements of such values are performed with high accuracy. We use new special quadrature formulas
for singular and hypersingular integrals to numerically solve the Schrédinger equation in momentum space with the linear
confinement potential, Coulomb and Cornell potentials. It is shown that the energy spectrum of a quantum system can be
calculated with an accuracy far exceeding other calculation methods. These methods are easily generalized to the relati-
vistic equations, where the potentials are generally derived in momentum space. Consequently, the developed procedure
to obtain the energy spectra can be used to study and calculate various effects in the two-body quantum systems, such as
hydrogen-like atoms, hadronic atoms and bound quark systems.

Key words: hypersingular integral; Schrodinger equation; momentum space; quadrature formulas.
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BBenenue

UucneHHoe HccieJoBaHne HEKOTOPBIX PEITUBUCTCKUX Mojelel, ocHoBaHHBIX Ha KX ]I, mpuBoauT K pe-
LICHUIO 33/1a4 B UMITYJIbCHOM TIPOCTPAHCTBE, HanpuMep K ypaBHeHuto bere — Conmutepa [1], OeccimHoBOMY
ypasHeHuto Commutepa [2], mogenu CST [3], myaHkape-UHBapUAHTHOW KBAHTOBOM MEXaHUKE NJIST OITUCAHUS
CBSI3aHHBIX COCTOSIHUM [4] 1 ip. OOBIYHO 3TH ypaBHEHUS SBISIIOTCS MHTETPAILHBIMH M CBOASITCS K YPaBHEHHIO
[[Ipénunrepa B HEPEIATUBUCTCKOM IIpPEACIIE.

[penmymiecTBa NpUMEHEHHS MIMITYJIbCHOTO TIPEJICTABICHUS ISl PEILICHHS 33/1a4 KBAHTOBOW (DU3UKH IPHBIIC-
KarOT BHUMAHHUE UCCIICOBATENICH B TCUCHUE NITUTEILHOTO BpeMeHH [5; 6]. OIHaKo HCTIONB30BaHUE UMITYILCHOTO
MIPOCTPAHCTBA OCIIOKHSIETCS] TEM, UTO JIaKe MPOCTEHIINE MOTEHIMAIbl B3aUMOJICHCTBHSI B UMITYJIbCHOM Tpe-
CTaBJICHUH TPUBOAAT K YPaBHEHHSM ¢ 0COOCHHOCTAMH. B HacTosIIee BpeMst IMeeTCsl MHOTO PadoT, ITOCBSIICH-
HBIX PEIIEHUIO MHTETPAJIbHBIX YPAaBHEHUH [T CBA3aHHBIX COCTOSHUM ¢ CHHTYIISPHBIMHU sipamu. Tak, B [7—13]
pa3paboTaHbl pa3IUYHbIE METOBI YHCIEHHOTO PELICHUs YPABHEHUH ¢ TOrapu(pMHIECKON CHHTYISIPHOCTBIO.

VYpaBHEHHS C IMHEHHBIM 3aMPAIONIIM TOTCHIUAIOM, COACPIKAIINM IBYXIIOIIOCHYI0 OCOOCHHOCTH, pac-
cMoTpeHbl B [6; 14-21]. Hanbonee yacTo ucmonb3yeTcst MeToA BerunTanus (Metoy Jlanzae), KoTopblii T03BO-
JIsieT U30aBUTHCS OT CHUHTYIISIPHOCTH MHTETpajia ¢ MOMOIIBIO aHATUTHYeCKOTro KoHTpuieHa. [1o aTol nmpuumnne
TOYHOCTb pElIeHuH Ui psja 3a7ad ¢ KyJOHOBCKUM U JTMHEWHBIM OTPaHWYMBAIOIIMMH MOTEHIMAIaMU OTHO-
cutensHo Huskas (107'-107°) [10; 16—18], X0Ta B KOOPAMHATHOM HPOCTPAHCTBE MOXKHO JOCTHYB TOUYHOCTH

6onee BeIcoKoro mopska (107'-1077) [22].

Bonpoc TOUHOCTH B BBIYMCIICHHH XapaKTEPUCTHK CBA3aHHBIX KBAHTOBBIX CHCTEM MMEET HE TOJBKO aKa-
JeMUYecKuid xapakTep. IIpenn3noHHbIi pacyeT pa3InyHbIX SHEPreTHUECKUX MONPABOK BOAOPOJONOAOOHBIX
CHCTEM SIBJISIETCS AKTyaJIbHOH IPOOIEMOH, TOCKOJIBKY SKCIIEPUMEHTAIbHbBIC U3MEPEHUS TAKUX 3HAYCHUH BbI-
TOJHSIIOTCS ¢ BBICOKOH TouHOCTBIO (~ 1077) [23; 24].

Taxkum 00pa3om, pH ONPEAEICHUN SHEPIrEeTHUECKUX XapaKTEPUCTUK CBA3aHHBIX KBAHTOBBIX CUCTEM Clle-
JyeT BBIICJINTH 3a1ady pa3paOOTKU BBIYUCIUTEIBHBIX U MAaTEMAaTHYECKUX METOAOB, KOTOPbHIE MO3BOJIAT YII-
POCTHUTH CXEMBI pacdeTa U MOJIYYUTh PE3YIbTaTbl C BBICOKOW CTENEHbIO TOYHOCTH, HEOOXOAUMOMN IS SKCIIe-
pumenTa. Hanbonee nepcrieKTHBHBIM METOIOM IMOBBIIICHUS] TOYHOCTH PEIICHHSI HHTEIPAIbHBIX YpaBHEHUI
CBSI3aHHBIX CHUCTEM C CHHIYSIPHBIMH SIAPAMHM SIBISICTCS METOZA KBAAparyp, IZ€ CHHIYISIPHOCTH BKIIOYCHBI
B BecoBble Kod(hduimeHTs. JTa Haes He HOBA M aKTHUBHO HCITONB3YETCS B YHCICHHBIX pacuerax [25-28].
B [29] Takoil monxoa ucnob30Bajcs Npu pemieHud ypaBHeHus lpénunrepa ¢ KyJJOHOBCKUM MOTEHIUATIOM
(orapupmMuyeckas 0COGEHHOCTB), UTO TIO3BOJIIIIO TIOBBICHTH TOYHOCTH pemerus 10 (107°—107'%).

Lenp nccienoBanust — pa3paboTka METOAOB BBIYMCICHUN SHEPreTUUECKUX CHEKTPOB CBSI3aHHBIX CHCTEM
C KYJIOHOBCKHMM, JIMHEHHBIM 3alIUPAIOLINM U KOPHEIbCKUM MOTEHIMAIAMH B MMILYJILCHOM IPEICTABICHUH /IS
MIPOU3BOJIBHBIX OPOUTAIBHBIX MOMEHTOB (¢ = 0) ¢ MCIOJIB30BaHUEM HOBBIX KBaIPaTypHbIX (GopMyII.
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MeToauka PE€UHICHUS MHTECIPAaJbHBIX ypaBI—[eI—[I/Iﬁ

Vpasuenue Ipénunrepa 1is HEHTPaTbHO-CUMMETPHYHBIX TIOTEHIINANIOB V(|r|) = V/(r) mocie napuuagbHOro
Pa3/IOKEHHS MOYKHO 3aMUCATH CJ‘ICI[YIOH_[I/IM 06pazom:

(1)

(Pn/ J‘ (Pn/z (k’)k,zdk, €(pn/( ) |k
0

rae (pnf(k) — paauanbHasi 4acTh TPEXMEPHOHN BOJHOBOHM (YHKIHU (p(k); I/[f(k, k’) — (-mapuuanbHasi KOMIIO-
HEHTa IICHTPaTbHO-CHMMETPUYHOTO ITOTEHITNAA, ONIPEACIICHHAs C IIOMOIIIBIO cepudeckoit hynkmmu bec-

censt j[(x):

Vi(k, k) = 2] (k') i (ke V()

WnTerpansnoe ypaBuenue (1) mpeodpasyercss B MATPHYHOE C TTOMOIIBIO KBAAPATYPHBIX (POPMYI JUIS HH-
TerpanoB. B pesynerare unciaeHHoe perieHue (1) cBomuTes K 3amade Ha COOCTBEHHBIC 3HAYCHUST MaTPHIIBI H,
BO3HUKAIOMIEH MTPH NCTIOIH30BAHNHN KBAJPATYPHBIX (HOPMYI:

N N
ZH(ki’ kj)(p(kj) - ZHU(pj =Yg,
=1 =1

N ~
rae N — gucno adcruce; E ™) ~ E,,. BecoBbie K02 GUIMEHTE! (; ONPEICIAIOTCS Yepe3 CTaHIapTHBIC BECOBBIC
MHOXUTEIN (; sl HHTepBaia [—1, 1], a MaTpuvHbIe deMEHThI H,; — popmyioi

2

H,= 2u6 @K (K k).

OZ[HaKO B UMITYJIbCHOM HPOCTPAHCTBE YPABHCHUEC UMECT CUHIYIISIPDHOC AP0 KaK [JIA KyJIOHOBCKOI'O, TaK

. o o
U JUI JINHEHHOT 0 3aryparolero noreHuana. KylroHoBCKHUi MoTeHInal V(r) ==~ B IMITYJIbCHOM TPOCTPaH-
CTBE YJIOBJIETBOPSIET YPaBHEHHUIO

OCQ/Z()’)

Filk. ) = - n(kk')

2)

e o — Oe3pasmepHast KoHcranTa cBsisu; Gynkuns O,(y) — nonmuom Jlexanmpa BTOPOro posa; napamerp y
OTIPE/ICIISACTCS COOTHOIIICHUEM
k*+ k"
YT om
IMotennuan (2) umeet norapuMuUecKyro 0COOeHHOCTb pH k =k’ (y = 1) B CHITy CBOMCTB IOIMHOMA Q(( y).
ToTeHIuMan ¢ TMHEHHBIM 3anpanueM V(r) = Gr B UMILYJIbCHOM IPOCTPAHCTBE 3aIIHCHIBACTCS B BHJIC

c0/(»)
n(kk’)

Kak crmenyer u3 (3), dyukuus Q) ( y) SIBJISIETCSL TWIIEPCHHTYIISIPHON B ciaydae k =k’, cliemoBarensHo,

V(k, k) = 3)

Vé(k, k') — TaKKe TMIEePCUHTYIISAPHBINA TOTEHIIUAI.

MeToabl pelieHUs1 YPABHEHHUH ¢ CHHTYJISIPHBIMM SiAPAMU

[Ipu pemieHny ypaBHEHHS C CHHTYIISIPHBIM SpOM HanOoJee yacTo MCIONb3yeTcss MeTol BerunTanus Jlanze,
KOT/Ia CHHTYJISIPHOCTh COKpAIlaeTCs 3a CUET CHelHalbHOro KoutpuieHa [15-17; 20; 21; 30]. B omnmuune ot
9TOTO METOJa XapaKTepHOW 4epTol pa3paboTaHHOIO MOAXOAA SIBISETCS BKIIOYEHUE CHUHTYJISIPHOCTEH B Be-
coBble K0((UIMEHTHI KBaApaTypHbIX ¢popmya. [IpuMeHsst MEeTOANKY pacueTa TaKuX BECOBBIX KOd(h(UIIMEH-
ToB [31; 32] (cM. Takxke [28; 29]) ¢ UCMOJIb30BAHUEM UHTEPIIOISIIUOHHOTO MHOTOUJICHA

REP()
(t - ii, N )PA;(OL’B)(&LN ) ’

Gi(t ) =
rae &, , — Hynn noamHoMoB SIko6u:
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P*P(E, y)=0 (=12, ... N),

MOXHO HaliTH KBaApaTypHble (JOPMyJIbI AJIsl BHIUMCICHHS CUHTYIIIPHBIX MHTETPAJoB BUAA

1

I(z) = JF(t)w(t)g(t, Z) dt. (4)

3
B coornomennu (4) Gpyuxunu F(¢), w(f) onpezensior yacts unterpana 6e3 ocobennocreit must —1 <,z < 1;
g(#, z) — cunrynspras gyHKuus npu = z.

KBanparypHas ¢opmyna 1Jisi THIIEPCHHTYJISIPHOTO MHTerpaia (4) ¢ g(t, Z) = S U w(r)= 1+_t 3a-
nuiercs B Buze [32] 1-z) !
c 1+t F(2) y
——=dr=) 0/"(2)F(&, ),
K 1_I(Z—Z>2 ; i ( ) (E-fl,N)
e
VK,'(Z) WN(Z) - VVN(&;N)
( B ) - 2 » ZF E.u e
o (z)= — 2 JEE) (2-8) 5)
W (&x) w5
ol g

Becosbie ko3 punneHTs! (5) onpenenstorest ¢ OMOIIBIO TOJTMHOMOB YeObIIieBa TpeTbero VN(x) U YETBEPTOrO

w, (x) pona. OmpereneHue 1 CBOMCTBA ATHX IMOJIMHOMOB MOKHO HailTH B MOHOTpadu [33].

KBagparypHas ¢opmyna Uit THIEPCHHTYISIPHOTO MHTETpajia ¢ QyHKIHEH w(t) =

—— ompejensercs
AHAJIOTUYHO NPCABIAYIIECMY BAPUAHTY U UMCCT BUJ 1= t
1 F(
di =Y oz 6)
! (t—z)\J1-7 Z‘ ()
e
0! (2) = ﬂfcos(ﬁn)c<2> (2) ™
i N “~ N k-2 H

C (u)(z) — nonuHoMbI I'erenbayapa.

n

Ha npaktuke MokeT OBITH MOJIE3HOH KBaparypHas GopMylia C BEIYUTaHHEM

R a- St

BecoBoit ko3 uIreHT npecTaBisieTess CyMMOU BHjia

N 1 1 ( B
oc o, H
1 sz?mP’” ( zN)Jm (Z)’ (9)
e
1 p(e.B)(,) _ plaB) —
_ JPm (1) - P, (Z)dz+Pm(°"ﬁ)(z)ln(1—Z). (10)
4 t—z 1 + z

CumBomer Kpucroddemns 7»(2%) JUTST MHOTOYJIEHOB SIkoOu B ypaBHeHWH (9) onpenenstoTcss CTaHIapTHBIM
COOTHOIICHUEM

qep _ 2 TN+ o+ JE(N+ B +1) 1
m N C(N+1)T(N+o+p+1) (1_ I-ZN)[PJG(“’B)(Q-N)T (11)
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1
Janee npy BBIYUCIEHUH SHEPIeTHUECKOTO CIEKTpa Hcnonb3yeM BapuanT (10), korna o= = ——:

iTmfl(éi,N)Jrf—l(z)’ (12)

e

Z( = —l]Umz,,-z(z), (13)

B dopmynax (12) u (13) nmepBblil ¥ OCIEAHNUHN YWICHBI B CyMMax AeJATCs Ha 2; [...] — Henasi yacThb 4ucia.
Amnanutryeckue Gopmyisl (5), (7) u (12) TO3BOSIOT pacCYUTaTh BECOBBIE KOI(D(UIIMEHTHI ¢ BBHICOKOH TOU-
HoCcThI0. [109TOMY COOTBETCTBYIOLIME KBagpaTypHble (POPMYIIBI MOXKHO MCIIOIB30BAaTh ISl PELICHUS ypaBHe-
Hus Lpénunrepa B UMIyJIbCHOM IPOCTPAHCTBE C JIMHEHHBIM 3alIUPAIOIIUM ITOTCHIIHAIOM.
Jist moy4eHus! BECOBBIX KOA(Q(HULIMEHTOB, BKIIOYAIOMINX JIOTApU(PMHUIECKYIO CHHTYJISIPHOCTD, PaccMO-
TPHUM pa3IMyHbIC BApHAHTHI KBaIpaTypHbIX Gopmyi. s dopmysast

_[ln|t—z|F(t)dtzio)}°g(z)F(?;i’N) (14)

BECOBbIC KOA(PPHUIMEHTHI UMEIOT BUJT

m}og(z) = ,(a,ﬁ)(éi N) Z

N

X 3(=1)"In(z+1) +In(1- 2) —TmH(z)ln(l — Z) - 4i T’”Zk;:(lz)c;" [%] , (15)
rae [...] — 1uenas 4yacTh 4ucia;

1
" —, €CJIM kK = n ¥ m — HEYETHOE,
ci' (n)=
1, ecnu k=n u m — deTHOE UK k # n;
hyHKIINS
1
T(z), ecm =P = >

U,(z),ecmu o= = %,

V(z), ecmn o0 = - = ——,

n

n

W(z), ecmn o= —Pf=—,

sIBIIsIeTCSl 0000IIeHreM TOTMHOMOB UeOsbIeBa mepBoro, BTOPOro, TPEThero u 4erBeproro poaa [34]. Eciu
1
B(15)a=p= > TO MPU CYMMHPOBAHUU IO UHICKCY 71 MOCIACIHUN YWICH CyMMBI JCIUTCS Ha 2.

JIi1st MHTErpasoB ¢ Jorapuh)MUIECKOH 0COOCHHOCTBIO BUIA

‘ 1+1¢ Mo,
[n|e -] ﬁF(t)dt =Y ol(2)F(&, y)
-1 - i=1
BC€COBBIC MHOXXHTCIIN 3aJal0TCAA COOTHOICHUEM
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0 0, = T, T,
o) (z)= —2:]Tilcos7[(ln2+ z)cosT + ;lcos[(m + ;)91,1\/] % + %(IZ) , (16)
rie
0 ==L 12 N
’ 2N +1

BecoBbie k03 punreHTs KBaapaTypHOH (GOPMYITBI

IMth__m~zm )F (&, v) (17)

MOCJIC BEIUYHMCICHUN 3aIIMCHIBAIOTCS KaK

N-1

0! (z)=-X|m2423 - 1(5,.)5(2)| 1s)

k=1

3Hepreanechﬁ CIIEKTP AJIA KYJOHOBCKOI'O IMOTCHIMAJIA

ypaBHCHI/Ie C KYJIOHOBCKHM IMOTCHIUAJIOM MOXHO npeo6pa30BaTL K BUY

k (Pn/< ) IQ/ ko /(k,)dl‘;,: Sné(pn((];) (19)

C IOMOLIBIO 3aMCH INIEPCMEHHBIX

2
k=P, o, (F)= B0, (k). B=no, E,=De
u
B cnyqae KYJ'IOHOBCKOFO IIOTCHIIMAaJIa N3BCCTHBI TOYHBIC 3HAYCHU A 3Heprnﬁ, a UMCHHO.
el = !
nt — _n_Z.

TouHOCTB pemeHus ypaBHEHUS Oy/IeM OTPeNeNsITh C UCTIOIb30BAHNEM OTHOCHUTENIbHOM MOTPEITHOCTH

_ W)
8 — Enk gn/f (20)

nl gn/’, ’

(N)

e €,, — TOUHble COOCTBEHHbIE 3HAUYEHMUS; €,,” — SHEPIreTUUECKUI CIIEKTP, OIyUSHHBIN YMCIEHHBIM PEIIEHUEM
3a/1a44 Ha COOCTBEHHBIE 3HAYEHUS MATPHILBI /1 ITPU 3a1aHHOM Yucie N:

S ,0,(5,)= €0, 5.) e

Pacuetsr mpousBenensr B cucreMe Wolfram Mathematics [34], BeiOpaHHas TOYHOCTH BECOBBIX K03 du-
LIMEHTOB U HyIei paBHa 90; 115 Bcex BbIumcieHuit napametp f, = 0,999 992.

Juis uncnennoro pemenus ypasaenus Lpénunrepa ¢ morapudMuueckoll CHHTYISIPHOCTBIO UCIIOTB3yeM
TPH BapuaHTa peasin3alii 3aJa9 Ha COOCTBEHHBIE 3HAYCHHUS C IIOMOIIBIO KBAAPATYPHBIX TPaBUIL.

B mepBom metone (Meton ) mpumeHstoTCsI mONIMHOMBI YeOblleBa TPEThero pona Vn(t) ¢ ¢dyHKuuen

/1 +1
w(l) = 1 1, COOTBETCTBEHHO, BecoBbIe Koa(duireHTs (16). Bo BTopom metone (meton 1) — MHOTOUIICHBI
t

UYeOsimeBa nepBoro poza Tn(t) ¢ GyHKOMEH w(t)=1 1 BecoBbIMH Kod(pdurmenTamu (15) mist mHTErpaion

¢ sorapupmuueckoii ocobeHHocThio. B Tperbem merone (Meton III) — kBaaparypHOe NpaBHIIO KO BCEM
WHTErpanaM B ypaBHeHHH (19) ¢ BEIUMTaHHEM, KOTOPOE HCIIONB3YEeT CTAHAAPTHBIC BECOBBIE KOI(D(DUIIMEHTHI
Buaa [29]:

%[g (,N)

(22)
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Itpux () 03HaYaeT, 4TO MEPBOE CIaraeMoe CyMMBbI JeTUTCS Ha 2; [...] — 1enast 9acTh 4ucia.
C moMoIbr0 0ToOpakeHus

ot r>)[1%’)¢n/<r>(it=[ (1) - en[](p%(z), .

T 1+zy

rae

J1g coxparrieHus 3arucu BBeieM QyHKIUN

— (1+4E&, ) — 1
k= —22 |, dk= ——
’ (1—%) (1-t.f

Paccmorpum uncienHoe perieHue ypaBHeHUs (23) ¢ moMolibio KBajparypHbix ¢opmyn. Mcmons3ys me-
Ton I v nonaras z=¢§, ,ut=§, ,, ypaBuenue (23) MOKHO anNpOKCHMHUPOBaTh ypaBHeHHEM (21) ¢

H,=B, lgosi,jzgz - 4{%)%’ o/ (v, )dk; } (24)
rae |
0/ () =20 [ B3y )l = &, 08 ] = i (0)] -
— (& )R (3 ) =2 (8 &y x).

-1/2,1/2
BecoBbie ko3¢ duiiueHTH k(j v ) 03;/ (é, N) onpenenstorcs ypasHeHusiMu (11) 1 (16) cOOTBETCTBEHHO,

a 3Hauenus &, , — popmymnoii
2i—1
. = oS T |.
S ( 2N +1 ]

Pacuersl ¢ ucnonbszoBanuem merona Il mpuBoasT Kk MaTpuie BUja

H—_6E24k"Tc7c 25
,._BhBO,,jj—n?Q‘(yij) j (25)

ij

=)

1

¢ QyHKIHEH

a

Q/T(y,,)= 0); :P£<yij)ln‘1 - éi,Néj,N‘ - Wﬂ—l(yij):l -
- miog(gi,N)Pﬂ(yij)'

BecoBble k03 durmeHTs sz.t 1w, (&l N) ompenensitores o Gopmynam (22) u (15) coorBeTCTBEHHO,

a 3Ha4YeHus &, , — COOTHOIICHHEM
2i—1
g, v = cos A

ManI/I‘{HLIe OJICMCHTBI ]_Iij HWHTEIpaJIbHOI0 YPaBHCHHUA C KYJIOHOBCKHUM ITOTCHIIUAJIOM C BBIYUTAHUEM
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m=0,1,2, ...

=)

JluaroHajbpHBIE MaTPUUYHBIC AJIEMEHTHI ypaBHeHul (24) 1 (25) KOHEYHBI, U BCE OCOOCHHOCTH HaXOJISATCS
o KOHTpojieM. YucaeHHbIe pe3yabTaThl sl YHEPTeTUUYECKOIO CIIEKTPa, PACCUUTAHHBIC TPEMSI METOIaMU,
CpaBHHBaOTCs B Ta0OM. 1.

2 7';2
_ mQ((y) _ (f—l)!! — npu £ =2m,

0 2 upul=2m+1,

3alIMIIyTCAd B BUEC

|

— 2 - 4
Hii = Bo (Bokiz - ECZki + Ezmith (yri # 1)
r=1

o ’ Q/(yu)dk,, i # .

i

_ _4B,
B

Ta6nuna 1
OTtHocuTesbHast omnOKa (20) 1719 KYJIOHOBCKOI YHEPTUH CBSA3U
Table 1
Relative error (20) for the Coulomb binding energies
N (=0
n=1 n=2 n=3 n=4 n=>5
100' 3,7(-14) 3,7(-11) 2,9(-10) 1,2(-9) 3,7(-9)
150" 3,3(-15) 3,3(-12) 2,5(-11) 1,1(-10) 3,3(-10)
150" 1,1(-16) 6,7(-15) 1,1(-13) 8,6(~13) 4,1(-12)
150™ 7,1(=7) 1,4(-5) 1,2(-4) 5,3(-4) 1,8(-3)
N (=1
n=1 n=2 n=3 n=4 n=>5
100' 2,3(-17) 1,0(-15) 1,5(-14) 1,1(-13) 5,8(=13)
150' 4,0(-19) 1,8(-17) 2,6(-16) 2,0(-15) 1,0(-14)
150" 4,7(-16) 9,2(-15) 8,7(—-14) 4,5(-13) 1,8(-12)
150™ 4,2(-5) 1,7(-4) 3,6(—4) 4,3(-4) 1,2(—4)
Iy (=2
n=1 n=2 n=3 n=4 n=>5
100" 2,3(-17) 1,0(-15) 1,5(-14) 1,L1(-13) 5,8(-13)
150" 4,0(-19) 1,8(-17) 2,6(-16) 2,0(-15) 1,0(-14)
150" 1,7(-19) 4,7(-18) 6,1(-17) 4,7(-16) 2,6(-15)
150™ 1,4(=5) 1,1(-4) 4,8(—4) 1,6(=3) 4,3(-3)

IIpumeuanus: 1. Ungexcsi 1, 11, 111 o3Havarot, uto mist pacuera 822, ucnones3yrorest meroasl I, 11, III coorBercTBeHHO.
2. 3ammuck Buma 7,1(~16) osnauaer: 7,1(-16)=7,1 - 10",

MoxHO cienath BBIBOJ, 4TO MeToAbI [ 1 Il MeroT Xopoliryro cXxoquMOoCTh ¢ yBeandeHneM N 1 3HaYUTeITbHO
npeBbIatoT TouHocTh Metona I11. Kpome Toro, Tounocts metoos | u Il Bo3pacTtaet npu yBemueHnu OpOUTaIb-
HOTO KBaHTOBOTO uncina ¢, B ommune ot Metoaa III. [Toaromy kBagpatyphsie hopmyist (16) u (15), B KOTOpBIX
norapupmMudeckue 0cOOCHHOCTH S/Ipa YpaBHEHHS BKJIIOUCHBI B BECOBBIE KOI(P(PUIIMEHTHI, MTO3BOIISIIOT C OO0Jb-
IOM TOYHOCTBIO pelnTh ypaBHeHue Llpénunrepa ¢ KylmOHOBCKUM MOTEHIIMAIIOM B UMITYJIbCHOM IIPOCTPAHCTBE.

JHepreTH4ecKHid CEKTP AJIsl JINHEHHOT0 NOTEeHNAaJIa

3anuiem ypaBaenue LIpénunrepa ¢ TMHEHHBIM MOTEHIINATIOM B BH/IC
(8nz_]€2)@ne(l€):#_r(Qz( )(Pne( ) (v )(Pn/( ))dk’__JQe (Pnzz( )k,dk’ (26)
0
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1€ UCIIOJIBb30BAaHbI 3aMCHBI

k= BF, E% B=(200)", 0,,(F) = B0, (k) )

C noMoIIbI0 KOHTPYJIEHA

Jarg;(y)=0 (28)

nonyuuM ypaBaenue Lpéaunrepa (26) B cneqyrouieM BUje:

(8 =)o, (k)= I(Qo( )(P()9.,(F) - 0,,()) -

- w_,(») @n/f(lg,))d]‘:, + WJ‘QO (»)P(») (Pnz(lgl)dlgla (29)

e

TOYHOCTE pacYeTOB YHEPTETHUECKOTO CIIEKTPa IIPOBEPUM ¢ ITOMOIITLI0 TTorpenrHocTd (20). B wacTHOM city-
gae ¢ = 0 ms (29) u3BECTCH TOYHBINA PE3yAbTAT IS CIIEKTpa

L
e,=-z,n=123,..,
rae z, — Hynu GpyHkuuii Difpu Ai(z).
B oTnnume oT KyJOHOBCKOIO IIOTEHLIMAA HET TOYHBIX aHAJUTUYECKUX PEIIEeHUH ¢ JIMHEHHbIM OTEeHIHA-
nom it ¢ 2 1. PerieHust B JaHHOM ciiydae, 0003HAaYE€HHbIC KaK TOUHBIE, BBIYMCIICHBI IyTEM PEILCHUS ypaBHE-

aus [Ipénuarepa B KOHQUTYpaIHOHHOM TIPOCTPAHCTBE. J[J1s1 ATON IIeTTH UCTIONF30BaH BapHUAITMOHHBIA METO
peIIeHus ¢ MPOOHBIMU TICEBIOKYIIOHOBCKHUMHU BOTHOBBIMH (PYHKITUSIMHU

c — n—' 32 O _Bryp2r+2 ,
Vs B) = oy (2B) T (2Br) MR (2B (30)

4
rae L,,(z) — mHorownensl Jlareppa. B pabote [35] nonydeHbl aHaTUTHYECKHE BBIPAKEHUS AJISl MHTETPajioB

¢ pynaxmusamu (30), BOSHUKAIONTIME B KOOPIMHATHOM IPOCTPAHCTBE. JTO MTO3BOJIACT BBHITIOIHITH BEIYUCICHUS
C BBICOKOM CcTeneHbt0 TOUHOCTH. [109TOMY YKCIieHHOE pelieHre B UMITYJIbCHOM MpOCTpaHcTBe Jiist £ = 1 cpaB-
HUBAETCS C PEIIeHNEeM dTOTO YPaBHEHHS B KOOPJIMHATHOM TPOCTPAHCTBE.

Juna pemennst ypaBuenus Llpéanarepa B UMITYyTbCHOM MTPOCTPAHCTBE C TMHEWHBIM MTOTEHITHATIOM HUCTIONb-
3yeM KBaziparypHbie GopMyisl (6) 1 (8). MeTombl pereHus ypaBHEeHUs ¢ TTOMOTIIBIo (8) 1 (6) Oymem Ha3BIBaTh
MeTonaMu A U B cooTBeTcTBeHHO. [TosicHIM MeTon 4 71t HHTETpalbHOTO ypaBHeHU (29). Mcmonb3ys 3aMeHy
TTepEeMEHHBIX

1+z 1+1¢

k= Bo 15'250:

U KBajJpaTypHble cooTHomeHus (6) u (8) ¢ BecoBbiMu Kod(duirenTamu (7) u (12) cOOTBETCTBEHHO, UHTE-
rpanpHOe ypaBHeHuE (29) ¢ BBIYMTAHUEM alIPOKCUMUpPYETCs ypaBHeHHEM (21), B KOTOPOM MaTpUYHBIC 3J1e-
MEHTBI UMEIOT BU]T

1 1
_R2 H lo
Hii_BOY-;i BO kz(ll VI; g)’

IIe
=8, k1" =2| (&, )P (3,) 2, S,sz 5(&n )2 — 0w () [di:
s = 2P'(y,,)[m5‘1n\1— NI lf’g(glN)]E,,
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Cfi-g)0-8,))

Zi‘__l _ 2(§i,N_E.~j,N)
’ 4 (I_E.»i,NE.»j,N)

> Vi (1_ 12,N>(1_ iN)+6i’j.

(2’; . N) onpenenstorcst ypaBuenusmu (22), (12) u (15) coorBet-

HS
Becosble Koo GHLUUEHTE O, ) (F,l N) u e

ctBenHo. Yucna &, , — Hynu Muorowena Yebrimesa nepporo posa T,,(t)

XapakTepHast uepTa peieHust MeToJJoM B THIepCHHTYISIPHOIO MHTErpaibHOTO yYpaBHEeHUs (26) — UCTIONb-
30BaHUe KBajApaTypHbIX Gopmy: (6) u (17). B urore marpuiia H st BEIYKUCIICHUS SHEPTETUYECKOTO CIICKTPa
3aJ1aeTCsl COOTHOLLIEHUEM -

Hy= B+ o= (" + 7).
Bom k;
rae

T;= Si,j T Vin = mfIT(gi,AJPz(ny‘)( I'Z,N - 1)(1 + &j,N) - %W2_1(y§);

I{jlog = %[%m‘l_ ii,N&-’j,N + \/1 - éiz,N\/1 - E-‘iN‘ - O)JT(éi»N)]’
I_E.}i,Ngj,N

T _
yij_\/l_ iN\/l_ 3N

Becosbie k03 hurenTs (of” (&l N) u (of (&l N) onpenensitoTcst ypaBHeHusiME (7) 1 (18) cOOTBETCTBEHHO.

UwncneHHbIe pe3ybTaThl, TOy9eHHBIe MeTOIaMu A 1 B, ipeacTaBieHs! B Ta0I. 2.

Tabnauna 2
OTtHocuTe/IbHAs omn0Ka (20) 1J15 SJHEPreTHYECKOro CleKTpa
¢ JIMHEHHBIM 3aIHPAIOIHM MOTEHIUAIOM
Table 2
Relative error (20) for the energy spectrum
with a linear confiment potential
=0
N
n=1 n=2 n=3 n=4 n=>5
150" 1,1(-16) 4,1(-16) 8,6(-16) 1L,4(-15) 2,1(-15)
150 2,6(-27) 6,2(-26) 5,5(=24) 8,8(-23) 6,2(-22)
l=1
N
n=1 n=2 n=73 n=4 n=>5
150" 7,0(-15) 7,1(-15) 1,4(-14) 1,4(-14) 2,1(-14)
150 2,6(-10) 7,4(-10) 1,4(-9) 2,2(-9) 3,1(-9)
=2
N
n=1 n=2 n=3 n=4 n=>5
150" 5,5(-14) 1,8(-14) 9,9(-14) 3,3(-14) 1,4(-13)
150 1,5(-14) 6,5(-14) 1,7(-13) 3,5(-13) 6,2(—-13)

Hpumeuvanus: 1. Uanexkce 4 1 B 03Ha4aIOT, 4TO VIS pacyera an, HCTIONB3YIOTCSI METONBI A ¥ B COOTBETCTBEHHO.
2. 3armce Buma 7,6(—13) osnagaer: 7,6(~13)=7,6 - 10",

Kak cnenyer u3 pacueroB, meTon A jaer OoJjiee TOYHBIN pPe3yNbTar, 4eM MeToJ| B, /Ui OpOUTAIBHBIX MO-
MEHTOB / > 1.

Takum oOpa3om, HOBast KBajparypHas ¢opmyiia (8), OCHOBaHHAsI HA HCITOJIb30BAaHUH KOHTPUYJICHA M aHAJIH-
TUYECKOM PACUeTe BECOBBIX KOA((UIIMCHTOB, BKIFOYAIOIINX CUHTYISPHOCTD, AT BHICOKOTOYHOE PEIICHHE
ypasHeHus Lpénunrepa B mpoCTPaHCTBE UMITYJIbCOB Ui TUHEHHOTO MOTCHIIHAIA.

OTMETHM, 9TO TOYHOCTE BEIUHUCIICHUS CIIeKTpa ypaBHeHus péauarepa ¢ TMHEHHBIM MTOTCHIINAIOM B M-
MyJAECHOM MPOCTPAHCTBE METOMAaMU A U B HAMHOTO MPEBOCXOAUT TOYHOCTH PEIICHUS B MOAXOJaX, MPEIo-
JKEHHBIX B padorax [13; 15; 17-19; 21].
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JHepreTH4YecKuii CleKTp I KOPHeJIbCKOIr0 MOTeHIUAIa
P aCcCMOTpUM cnyqaﬁ MMPUCYTCTBUA KaK KYJIOHOBCKOI'O, TaK U JIMHEHHOTrO 3allparomero NoTeHIalia. HJ’IH

o o
KOPHECJIBCKOI'O IMOTCHIIMAaJla V(I") = - 7 + O7 HC CyLIECTBYCT aHAIUTUYCCKUX PCIICHUU. HOG)TOMy YHUCJICHHOC

pelieHre B UMITYJIbCHOM MTPOCTPAHCTBE OyIEeT CPABHUBATHLCS C PEIIEHUEM 3TOTO e YPaBHEHUS B KOOPIMHAT-
HOM NPOCTPAHCTBE.

W3 ananu3za meTonoB penieHns ypasHeHus IpénuHrepa B UMITylIbCHOM NMPOCTPAHCTBE JUISI KYJIOHOBCKOTO
1 JTMHEHHOTO MOTEHLUAJIOB CIEAYET, YTO Haulojee ONTUMAIbHBIM SIBISICTCSA MCIIOIb30BAaHUE KBAJPATYPHBIX

thopmy (8) u (14), B KOTOPBIX BECOBBIE KOIPPHUITUESHTHI (Dfis(z) (12)u o® (z) (15) BKITFOUAIOT ABYXITOIIOCHYO
1 JIOTapU(PMHUUECKYI0 CHHTYIIIpHOCTH. C MOMOIIIBI0 3aMeHbI (27) u koHTpuwicHa (28) ypaBHenue [Ipénunrepa

o
C KOPHCJIbCKUM MMOTCHIHUAJIOM V(I") = - 7 + O7 B UMITIYJIbCHOM IIPOCTPAHCTBE 3aIIMUCHIBACTCS B BUAC

oo

(8nz - lgz)q)nz(l‘;) = R%J‘(QZ(J/)(PM(E’) - Q(;(y)(Pnz (]g))dlg, -

2/3 173

[0, (v)e, (F)Fak, 1= a(2n) e (31
k

Pesynbrare! pacueToB npeacrasieHs! B Ta0. 3. [ onpeneneHust SHEPreTUIECKOrO CIIEKTpa ypaBHEHUE
Ipénuurepa ObITIO PENICHO KaK B UMITYJIbCHOM, TaK M B KOOPIUHATHOM MIPOCTPAHCTRBE.

Tabnuna 3
OtHocuTesbHas omuoKa (20) 1715 SHEPreTHYECKOro CieKTPa YPaBHEHUs
¢ KOpHeJbcKkuM norenuuaiom 3 uiA =1
Table 3
Relative error (20) for the energy spectrum of the equation
with the Cornell potential (31) and A =1
=0
N
n=1 n=2 n=3 n=4 n=>,5
100 2,77(-15) 9,6(—15) 2,0(-14) 3,5(-14) 5,2(-14)
150 1,1(-16) 3,7(-16) 7,9(-16) 1,4(-15) 2,0(-15)
l=1
N
n=1 n=2 n=3 n=4 n=>5
100 3,2(-14) 7,4(-14) 1,1(-14) 1,5(-13) 3,1(-14)
150 3,2(-15) 6,0(-15) 1,8(-15) 1,2(-14) 1,4(-15)
=2
N
n=1 n=2 n=3 n=4 n=>5
100 4,1(-16) 1,L1(-15) 1,6(-15) 3,2(-15) 1,0(-13)
150 3,2(-17) 7,2(-17) 1,4(-16) 2,2(-16) 3,3(-16)

Taxkum 00pa3om, MCIIOIB30BAHUE KBAAPATypPHBIX MPaBWJI Ha OCHOBe ypaBHeHHUi (8) m (14) mo3Bomser
HAHTH CTIEKTP CHCTEMBI C KOPHEIHCKMM MOTEHIIHAIOM C OTHOCHTENHHOH TorpemHocTsio 107" s £ =0
—22
ul0~ gnsal=>1.

3akJaroueHue

B pabote npeacTaBieHbl HOBbIE KBaJpaTypHble (GOPMYIIbI AJIsl CHHTYISIPHBIX HHTETPaJioB, KOTOPBIE MPH-
MEHEHBI JUId pemieHus ypasHeHus llIpéaunarepa B HMITYIbCHOM MPOCTPAHCTBE C KYJIOHOBCKHM, JIMHEHHBIM
3aMUPAIOIINM U KOPHEIbCKUM MoTeHuuanaMu. OHU NO3BOJISIOT C BBICOKOH TOYHOCTBIO HAWTH HEPreTHUECKUE
CHEKTPBI KBAHTOBBIX CHCTEM C CHUHTYJISIPHBIMH ITOTEHIIMATIAMHU.

JlocTurayTasi TOYHOCTh Pacue€TOB Ha MHOTO IOPSJKOB BbIIIE, YEM B AHAJOTMUYHBIX BBIUYMCIEHUAX B MM-
MYJILCHOM ITPOCTPAHCTBE, IPOBEIEHHBIX B paborax [13; 15; 17-19; 21].

Paspaborannbie METO/IBI JIETKO 000OIIAIOTCSI Ha PESITUBUCTCKHE YPaBHEHUS, IIie TIOTCHIINANBI 00BIYHO
IIPEICTABIEHb! B UMITYJIbCHOM IIpocTpaHcTBe. Clie10BaTeNIbHO, 3Ta METOIUKA MOXKET OBbITh MCIIOIb30BaHA AJIS
H3YYCHHS M BBIYMCIICHUS PA3IMUYHBIX PEIATUBUCTCKUX 3(P(EKTOB B ABYXUACTHUHBIX KBAHTOBBIX CHCTEMax
C BBICOKOH TOUYHOCTBIO.
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