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[IpuBomuTCS peneHne IOCKOH 3aJa4i TEOPHH YIIPYTOCTH JJIS BPAIAOLIETOCs OISIPHO-OPTOTPOITHOTO KOJIBIIEBOTO
JIMCKA TMTOCTOSIHHOM TonmmuHbl. Ha BHEIIHEM KOHTYpe JUCK paBHOMEPHO HArpy>KeH CUCTEMOI OAMHAKOBBIX COCPEIOTOYEH-
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yYpaBHEHHIi penaercsi CTaHAapTHBIMU METOJaMU TeopuH Au(ddepeHInanbHbIX ypaBHeHHH. [10CcTOsIHHBIE HHTErpUPOBa-
HUS ONIPEACTIAIOTCS U3 TPAaHUYHBIX yCIoBUil. [10o n3BecTHRIM (hopMyriaM 3alMChIBAIOTCS BBIPAKEHHS IS KOMIIOHEHT Ha-
NpsOKeHNH yepe3 yHKIUIo HanpspkeHud. [1yTemM nHTerprpoBanus ypaBHEHUH 3akoHa ['yka A71st mONIIpHO-OPTOTPOIHOI
TUIACTUHBI OITPE/ICNISIIOTCS KOMIOHEHTHI BEKTOpA MIEPEMEILICHHUsI B JIMCKe. 3Has TOCIEeHKE, JIETKO 1Mo TuddepeHIranbHbIM
cooTHoteHussM KoIiy BBIYUCIUTh KOMIIOHEHTHI Jie()opMalinii B KOJIBLEBOM aHU30TPOMHOM aucke. OTIeNbHO paccMOoT-
PEH Cilydail BpalaroIerocsi CIUIOIIHOTO MOJITPHO-OPTOTPOITHOTO AUCKA ITOCTOSHHOM TONIIMHBI, HATPYKEHHOTO COCpe-
JIOTOYCHHBIMHM CHJIAMH Ha BHEIIHeM KoHType. [loiydeHHbie (GOpMyIibl Uit HaNpsHKEHUH U TEPEMENICHUI TOTHOCThIO
OIMCHIBAIOT HAIPSIKEHHO-Ie(OPMHUPOBAHHOE COCTOSHHE BO BPAILAIOIIEMCS MOJISIPHO-OPTOTPOITHOM JIMCKE TIOCTOSIHHOMN
TOJILIMHBI C CHCTEMOM COCPEIOTOUEHHBIX CUJI HAa BHEILIHEM KOHTYpE.

Knrouegvie cnosa: nonsipHO-OpTOTPOITHBII JAUCK; COCPEAOTOUEHHAs cuila; AnddepeHnaIbHOe YpaBHEHNE; HalpsDKe-
HUS; Ae(hopMali; IIEPEMEICHNUS B JUCKE.

STRESSED-DEFORMED STATE OF A ROTATING
POLAR-ORTHOTROPIC DISK OF CONSTANT
THICKNESS LOADED WITH UNDISTRACTED

FORCES ON THE OUTER CONTOUR
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The work gives a solution of the plane elasticity problem for a rotating polar-orthotropic annular disk of a constant
thickness. The disk is loaded with a system of identical undistracted forces on the outer contour applied evenly along
the rim and symmetric concerning the diameter. The disk is seated with an interference fit on the flexible shaft so that
a constant contact pressure acts on the interior contour. The stresses and deformations arising in such a rotating aniso-
tropic annular disk will be non-axisymmetric. A conclusion of a fourth-order partial differential equation for the Erie
stress function is drawn. Its general solution is searched out in the form of a Fourier series of cosines with even numbers.
The resulting infinite system of ordinary differential equations is solved by standard methods of the theory of differential
equations. Constants of integration are determined from the border conditions. Expressions for the stress components are
written through the stress function by the well-known formulas. We find the components of the displacement vector in the
disk by the integration of the Hooke’s law equations for the polar-orthotropic plate. It is easy to calculate the deformation
components in a ring anisotropic disk by Cauchy differential relations if we know the displacements. The case of a rota-
ting solid polar-orthotropic disk of constant thickness loaded with undistracted forces on the outer contour is considered
separately. The obtained formulas for stresses and displacements completely describe the stress-deformed state in a rota-
ting polar-orthotropic disc of constant thickness with a system of undistracted forces on the outer contour.

Key words: polar-orthotropic disc; undistracted force; differential equation; stresses; deformations; displacements
in the disk.

BBenenune

B coBpeMeHHBIX 1a00paTOPHBIX HCIBITAHUAX YaCTO UCIIONB3YIOTCSl CTAKAHYMKOBBIE LIEHTPUQYTH, HAIIPHU-
Mep st GpaKUMOHUPOBAHUS KPOBU HIIM KJIACCH(DUKAMKM MUKPOIOPOIIKOB, a TaKkkKe HEHTPpU(QYrH JUIs Uc-
CJIEI0BAaHUS HA DPO3HOHHYI CTOMKOCTh Pa3JIMYHBIX MATEPUAIIOB, IPUMEHIEMBIX B aBUAIIMOHHOM U PAKETHOMN
TEXHUKE.

B HIIO «llentp» pa3zpaboTaHbl ¥ TPOU3BOIATCS HEHTPUPYTH OOIBIIOTO 00beMa [Tl PpaKIInOHUPOBAHUS
KPOBH Ha CTAHIIUAX MEPEIMBAHUSI KPOBU U IS KITACCU(UKAIIMN MUKPOTIOPOIIKOB Ha TOPHO-000TaTUTEBHBIX
koMOuHarax [1]. AKTyallbHOM OCTaeTCs 3aja4a CO3JaHusi MaJIbIX MOPTATUBHBIX HEHTPUDYT i PpaKkiuOHH-
POBaHUsI KPOBH U €€ dKCTIpecc-aHanun3a (Hanpumep, AJ1sl Opuraj CKOpoii IIOMOIIIH ), a TAK)KE MaJIbIX HEHTPpH (YT
JUTSL KITacCU(HUKAIIUK MUKPOTIOPOIIIKOB B JIAOOPATOPHBIX UCCIIEIOBAHUSIX.

C 3amyckoMm miepBoro 6emopycckoro ciytHuka B 2012 1. Pecmrybnuka bemapych crana KocMudeckoit mep-
’)kaBoi. OHa NPUHKUMAET y4acTUE B PA3JINUHBIX MEXTyHAPOIHBIX ITPOEKTaX UCCe0BaHus KocMoca. B 2016 1.
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Benapych Hayaia MpOU3BOAUTH COOCTBEHHBIC BBICOKOTOUHBIC PAKETHBIC KOMITICKCHI «[1010HE3», a TakKe Iia-
HUpPYET pa3paboTaTh M CO3/1aTh KPHUIATHIE PAKEThl «AHUCT». B CBsI3U ¢ 3TUM BeCchMa aKTyaJbHBIM CTAHOBUTCS
MIPOBeICHNE OOJBIIOTO KOMILIEKCA UCCIICIOBAHUH 110 U3YUYCHHUIO BIUSIHIS KAlleIbHO-KUIKOCTHON U MTBUICBH/I-
HOU CpeJbl Ha DPO3HOHHYIO CTOUKOCTh MaTeprajoB 0OTEKaTeNIel TOJIOBHBIX YaCTEH paKkeT Wil OOIIMBKHY Karl-
CYJIBI CITyCKaeMOTO KOCMHYECKOTO amnmapara. Takue padoTsl ycnenHo npopogmimch B 1980-90-x rr. 8 HITO
«Uentp» [2].

Potopbl B yKa3aHHBIX HEHTpU(Yrax MOryT UMeTh pasziauyHbie Gopmbl. [Ipeanaraemelii B 1aHHON pabore
poTOp, KaKk HanOoJee TEXHOIOTUUECKH MPOCTON B U3TOTOBICHUU M OOJAAIONTNIl BRICOKOUM MTPOU3BOIUTEh-
HOCTBIO, NIPEJCTABISIET COO0I aHU30TPOIHBIN TOHKUI KOJIbLIEBOM JUCK IOCTOSHHOM TOJIILUHBI /1, HAIPYXKEH-
HBII HA BHEITHEM KOHTYPE CHCTEMOW OJMHAKOBBIX COCPEIOTOUYCHHBIX CHJI, MPHJIOKEHHBIX PAaBHOMEPHO IO
0001y ¥ CHMMETPUYHBIX OTHOCHTEJILHO Juamerpa. Cocpedomouenibvle Ciibl — dTO CUIIBI HHEPIMH, CO3/1aBac-
MBIC CTAKAaHUYUKAMH C KUKOCTHIO HITH IEPKATEISIMU C UCTIBITHIBAEMBIMU 00pa3IiaMi MaTepHUaioB, BOSHUKAIO-
1K€ MPU BpalIEHUHU POTOpa M JIEUCTBYIOLIME HA MaJIbIX yYacTKaX BHEIIHETro KOHTypa. J{Uck HacakuBaeTcs
C HaTAroM Ha r'MOKuil Baj, TaK YTO Ha BHYTPEHHEM KOHTYpE JIefiCTBYEeT IOCTOSHHOE KOHTAKTHOE JIaBJICHUE P,
Hanpsbxenust u gepopmaiiuy, BOZHUKAIOIINE B TAKOM BPAIIAFOIIEMCS] aHU30TPOITHOM KOJIBIIEBOM JHCKE, OyIyT
HEOCECHMMETPUIHBIMH.

IlocTaHoBKA 3a1a44 U OCHOBHbIE YpaBHEHUSA

[Tycth MaTepuan qucka o0sagaeT MWINHAPUICCKONH aHM30TPOITUEH, TPUYEM OCh aHU30TPOIIMH COBIIAIACT
C TEOMETPUIECKOM OCBIO IMCKA, B KAXKION TOUKE KOTOPOTO UMEIOTCSI TPU B3aUMHO OPTOTOHAIBHBIE TIIOCKOCTH
yIpyroi cuMMeTpHuH. JMcK BpalaeTcs paBHOMEPHO C YIVIOBOM CKOPOCTBIO (O BOKPYT OCH, COBIAJIAIOIICH
C OChI0 aHU3O0TPONUHU U NEPNEHIUKYISIPHON CPEMHHON MJIOCKOCTH JucKa. Ha BHEIIHEM KOHType IHUCK Ha-
IpyXeH cucTeMoi N OIMHAKOBBIX cOCpeoTOueHHbIX cuil P, (i=1, N), a Ha BHYTpEHHEM KOHTYpE JIeHCTBYeT
KOHTAaKTHOE JJaBJICHUE P,

Tpebyercst HaliTH pacTpesneNeHre HaNpsHDKEHUH, AeopMannii 1 epeMelIeHni B JaHHOM aHH30TPOITHOM
KOJIBIIEBOM JINCKE TIOCTOSTHHOW TOJIIIUHBI.

BBenem nuiuHIpHYECKYIO CHCTEMY KOOPAMHAT 7, 0, z, IOMECTHB HAa4allo B TOYKE MEPECEYCHUST OCH aHU30-
TPOIIMHU CO CPEAMHHOM TIOCKOCTHIO ucka. OCh z HallpaBUM BEPTHKAIBHO BBEpX. Paamyc BHyTpEeHHEro KOH-
Typa JucKa 0003HAuuM 7,, a Paauyc BHEIIHETO — R. JIJ1s1 TOHKOTO JIUCKa OTHOLIEHHUE €ro TOJNIIMHEI /1, K BHEII-

1 (A 1
HEMY paanycy R JTO0IKHO OBITh MEHbILE 20 (EO < 2—0) Hamnpumep, npu R = 20 cM ToiIMHA JUCKa /i, paBHA

1 cM, T. e. paccMaTpuBaeMbIil TOHKHIA JMCK HE SBJISETCS TAKUM TOHKOCTEHHBIM, Kak MeMOpaHa.

[TockonbKy TOHKHH TUCK HATrpYKE€H COCPETOTOYCHHBIMH CHIIAMH, MPHIIOKEHHBIMU Ha BHEITHEH ero rpa-
HUIIE MTapaJuIeTTbHO TNIOCKOCTH JTUCKA, & IIEHTPOOEIKHBIE CHITBI JICHCTBYIOT B TOU K€ TIOCKOCTH, TO IUCK Oy/IeT
HaXOAUTBCSL B NII0CKOM Hanpadicennom cocmosnuu [3]. Torna HopMaabHBIM HapsDKEHUEM G, M KacaTeJIbHbIMU
HAIPHKEHUAMU T, =T, U Ty, = T_, MOKHO IIPEHEOPEUb 110 CPABHEHUIO C OCTAILHBIMU HOPMAJIbHBIMU PaHallb-
HBIM O, ¥ TAaHTCHIUAIBbHBIM O, HAPSDKEHUAMH U KacaTelIbHbIMU T,y = T, HanpsbkeHusamu. [Ipeanonaraercs,
YTO KOMIOHEHTBI HANPSKEHUH O,, O, T, HOUYTH HE 3aBUCAT OT KOOPIAUHATHI Z U SBISAIOTCSA (QYHKIUAMH TOJIBKO
KOOpAWHAT 7 1 0.

OTKJIOHEHHE OT IUIOCKOTO HANPSHKEHHOTO COCTOSHHS Oy[eT TOJNBKO B MECTaX KPeIUIeHHsI CTaKaHYHWKOB
C KUAKOCTBIO MITH JieprKaresieit 00pas3ioB. TaMm MosBATCS KOHTAKTHBIE HAIIPSKEHUS, KOTOPbIE MOYKHO OIIEHUTH
1o (popMysnam COnpOTHUBIICHUS MAaTEPHAIIOB T PACCUNTATh METOIOM KOHEYHBIX DIIEMEHTOB.

Ecmu dakrop paznenenus Fr (v kputepuit @pyna, T. €. OTHOIICHHE [EHTPOCTPEMHUTEIBHOTO YCKOPEHUS
a = ®°R K yCKOpeHHI0 cBOGOIHOTO nafeHns g) paser 1000—5000, To B CTAKAHUMKOBBIX LIEHTPU(pYTaX BIIHS-
HUE Beca CTAKAHYMKOB M JINCKA Ha HAIPSHKEHHOE COCTOSHUE B IMCKE MTPEHEOPEKMUMO MaJlo M €T0 MOXKHO He
YUHTHIBATE.

Brigenum u3 nucka AByMsT MEpUIMOHAIBHBIMHU IJIOCKOCTSAMH, 00Pa3yOIUMH C KOOPIAWHATHOW TUTIOC-
KOCTBIO 7Z YIIbl O 11 0 + d0, 1 IByMS IMIIMHIPHYECKAMU ITOBEPXHOCTSIMH PaInyCcaMu » U 7 + dr, HOpMaITbHBIMU
K CPEAMHHOM TUIOCKOCTH, OECKOHEYHO MAaJIbIi 2JIEMEHT. 3alHIleM ypaBHEHHUS paBHOBECHS 3TOTO eMeHTa [3]:
ao +latr9 +(GV_69>

r

or 7 96 r

+ pw’r=0,

(M

97,4 N 1do, N 2T, _
or T 90 r

1€ P — IIOTHOCTH KOMIIO3UTHOTO Marepualjia J1ucCKa.

b
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3akon ['yka asis moJIspHO-OPTOTPOITHOM IIJIACTHHBI UMEeT BUJ [4]

F 1 Ver
€, =—0, — —-0,,
E, E,
Vo 1
€g=——""-0,+—0,, 2
0 Er r Ee 0 ( )
Yo = 1 T
| r0 Gre re>

rae sr(r, 6) U se(r, 9) — HOpMaJIbHasl paguaibHas 1 HOpMallbHasi TAHTCHIMAIbHAs! KOMIIOHEHTHI JeopMarun
COOTBETCTBEHHO; £, 1 £y — MOLy/H yIPYTOCTH IPY PACTSKEHNU (CIKAaTUU ) aHU30TPOIIHOIO TeJa B PaJUaIbHOM

U TAaHT€HLIUAILHOM HAIlPaBIEHUSAX COOTBETCTBEHHO; V4, V,, — KOdbduiuenTs! Ilyaccona; 'yre(r, 0) — neop-
Mauus casura; G,, — MOAy/Ib CIIBUrA.
J1 MONsIpHO-OPTOTPOITHOTO TEJa CIPABEAJIUBO CIEIYIOIIEE PABEHCTBO:

Vre _ Ver

E E,

”

0O003HaYMM KOMIIOHEHTHI BeKTOpa rnepemenieHust U B paanaibHOM HAINPaBICHUH Yepe3 u(r, 0), a B Tau-
reHnuansHOM — gepes v(r, 0). B
CBs13b KOMIIOHEHT JedopMaLuii €, €,, Y, , C KOMIOHEHTAMH ¢ U U BEeKTopa nepemerenus U 3anaercs aud-
(hepeHIMaTBHBIMA cooTHOMICHUIME Kot [3]
du u 1dv lou Jdv v
.

€, =—, Eg=—+— +— -

“v - 3
T T T e 7T e T or ®)

Ucknrovas u3 (3) KOMIOHEHTHI ¥ B U BeKTopa nepemenienns U, MONy4YnM ypaBHEHHUE COBMECTHOCTH Jie-
hopmarmii [4]
2 2 2
1%,  9°(reg) e, _ 19°(rv,)
r 08’ or’ or ' 0Jrdo
Takum 00pa3oM, nMeeM BCe YpaBHEHUS IUIOCKOHM 3a/1aull TEOPHH YIIPYTOCTH JUIS BPAIalOLIerocst aHu30-
TPOITHOTO TOHKOTO KOJIBIIEBOTO JMCKA: JBa ypaBHEHUs paBHoBecus (1), Tpu ypaBHeHus 3akoHa ['yka (2), Tpu
auddepeHnuanbHeIX cootHoweHus Kommu (3), koTopble copepaxkar 8 HEM3BECTHBIX QYyHKIUM G,, Oy, T,q, €,, €,

Y,0» U, V. UHCIIO HEU3BECTHBIX (PYHKIMH paBHO KOJINYECTBY yPABHEHHUH.
JlononHuM Hally MI0CKYI0 3a1ady TEOPUH YIPYTOCTH TPAHUYHBIMU YCIIOBHSIMU

6,(1, 8) = —py, 6,(R,6)=q,(R,9), (5)

T,6(7,8)=0, T,4(R, 8)=0,

“4)

e ¢, (R, ©) — HHTEHCHBHOCTD PACTIPE/IENIEHHOIT HATPY3KN HA BHELIHEM KOHTYPE.

Peurenue niockoii 3a1a4m TeOpuM YIpyrocTu

Kax n3BeCTHO, peleHne MI0CKOH 3a1aun TEOPHH YIPYTOCTH [T BPAMIAIOMIEr0CsS TOHKOTO aHH30TPOITHOTO
KOITBIIEBOTO JMCKA MPH 3a1aHHBIX TPAHHYHBIX YCIOBHSX (5) yI0OHO BECTH C MOMOIIBIO (hyHKIIHH HATIPSKEHHIA
Opu F (r, 9).

KomnonentTsl Hanpsukennii 6, (r, 0), 64(r, 8), T,4(7, 8) Bepakatorcs uepes dynkmo F(r, 8) mo hopmynam

10F 1 9°F pw’r’ O°F  pw’r’ 10F 10°F
0, = ——+ 55— Oy=——5 — » Te= T T o oo
ror  r° 00 2 or 2 r® 00 7 ordo

(6)

[loacranoBka cooTHOLIEHUH (6) B ypaBHeHHUs paBHOBecHs (1) oOpaluaer ux B TOKAECTBA.

3amuceiBas KOMIIOHEHTHI iehopmanuii B 3akoHe ['yka (2) uepe3 dyHKunio HanpsokeHuit F (r, 9) U 3areM
TIOJICTABIISAA UX B YpaBHEHHE COBMECTHOCTH Aedopmartuii (4), moayduM HEOTHOPOoAHOE auddepeHITHaIbHOS
ypaBHEHUE B YACTHBIX MTPOM3BOAHBIX 4-TO MOpsAKa it QyHKIHK F (r, 6) [4]:
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FF (E ,, |L dF KoF 20F (E , |1 IF kIF,
o ) oroe* 1 or’

ot |G, oo’ 90t rar |G,
E, ,|1 0°F k*oF
+ MG—; - 2v9r) + 2k :|r—4 0 L —[(kz— 1) -2(1 —ve,):lp(oz, (7)

E
e kX==2,

[TockonbKy Ha BHEIIHEM KOHTYpE JAMCKA MPUIIOKEHO YeTHOE KOIUYEeCTBO N OJJMHAKOBBIX M CUMMETPUYHBIX
OTHOCHTEIIBHO AMAaMETpPa COCPEIOTOUEHHBIX CHIl P, TO pasioknM QpyHKumo Hanpsvkeruit F (r, 0) B psix @ypbe
10 KOCHHYCaM C YeTHHIMA HOMEPaMH:

F(r,0) = () + 3 @, ()cos Nub. )

[Moncrasnss paznoxkenue (8) B ypaBHenue (7), momydnM OSCKOHEYHYIO CHCTEMY OOBIKHOBEHHBIX Judde-
PeHUMAIBHBIX yPAaBHEHHH ¢ IepeMeHHbIMU Koddduumentamu ams Gynkumit @ (r), @, (r):

d'®, 24°®, kK d*®, k*dod
(n:O) dl"40 7 dr30 _r_2 dr20 +r_3 df'ox:_I:(kz_l)_z(l_ve’)]pmz; (9)
d'o, 240, |[(E 1 dI’D,,
(I’l > 1) dr4N + 7 dr3N - [[G—ree - ZVQV}(Nn)Z + k2:|r—272N +
2
(- Jow e | L [ ) -2 2 0.0
0 0

Bgenem HOByt0 IepemenHyto ¢ = Inr. YpaBaenus (9), (10) npuBegem Kk 0OBIKHOBEHHBIM TU(GEpEHITHATb-
HBIM YPaBHEHHSIM C TIOCTOSTHHBIMU KOS QHUIIMESHTaMU:

d'® d’® d’® dd )
(n=0) =5 -4= 50— (k*-5) —t 2(k*-1)= =-[(F=1)=2(1-v,, ) Jpw’e®s (1)
do,  do,, E 2 d'o,,
(n21) -4 - [(G—Z - 2v9,)(Nn) + (k= 5)]7;“ +

r0 r0

+ 2[(GE—9 - 2v9,J(Nn)2+ (k- 1)1% — (Nn)’ [(5—9 - 2VB,J ~ ((Nm)’ - 2)k2:|<I)Nn(t) =0. (12)

XapaKTepUCTUYECKOE YPAaBHEHUE COOTBETCTBYIOIIETO OJJHOPOIHOTO UG (EPECHIIMATBHOTO YPABHECHUS ISt
ypaBHeHus (11) ects

A -4 - (kz— 5)7»2 + 2(k2 - 1)x= 0.

Erokopum: A, =0, A, =2, A, =1+k N, =1k
Torma obmiee penrerne oMHOPOTHOTO AU HEPCHITNATBHOTO YPAaBHEHUS UMEET BH/T

@0 (1) = C + Ve + CO! 1 4 el 1),

rae Ci(o) (i= 1,_4) — IIPOU3BOJIBHBIC TTOCTOSTHHBIC.
UactrHoe pemenne muddepenimanpHoro ypasaeHus (11) paBHo

- (£ =1) = 2(1=vy) ] po? B

(1) (9-#) 8
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Takum oOpazom, obriiee petieHue quddepeHimaibaoro ypasaenus (11) ects

-k [(kz - 1) - 2<1 ~ Ve )] 9032 o

@, ()= C + Ve + Vel 4 el (13)
(9-#) 8
B nepemennoii » pemienue (13) 3anumeTcs B BUje
K =1)=2(1-v,, 2,4
®,(r)=CO+ O + O E 4 COpE - (2 =) =20 v [pors . (14)

(9-#) 8

XapakTepuCTUIEeCKOE ypaBHEHUE OTHOPOTHOTO TuddepeHuunansHoro ypasHenus (12) ects

wh— a4’ - [(5—9 - 2ver](Nn)2+ (k- 5)] W+ 2[(5—9 - 2v6,)(Nn)2 +(k* - 1)] W

0 r0

— (Nn)’ [(5—9 - 2ve,) ~ ((nn* - 2)k2] 0. (15)

0

) 2
3Ot0 anredpandeckoe ypaBHEHUE 4-i CTETIEHU ITyTeM 3aMeHbI (u - 1) =X CBOIMTCS K OMKBaApaTHOMY ypaB-
HEHUIO

0 - [(5—9 - 2ve,J(Nn)2 (K 1)];( + ((Nn)2 - 1)2k2 - 0.

0

Ero xopHu paBHBI

re

2
E 2 2 \?
- \/[(G—e - 2ver)(Nn) + (k4 1)} = 4((nn) 1) &
Torma KOpHH XapaKTepUCTHIECKOTO ypaBHEeHMS (15) ecTh

M1,2=1ix/X719 My =124,

Wcnone3ys ¢popMyiy CIOKHOTO paguKaia
1 1
JA++B = [\/E(A +NA - B) + \/E(A —VA - B)},

KOPHH XapaKTEpUCTHUYECKOTo ypaBHeHUsI (15) OKOHYATENFHO 3aMIIeM B BHIE

W (r) =1 m(n), ps,(n) =12 my(n),

() = %M(’i— +2(k - ve,)}(Nn)2+ (k=1 + J[C’f_ 2k + ver)](Nn)z 4 (k+1) }

e

0 0
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my(n) = %{\/[5— 2k - ve,)](zvn)2+ (k1) - \/[5— ok + ve,)](zvny i (k+1) }

(Manee apryment n 'y dyuxumit m,(n) u m,(n) nucars He Gynem.)

Obmee perrenue ogHOponHOTO AU depeHmuansHoro ypaBHeHus (12) ects
‘I)N (t) — C](Nn)e(l+m, )t + C(Nn)e(l—ml )t + C3(Nn)e(l+m2)t + CiNn)e(l —mz)t’ (16)

yi (S C (z —1 4) — MPOU3BOJIBHBIC TIOCTOSTHHBIE.
B niepemenHoii » pemrenue (16) 3anuimercs B Buje

q)Nn(r) — Cwl(Nn)rH—mI + C~«§Nr1)rl—m1 + Cv3(Nn)rH—m2 + CA(‘Nn)rl—mz' (17)

YuutsiBast Beipaxkenus (14)—(17) s koapduitmeHToB paznoxkeHus B psx Oypbe (8) GyHKIHHN HarmpsoKe-
Huii F (r, ), Bracinm 1o hopmynam (6) KOMIOHEHTbI HAPSIKEHUH G, (7, 0), Gy (7, 0), T,4(r, 0):

(B+vy)

©-#)
+ i{[ml - ((Nn)2 - 1)] CI(N")r(m' - |:m1 + ((N ) - 1):|C( Nyl +1)

+ [m2 - ((Nn) - 1)] Ml =1 |:m2 + ((Nn)2 - 1)] CiMym: H)}coanO, (18)

G,(r, 8) = (k+1)CO* ) — (k 1)l ¢+ - po’r? +

(k2 + 3v9,)
(o-#)

+ i[ml(ml + I)C](Nn)r(ml -4 ml(ml _ I)ngvn)r—(ml )y mz(mz " I)C:SNn)r(mz -,
n=1

G, (r, 8) = k(k+1)COP ™ 4k (k —1) O ) — po’r? +

+ my(m, - l)CA(‘N")r_(m2 ! I)]cos Nn9,

= ZNn[mlcl(Nn)r(ml -1 _ m2C§Nn)}"_(m' +1) + m2C3(Nn)}"(m2 -1
n=1

— m,C{Mp Y :| sin Nn6.

[Moncrasnss B ypaBHeHus ['yka (2) BeIpaskeHHs JjIsl KOMIOHEHT HanpsbkeHud (18) u ucnonsiyst audde-
peHIManbHbe cooTHOmenns Ko (3), MOCie nX MHTErpupoBaHKs OMyuHM KomroHeHTsl u (7, 0) n v(r, 0)
BeKTOpa nepemMeneHus U':

2 2
u(r, 9) _ (k - Ver)(k + 1) COk 4 (k + Ver)(k - 1) 1),k (k B Ver) P(’Jz”3

Eo 3 E, ) (0-%) &
R LY R Ry (0 SR
0

_ L[Vermlz + (kz_ver)m1 + ((Nn) _1)k2]C( ",

+ L[VermZZ - (k2 - Ver)mz + ((Nn)2 _ l)kz]CS(N”)’”mz B
) miz[ve,mg o G R (O )kz} c _mz}coane (19)
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1 -
+—l [mf(ml—l)—(kz—(Nn)zver)ml—((Nn)z 1)k2:|C§N)r e
+ €L |:m2(m +1) - (kz—(Nn)Zv )m + ((Nn)z—l)kz]C(N”)r’"z +

m, [ 2V or |1 3

+ mil:n%2 (m,—1) - (k2 - (Nn)2 \/er)m2 - ((Nn)2 - l)kz:ICA(tN")r_'"2 }sin Nn@.

2

o 0
13 YCJI0BHA OAHO3HAYHOCTU NEPEMECIICHUHN B TUCKE TOCTOAHHYTO Cg ) HYXKHO IPUPABHATH K HYJIIO.

Paccmorpum ciyuaii, KOraa AMCK HArpy>XeH ABYMS PaBHBIMHM U JUAMETPAILHO IPOTHBOIOIOKHBIMH CO-
mCTOJZR (I:lT T
CPENOTOYEHHBIMH cunaMu B, = P, = —————, I71e m_, — Macca CTaKaH4MKa C )KUIKOCTbIO; R, — pacCTOsSHUE
0
OT OCH BpAILEHHs [0 LIEHTPA THKECTU CTAKAHUUKA C )KUIAKOCTEIO.
3aMEeHUM 3a/IJaHHBIE COCPEIOTOYEHHBIE CUIIbI P = P, = P, pacnipe/ieIeHHOM Harpy3Koi HHTEHCUBHOCTBIO ¢,,

NPUIOKEHHOM IO IByM MaJlbIM JlyraM OJMHAKOBOW AJTUHEI [ = QR:

q, = P Hpm—gﬁesgm(n—g)ﬁeﬁ(n+9),
2 2 2 2

oR

q2=0np1/19<9<(7'c—9)H(n+9)<6<(2n—9),
2 2 2 2

€ () — MPOU3BOJIBHBIN CKOJIb YTOTHO MaJIblii LIGHTPAIbHBIN YTOJl, ONUPAIOLIUics Ha AyTY [
[TockonbKy Harpyska ¢, CAMMETPUYHA OTHOCUTENIBHO JUAMETpa, Pa3JIoKUM €€ B TPUTOHOMETPHUECKUN
psaa dypbe 1o KOCHHYCcaM ¢ YeTHBIMA HOMEPAMH #:

9,(R, 0)= q—2° + iqzn cos2n0,

n=1

27 2% p 2 P 2P 2P 2P
go==[q,d0==] —do+= | —dez—(9—0)+— n—(n—g) ==
L T OR T Cen OR TER\ 2 TTOR 2 R

T—

e

®/2

%ﬁ%fqzcosznede:%j%cosznedm% | %cos2n9d9= 2P (Sm”‘p_o)+
¢
0 0

TR 2n

T—@/2

+2—1Di sin2nn—sin2n(n—9) =2—P Smne .
TR 2n 2 TR\ no

. i 2P
Tak kax lim (sm n(p) =1,104,,= R CnenoarenbHoO,
T

oo

9,(R, 0)= iR(l +2) cos2n9).

T =1

AHaJOrMYHO paccy:jas s CiIydasl Harpy>KeHHsl BHEIHEr0 KOHTypa Jucka N OIMHAKOBBIMH COCPEIOTO-
YeHHbIMU cuiaMu P, (i=1, N), CUMMETPUUHBIMH OTHOCHUTEJIBHO AMAMETPa, HOIYyUYUM Ul PaclpereneHHON

Harpy3K1 HHTEHCUBHOCTBIO qN(R, 9) BBIPAKEHUE
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qy(R,0)= zjf; (1+2200an9] (20)

1

Jns Haxok/1eHNUs HEM3BECTHBIX MOCTOSHHBIX cO cy c™ (i=1, 4) ynoBierBo i -
3 Cy ; =L4) yn pUM HalJIeHHOE pe

mieHue (18) a1 KOMIIOHEHT HaIPSKEHUM I'PaHUUYHBIM YCIIOBUAM (5), B KOTOPBIX ¢, (R, 6) 3a7a€TCs BbIPA-
xxerueM (20):

6,(r, ) = (k +1)CO* ) — (k1) ) —

+ 2{[% ( - 1)] C( Nn) O(m]—l) _ [’711 " ((Nn)2 _ 1)} CgNn)rO—(ml+1) +
+ I:mz - (( ) - 1)}6‘( Nn) O(mzfl) — [mz + (( ) — 1):|C( n) s (m2+1)}COSNne - p,,
ro, i [ -1) _ m, C§Nn)r0—(ml +1) n

o

+ myC =) mzcgN"Hg('”z“)]sinNne:o,

(3+vy,)
f-%)

+ i{[ml ~ ((vmy’ - 1)]C1(N")R(’"‘ 0 |:ml +((Am) - 1)] COnRm )
n=1

6,(R, 0)= (k+1)CVR* ™ — (k —1)C'R ¥+ - PR +

# [y = () = 1) |0 R = [y (V) = 1) € R s i =

NP NP
=qy(R, 9)—M—R+R—RZCOSN}19 21)

n=1

R 9 — 2 [ n m] 1) _ nllzcvgNn)Rf(ml +1) +
=1
R

=), R +')]sinNn6 =0.
BBenem 0003HauEeHUS:
C= (k+1)CVR¥ Y, €O = (k—1)CP R,

él(N”) — CI(N”)R(’VH —1)’ é'gN") — C(N”)R—(Wh +1) é(N”) — C(N”)R(’"z -1)

2 4 3 3 4

(3+V9r) 2R2, x=

©-&)

Torna cucremy ypaBHenuit (21) mpeacrtaBuM B BUAE BYX CUCTEM:

é‘(an) _ C‘ENn)R—(mZH); A= o= %, xe [5, 1],

r
R 2

GO GOk _py ((3941 j:; )) 0 R,
(22)
co_go- NP, B+ve) R
2R (9- k)
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rC~'1(Nn) |:m1 - ((Nn)2 - 1)] §tm=n C~'§N") I:m1 + ((Nn)2 - 1)] §m+h 4

+ 6'3(N") I:m2 - ((Nn)2 - 1)] §m =1 C'AEN") |:m2 + ((Nn)2 - 1)] &Y = 0,
Cwl(Nn)mla(ml —l) _ C~'(Nn)m16_(ml +l) + C~'3(Nn)m28(mz —1) _ éiNn)mZS—(mz +l) — O,

2

o |:m1 - ((N”)2 - 1)] — ™) I:m1 + ((Nn)2 — 1)] +
R N CO | R E (O S

nR

(23)

LCI(N")ml - CN’gv")m1 + (:’3(]\/");712 - @iN”)mz =0.

Pemrast cuctemsl anrebpandeckux ypasHenui (22), (23) merogom Kpamepa, moryuum

: 3t NP (34, ) (1-8)
CO = or R
3 p0(1_62k)+2nR<1_62k)+ (9—k2) (1—52k) pw
, § NP & (3+v,,) (8% -8")
C(O) — + + or 2R2;
4 p0(1_62k) ZTCR(I—SZk) (9—k2) (1—52k) P
G () = _ NP =) () _ NP i)
1 (I’l) TCRA(}’Z) 1 (}’l), C2 (}’Z) TCRA(n) ) <n>,
= (v NP sy Ay = NP i)
&) mRA(n) (). &) nRA(n) (7).
rae
n = [ZmlmZ mz)ﬁf(m' tm) _ 7r12(}71l + mz)fi*(m‘ 7'"2)];
n = [2 - m, ml mz)ﬁ(m. +my) m, (ml + mz)s(m1 -m,) :

I’l

b

]

|:2m1m2 (o, + )8 ) o = )7

(n) |:2m1m2+ m, (m, — mz)s(”’h‘*mz)_ m,(m, + mz)é(m"mz)]

A(”) = ((Nn) - 1){8mlm2 + (m, - mz)z[S(’”!+mz) + 8—(m|+m2)] _
= (m + mz)2[8(m‘ ) g g ""2)]}.

3anuirem OKOHYAaTCJIbHBIC BLIPAXKCHUS TSI KOMIIOHCHT HaHpH)KeHI/II\/’I O,, Oy, T, U KOMIIOHEHT ¥ U U BEKTOpa
NepeMeIICHUs Us TICPEMCHHBIX X, 0 AJI Bpallaroerocst aHU30TPOITHOI'O KOJIBIIEBOT'O JJUCKA:

k+1
(Sr(x, G):poﬁ[x(kl)_x(kﬂ)] + %(l_lszk)l:x(kl) _ Szkx—(kﬂ):l "

(3 + Ver) pm2R2

+(9_k2)(1_82k)[(1—83+k)x(k1)_(52k 83+k) (k+1) ( 82") ]

0 %ot o LR | A R LR S

# [y = (V) = 1) €507 = [y (N = 1) | €507 hos N, (24)
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k8k+1 ) s NP k ) "
1_62k)[x(k 1)+x (k 1)]+M—Rm[x(k 1)+62kx (k 1)]+

3+Vr 2R2 . i ) " kz ; r
+((9_ke2))(ff)52k)|ik(l_83 k)x(k 1)+k(52k_83 k)x (k 1)_(3:_\:)(1_8%))62}_

Ge(x, 9) =p,

—

NP S Ni
TR
TR = A(n)
X [mléf(N")x(m‘ - mlé;(N")x_(m' 4 mzé’;(N")x(m2 - mzé’Z(N")x_('"z +1):|sin Nnb;

R 3! w7, NP
u(x, 9) = E—e{pom[(l{ —Ver)xk+ (k+Ver)X k] + 21‘[_R(1_—82k)|:(k_ver)Xk +

(3 + Ver) prRZ
(9—#)@—8”

% (52k— 63+k)x—k _ (I;Z;\:f:J(l_ 52k)x3:| +

NP 1 1 o
TC_Rn=1A(n){_|:V9rm12 B <k2 - Ver)ml + ((Nn)z— l)kz}cl(N )X _

+ (k+v9,)82"x"‘] + )[(k - ver)(l - 53+k)xk+ (k+vg,) X

m
_ mil[vermlz + <k2 _ Ver)m] + ((Nn)2 _ l)kz:lé;(]vn)x_”’l N
+ mizlivermg - (kz _ Ver)mz + ((Nn)2 _ l)kz]é;(Nn)xmz 3

1 ~#(Nn) _—m
- m—z[ve,mf + (k2 - ve,)m2 + ((Nn)2 - 1)k2:|C4(N Jxm }cos Nne},

v(x,0)=- NP i R {mil:mf(ml + 1) - (k2 - (Nn)zver)m1 + ((Nn)2 - l)kz]é,*(N")xm‘ +

1

+ mi[mzz(m2 + 1) - (k2 - (Nn)zve,,)m2 + ((Nn)2 - l)kz:lé;(N")xmz +

2
+ mi|:mzz(m2 - 1) - (k2 - (Nn)2 \/er)m2 - ((Nn)2 - 1)k2](~7i(N")x7’"2 }sin Nnb.
2
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3Hast KOMITOHEHTBI u(r, 9) " v(r, 9) BEKTOpa MepPEeMEeIIeHHS U, J1erKo 1o g depeHInanbHbBIM COOTHOIIIE-
HusM Ko (3) BEIYUCIIUTE KOMIIOHEHTHI ieopMaruit Sr(r, 9), €y (r, 9), yre(r, 9).

Paccmotpum Teneps Bpallarouics aHU30TPONHBIN CIUIOIIHON AUCK NOCTOSHHOM TOJIIUHBL /), KOTOPBLI
Harpy’keH Ha BHEIIHEM KOHType CUCTeMOH /N OJMHAKOBBIX COCPEIOTOUEHHBIX CHJI, pacTpe/ie]IeHHbIX paBHO-
MEpPHO 10 000/ly U CHMMETPUYHBIX OTHOCHUTENBHO JAHaMeTpa. Tak Kak B LIEHTPE CIUIONIHOTO JHCKa OTCYT-
CTBYIOT TiepeMenieHusi, To B ¢popmynax (18), (19) mocrosHHbIC Cio), CgN"), CA(‘N") TIOJIOKUM PaBHBIMU HYITIO.
OcTaJbHBIE OCTOSTHHBIE OTIPEIEINM U3 TPAaHUYHBIX YCIIOBUI Ha BHEIITHEM KOHTYype JAucka. B pe3ynbrare mo-
Ty4UM

. 3+, ) . NP 1 m

oo - NP +( o) g2, ¢n = NP »

R k) TR (e 1) (=)
C’(N")— NP 1 m

- _n_R((Nn)2 — 1) (ml - mz)'

3anuineM BBIPAKEHHs JUISl KOMIIOHEHT HaNPsHKEHUH O,, Oy, T, M KOMIIOHEHT ¢ U U BEeKTOpa nepemenienus U
B [IEPEMEHHBIX X, O /171 BpalIaroIerocs aHU30TPOITHOIO CILUIOIIHOIO JIMCKA:

o, (x, 0)= ;—I;xkl + —((394;;92’)) PR (x* 7 = x7) +

1

+"%§§;«Am;_4)om-qm)%%[mf‘«A%f‘lﬂx”1'”%[mz—«A%Y—lﬂx”1}amAma

3 2
Ge(x’ e)zkﬁxk—l + ﬂpmsz [kxk—l - (M]ﬁ] +

2nR (9-#) 34V,
NP & 1 mm, m —1 my —1
+ — m+1)x" " —(m,+1)x™ " |cos Nnb, 25
TCR n=l((N]/l)2— )(ml_mz)l:( 1 ) ( 2 ) ] ( )
T, (X, 6)=?i Nn Ty (x’”'_l —x'"z_l)sinNnG;

= (V) — 1) (= )
= i 2 ) (k)]

3+v,,

- Ei 1 1 {Z—?[Vermf - (k2 - ver)m1 + ((Nn)2 - l)kz}xm' -

U(x’ e) ) E_e n_anl Nn((Nn)2 - 1) (ml - mz)

RINES 1 ! {%[mlz(ml + 1) - (k2 - (Nn)2 ver)m1 +
+ ((Nn)2 - 1)k2]x"" - Z—;I:mzz(mz +1) - (k2 - (Nn)2 Ver)m2 +
+ ((Nn)2 - l)kz]x"’2 }sinNnG :
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3aKjaoueHune

[Tommygennsie hopmyisl (24), (25) s HaMPsHKSHUH U TIEPEMETIICHUH TIOTHOCTHIO ONHMCHIBAIOT HATIPSHKCHHO-
neOPMUPOBAHHOE COCTOSHHIE BPAIIAIOUINXCS MOJMSIPHO-OPTOTPOITHBIX KOJIBIIEBBIX M CIUIOIIHBIX JHCKOB TO-
CTOSTHHOHM TOJIIITUHBI C CHCTEMOH COCPEIOTOUCHHBIX CHJI Ha BHEITHEM KOHTYpe. Pe3ynbraTsl JaHHON paboThI
MOTYT OBITH HCITOIF30BAHBI IIPU MPOEKTHPOBAHNHU CTAKAaHYMKOBBIX IIEHTPU(YT WA CTEHIOB JUIS DPO3UOHHBIX
HCIIBITAaHUH KOHCTPYKITMOHHBIX MaTEPHAIIOB C TIPEUIOKECHHOH (hOpMOit poTopa.
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