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Knaccuueckast Teopema Jlebera yTBepikaaeT, uTo Uit CyMMHpyeMoi (pyHKIUH TIOYTH JIF00ast TOUKa (32 UCKITIOUYEeHHEM
MHO)KECTBa HYJICBOM MephbI) SIBISICTCS ee Toukoit Jlebera. MHOKECTBO TOYCK, HE SBIISIONIMXCS TOUKaMu JleOera, Ha3pIBAKOT
UCKITIOUUTENbHBIM. J[71s1 60siee perysapHbIX GyHKIUH (HanpuMep, MPUHAUICKANIUX OMPEIEIIEHHOMY (YHKIIMOHAILHOMY
MPOCTPAHCTBY) MOXKHO OIIEHHBAThH «Pa3Mep» UCKIFOUYUTEILHOTO MHOKECTBA C TIOMOIIIBIO 00JIee TOHKUX, YeM Mepa, Xapak-
TepucTHK. B pabote mccnenyrorcs cBoiicTBa Todek Jlebera mia dpynxumii n3 kimaccoB CobOoneBa Ha MPON3BOIBHBIX MET-
PHUECKHX TPOCTPAHCTBAX B KPUTHUECKOM Cllydyae Y = Op, IJI€ Y — YMCII0, UTPaloliee POJib pa3MEPHOCTH POCTPAHCTBA,
0., p — MTOKA3aTe)IM MIaIKOCTH U CYMMHUPYEMOCTH COOTBETCTBEHHO. [10yUYeHBI OLICHKH Ha «pa3Mep» HCKIIOUYUTEIEHOIO
MHOKECTBA B TEPMUHAX EMKOCTEH U pa3MepHOCTH Xaycaopda, B YaCTHOCTH MTOKA3aHO, YTO UCKITFOYUTEIIEHOC MHOKECTBO
HMEET HYJIEBYIO €MKOCTh U €ro pasMepHocTh Xaycaopda paBHa Hym0. Jloka3zaHa SKCIOHEHIIUAIbHAS CKOPOCTh CXO/IH-
MocTH Juist Touek Jlebera. B mokpuTHYeCcKOM ciiydae Yy > O TOXOKHUE Pe3yIbTaThl H3BECTHBI.
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LEBESGUE POINTS FOR FUNCTIONS FROM GENERALIZED
SOBOLEV CLASSES M?(X) IN THE CRITICAL CASE

S. A. BONDAREV*®

*Belarusian State University, 4 Niezalieznasci Avenue, Minsk 220030, Belarus

Classical Lebesgue theorem states that for any integrable function almost every point (except the set of measure zero)
is a Lebesgue point. The set of the points that are not Lebesgue points is called an exceptional set. One can estimate the
«sizey» of the exceptional set for more regular functions (e. g. functions that belong to certain function space) using more
refined than measure characteristics. The paper is devoted to the investigation of the properties of Lebesgue points for
functions from Sobolev classes on general metric space in the critical case y= op, ¥ plays the role of the dimension of the
space, o, p — smoothness and summability parameters. Estimates of the «size» of the exceptional set in terms of capacities
and Hausdorff dimension are obtained. Exponential rate of convergence for Lebesgue points has been established. Similar
results are known in subcritical case y> op as well.

Key words: analysis on metric measure spaces; Sobolev spaces; fine properties of functions; Lebesgue points.

BBenenue

Knaccuueckas teopema Jlebera [1] yrBepskaaet, 4ro nmodry Beropy i GyHkuun f e L (R"), p 21, BH-

IMOJIHECHO COOTHOIICHUEC

. 1
f(x)zrlinfomjg(x, r)f(t)’ (1

e B(x, r) — eBKJIMJIOB IIAp ¢ LEHTPOM B TOUKE X PaauycoM r; |B(x, r)| — Mepa JleGera sToro mapa Ha R”.
MHOXECTBO TOUYEK, B KOTOPBIX HE BHINOIHEHO (1), OyaeM Ha3bIBaTh UCKIIOUUTEIbHBIM. T€ TOUKH X, 17151 KOTO-
peix (1) BeImonHsETCS, Oy/ieM Ha3bIBaTh TOukamu Jlebera pyHKImm f.

[IpencraBnger uHTEpEC BOINPOC O TOM, HACKOJIBKO «MaJI0» MOMKET OBITh HCKIIOYUTEIIEHOE MHOMKECTBO
B Cllyyae, eclid UcXoaHast GyHKIMs [ Oyaer Ooliee perymnspHOi, HanpuMep MprHaLIekaTh HEKOTOPOMY (QyHK-
LHOHAJILHOMY IPOCTPAHCTBY. JTa 3ajada uMeeT O00raryro UCTOPHUIO. 30ECh «MAaJOCTh» MOKET OLIEHUBATHCS
no-pazHomy. Kak npasuiio, koraa peus uzaer o npocrpanctsax Co0oseBa, 4715 OLIEHOK «pa3Mepay» MCKIIOUH-
TEPHOTO MHOYKECTBA HCITONIB3YIOTCS Pa3MEPHOCTh Xaycaopda u eMKocTH (cM. ¢popmyisl (6), (7) HUKE).

OTMeTHM HEKOTOpble paboThl, NMOCBSIICHHbIE yKa3aHHOH Temaruke. Yepesz W,” (R”) OyneM 0003HaYaThH
npocTtpancTBo CoboJieBa B CMBICIIE 00OOIEHHBIX TTPOU3BOIHBIX, THIE p — IMOKa3arellb CyMMHUPYEMOCTH; k —
nokasaresns rankocti. OLeHKa JUIs eMKOCTH M pa3MepHocTH Xaycaopga IOMOJHEHUS! K MHOKECTBY TOUYEK
Jlebera mis W,” (R”) obuta gana B 1972 . X. @enepepom u B. 3umepom [2]. Tlozxe B padorax T. barou
u B. 3umepa [3], K. Kanpnepona, E. ®@eiidca n H. Pusbepa [4], H. Metiepca [5] pe3ynbTrars! u3 [2] ObIH pac-
IPOCTPaHEHBI Ha IpocTpaHcTBa W,” (R”) Y Ha UX 00001IeHNs — TPOCTPAHCTBA OecceneBbIX MOTEHIHAIIOB.

Crenyromuii mar B pa3BUTHN JAaHHOW TEMaTHKHU CACIIaH B CBSI3U ¢ TeM, urto I1. Xaitmamem B 1996 1. 6putH
BBeJieHbl Kinaccel Cobonesa M (X ) Ha MPOU3BOJIBLHOM MeTpuyeckoM mpoctpanctse X [6]. Ilocne atoro
€CTECTBEHHBIM 00pa30M BO3HHUK BOIPOC O MEPEHOCE M3BECTHBIX ISl Kllaccnyeckux npoctpanctB Cobonea
w? (R”) TeopeM Ha Ooiee obmue knaccel MY (X ) 1. Xaitnam u 0. Kuanynen B pabote [7] ucciemoBanu
pa3Mepbl IONONHEHNS K MHOXKECTBY Touek Jlebera uist pynkumii nz M/ (X ) B TEPMHMHAX pa3MEPHOCTH Xayc-
nmopda. B 2002 . FO. Kunnynen u B. JlaTBana penmim 3Ty 3aga4qy B TepMuHaxX eMkocteld [8]. Jlanee pe3yib-
Tarbl GbLM 0606mens M. A. TIpoxoposudem Ha cirydaii npoctpancts M2 (X ), rae o Heo6A3aTeNbHO PaBHO

enunue, p > 1 [9; 10]. Hakonert, B [11] BBogsITCs TOuku JleGera st HECyMMHpYeMbIX QYHKIHIA U GopMyIu-
pyroTcst 6osee o0IIme pe3yabTaThl, BKIIOUAOIINe caydai p > 0.

OT™MeTHM BaKHOCTh TeopeMbl Jlebera, MoCKOJIbKY OHa JaeT Crioco0 onpeeneHus 3nadueHus: pynkuu f€ LF
B TOYKE TIOYTH BCIOJY, HE3aBUCHMBII OT BBIOOPA MpeACTaBUTENs (HAIIOMHUM, 4TO L’ — Kilacc SKBUBAJICHTHBIX
(GYHKIUH, pa3IHyaroInuXcs MeXIy coOOl pa3Be 4TO Ha MHOXECTBE HYJIeBOH Mepbl). Takxke ¢ IOMOIIBIO TEO-
pemsbl Jlebera MoxHO foka3arh aHasor C-cBoicTBa Jly3uHa, a UMEHHO CyIIECTBOBaHNE KBA3WHETIPEPHIBHOTO
npeacrasutens i f € M7 (mongpobnoctu cm. B [12]).
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B nanHo#i pabote mccienoBaHbl cBoiicTBa Touek Jlebera mist pyHkumit u3 kiaacco Cobonesa M) (X ) Ha

METPUYECKOM IIPOCTPAHCTBE X C IPOU3BOJILHON MEPOH |1, yAOBIETBOPSIOLIECH yCIOBUIO yABOCHUS. [ToirydueHsl
OLICHKHU Ha «Pa3MEP» UCKIOUYUTEILHOTO MHOXKECTBA U HA CKOPOCTH cxoauMocTu. [Ipu 3TomM paccmarpuBaercst
TAaK Ha3bIBA€MbII KPUTUYECKHU CIlydail, KOrjga Y= Op, IJe Y — IOCTOSHHAs, UIPAOILas poJib Pa3MEPHOCTU
(cm. nanee Gpopmyiy (4)).

Beenem Touku Jlebera mis Hecymmupyembix GyHkuuii. Berony nanee Oynem npuaep:KUBaThCsl CTaHAAPT-
HOTO 0003HAYCHUS ISl MHTETPABHBIX CPEIHUX

_ -
o

[ockompky 1ipu p < 1 mogsIHTETpasTbHAS (GYHKIHSI MOXKET OBITH HECYMMHUpPYEMa, TO HCITOB30BaTh HHTET-
panbHBIE cpefHue B ompeaeneHnn Touek Jlebera yxe Henb3s. i mpeofoneHns 3TOW TPYyAHOCTH BMECTO
WHTETPATBHBIX CPEIHUX UCTIONB3YETCS TEXHUKA MPHOIMKEHISI TOCTOSTHHBIMHE B ripocTpancTse L. ITycTh miap

BcXu fe L”(B),p > 0. MoXHO NOKa3aTh, YTO CYIIECTBYET Iz(;’)fe R Takoe, 4TO
inf,_ [|/(») = du(y)=[| 7= 101 ] au(y).
B B

Ecmu fe I} (X), To st mouTH Beex X € X CyIiecTByeT Ipesient limolg’g NE 7(x).
r—+ ’

loc

[MocTosiHHBIC HaWTy4IIero NPUOIMKEHUs [ gp ) f MOYKHO HCIIOJIb30BaTh BMECTO MHTETPAJBHBIX CPEIHUX
B onpenenenny Touek Jledera [11]. [IpenmytiiecTBOM SBISETCS TO, UTO WX TAK)KE MOYKHO IMIPUMEHSTH IPpH p < 1.
OpnHako OHM HE 00J1aIaF0T XOPOITUMHU CBOMCTBAMHU MHTETPATBHBIX CPEIHUX, HAIIPUMEP CYyOIIMHEHHOCTHIO.
B noxputndeckom cirydae Y > Op cripaBejinBa cienyromas teopema [11], monBonsiast HEKHf HTOT BCeM
MIPEABIAYITAM UCCIICTOBAHUSM.
Teopema 1. Ilycmo p>0,120>0, 0<op<yu fe M(f(X). Tocoa cywecmeyem muodcecmeo E < X
maxoe, ymo o1 x € X \E cywecmeyem npeden
i 7(0) — £
lim Ty, r)f— 7 (x).

r—+0

lim f /-7 (x) du=0, éz
)

Kpome moeo,

1 o
) ——=. ()
r4)+B(x,r p ’Y

Ipu smom Cap,, ,(E)=0u dim,(E) <y —op.

q

B caydae Y > op cnpaBemuBo Biokenue M) (X ) c L1OC(X ) B xputnueckom ciydae Y = Op napamerp ¢

paBen GeckoneuHocTd. OnHako Buokenne ME C L™, koTopoe MOXKHO ObLIO OKHIATh, HEBEPHO. [IpH 3TOM BbI-
HOJIHAETCS APYroe BIOKEHHE B SKCIOHCHIMANBHBINA Kinacc: M c exp (LB) pu HeKoTopoM [3, mostomy B (2)

€CTCCTBCHHO OXXNAATh SKCIIOHCHIHUAJIbHYIO CKOPOCTH CXOAUMOCTH BMECTO CTCIICHHOI. L[CJIBIO Z[aHHOﬁ CTaTbHu
SABJIIACTCA JOKAa3aTCJIbCTBO CICAYIOLICTO pe3yybTara.

Teopema 2. I[lyembp>0,120>0, y=0pu fe Mé’(X). Toeoa cywecmsyem muodicecmeo E C X maxkoe,

umo ona x € X\E cywecmayom npeoeivi

r—0 -
B(x,

lim (f | fe, lim 7y 1.

Kpome moeo,

lim f [exp{b‘ =T} - l]duz 0, (3)
r_)OB(x, r) ,

20e 6 kauecmee [ B(x, ) MOVCHO 635Mb U NOCMOAHHYIO HAUTY U120 npubUdICeHUs Iéf ) f, u cpeonee un-
X, r)

X, r
meepaibHoe, b— npou3eosbHAsl NOOHCUMENbHAN NOCMOAHRHAA. Hpu smom 0ns mHodcecmea E evinonneno:
Cap, ,(E)=0 u dim,(E)=0.
3ameTnM, 4TO Teopema 2 He HalaraeT HUKAKHX JOMOJHUTENBHBIX YCIOBHUil Ha MPOCTPAHCTBO X, KpoMe

ycnoBusl yaBoeHHs1. CKOPOCTb CXOAMMOCTH MOKET OBITH YJIydllIeHa B TOM CMBICIIE, YTO CYILECTBYET Oosiee
ObIcTpopacTyas Ha OECKOHEUHOCTH (DyHKUUS () Takas, 4TO IPENEIbHOE PABEHCTBO

lim )(p(‘f—lg(x’r) Jan=0

r—0
B(x,r
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BC€ C€IIIC BBITNIOJIHCHO. OI[HaKO B 5TOM CJIydac Ha MPOCTPAHCTBO CICAYCT HAJIOXKUTH JONOJHUTCIBHOC OrpaHu-
YCHUC — HOTpe6OBaTI) €ro CBA3HOCTb. PaCCMOTpeHI/Ie 9TOT'0 BOIIPOCA BBIXOAUT 3a paMKH I[aHHOﬁ CTaThbH.
OcHoBHbIE onpe/iesieHUs1 M 0003HAYECHU S

IIycth (X ,d ) — METPUUYECKOE MPOCTPAHCTBO C METPUKOH d, a GopeneBcKkas Mepa |l yIOBIETBOPSIET yCIIo-
BUIO yABOGHUS, T. €. IS JTFOOBIX IIApOB B(x, r) u B(x, R), R > 7, BBITIOJIHEHO

w(B(x. R)) < au(g)y w(B(x. ) )

JUTT HEKOTOPBIX ITOCTOAHHBIX au uy. HpI/I 9TOM TaKXKE NpEANnoIaracTcs, 4To MEpa KaXXJ0ro 1mapa 1moJI0XKUTEIIb-

Ha 1 KoHeuHa. Tpoiika (X, d, 1) B 9TOM ClTydae Ha3bIBACTCS MPOCTPAHCTBOM OZHOPOIHOIO THIIA, a YHCIO Y
UTPAET POJIb Pa3MEPHOCTH.
ITycts 00> 01 0 < p < oo, [IpocTpanctBo CoboneBa M/ (X ) Ha METPHUYECKOM NMPOCTPAHCTBE X COCTOUT U3

MHOKeCTBa (yHKIMI (K1accoB dKBUBaTeHTHOCTH) f € L7 (X ), U1 KOTOPBIX CyLIECTBYET HEOTPHLATEbHAS
byukuus g € LF (X ) TaKasi, YTO HEPABEHCTBO

o
1£(x) = f() <[d(x»)] [e(x)+(»)] (5)
BBITOJIHEHO MOYTH BCrOY (Oosiee moapoOHOo cM. [6], rie paHo onpezeneHue npu o = 1, u [13], rae oHo 0000-
IIEHO Ha IIPOMU3BOJIBHOE NONIOXKHUTENbHOE OU). Ha M (X ) BBOJIUTCS HOpMa (KBa3MHOpMA TIpu p < 1)

|7 o+ it { gl -

e TOYHAs! HWDKHSIS TPaHb OEpeTcsi M0 BCeM HEOTpHUATeNbHbIM QyHKIMsM g € LF (X ), YIOBJIETBOPSIFOLIUM

oo =1

ycnosuto (5). [Ipocrpancta M/ (X ) MOPOXKIAI0T EMKOCTH

Cap, ,(E)= inf{”f”p ) : /21 B OKpecTHOCTH E} (6)

Mg (

EmkocTHu sBasroTCSA KU3MEPUTCIISIMIWY) MACCUBHOCTU UCKIITOUUTECIIBHBIX MHOKECTB B 3a/ladaX TCOPUHU TOHKUX
CBOMCTB QyHKIMIA. Takyto e poib UrPaloT Mepa U pasMepHocTh Xaycnopda. JJaaum Bce HeoOXoauMBbIe ompe-
nenenus. Bmectumocts Xaycnopga onpenensercs Kak

Hy(E)=infY r': Ec|JB(x, ), n <Ry,
i=1 i
TS TOYHAas HUKHAA I'PaHb 6CpeTC$I 10 BCEBO3MOXHBIM IOKPLITUSAM MHOXCCTBA E mrapamMu paanycom HE 60-
nee R. Mepa Xaycnopda BBOAUTCS CIETYIOMIM 00pa3oM:

H*(E)= lim Hy(E).

R—0
HaKOHeII, OIpeaciiM pasMEpPHOCTb Xayczlop(pa:

dim,, (E) = inf {s: H*(E)=0}. (7)

BremrHeli Mepoii Mbl Ha3biBaeM (YHKIIUIO MHOJKECTBA V, YIOBJIETBOPSIOIIYIO CBOMHCTBAM MOHOTOHHOCTH H CYO-
AITUTUBHOCTH (TIOCTIETHEE 1aXKe MOKET OBITh BBITIOJIHEHO C HEKOTOPOW KOHCTAHTOH), T. €.

Ac B=v(4)<v(B),

viU4 [<a,Yv(4)
i=1 i=1
JU1sl TF00BIX MHOXKECTB A4, B, A, 1 HEKOTOPOH HOCTOSHHOM a, = 1. 3ameTnm, 4TO eMKOCTh U Mepa Xaycropda
SIBJISIFOTCSI BHEITHUMU MEPaMHU.
Hawm nonaio0sTcs TakiKe MaKCUMaJIbHBIC ONIepaTopb
1/p
1

AVf(x)= sup —| flr-10f| du|
B

Box, <11y
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1p

SPf(x)= sup ﬂf AT

Box, rz < 1]"3
BBE/ICHHEIC B [14].

BcenomorarenbHbie (aKThI

Jnst joKa3aresbCTBa OCHOBHOM TEOpeMBbI TPeOyeTCsl psiji TEXHUYECKUX (PaKTOB, MMEIOIINX BCIIOMOTaTellb-
HBIA Xapaktep. Bcrony nanee, ecinu He OrOBOPEHO MPOTHBHOE, ¢ O3HAYaeT MOJIOKUTENIBHYIO MOCTOSHHYIO,
TOYHOE 3HaYEHHE KOTOPO HaM He BakHO. bosee Toro, ee TOUHOe 3HaYeHNE MOKET MEHATHCS JJake B IIpeenax
OJTHOM CTPOKH. 3aBUCUMOCTB IIOCTOSHHOM ¢ OT MapaMeTpoB, Kak MPaBUIIO, sICHA U3 KOHTEKCTA.

[lepeuncnum oCHOBHBIE CBOMCTBA eMKOCTEH. CBsI3b MEXIYy €MKOCTBIO, MEPOH U pa3MepHOCThIO Xaycaopda
WITIOCTPUPYET cleayomas jemma u3 [15].

Jlemma 1. Ilyems 0 < < 1, x, € X, mozoa ona 0 <r<1

u(B (xo, r)) < Capa’p(B (xo, r)) <car™u (B (xo, r))
Ecnu Capa,p(E) =0, mo H’(E) =0 ons 1106020 t >y — Op. B uacmunocmu, dim,, (E) <y-—-op.

3ameuanue. B kputiaeckom ciydae Y = 0p, nostomy dim,, (E) = 0, ecmu Cap,, ,(E)= 0. Takum 06pazom,
JOCTaTOYHO JI0KA3aTh TEOPEMY 2 JIMIIb JUIS EMKOCTH.

st GopMyITMpPOBKH CIEAYIOIIETO Pe3yibTaTa O CBOMCTBAX EMKOCTH HaM MOHAJ0OUTCS KIIacCHYecKast JIeMMa
0 TIOKPBITHSIX (J0KA3aTeIbCTBO MOXKHO HAWTH, HarpumMep, B [16]).

Jlemma 2. [Tycmo F — cemeticmso wiapos oepanuyennozo paouyca 8 mempuyeckom npocmparcmee X. Toeda
MO2ICHO 8b1Opamb noomHodcecmeo G C F, cocmosuyee u3 nenepecekaouuxcs wapos, u npu 3mom

Us<ss

BeF BeG
BBCZ[CM OGOBHa‘ICHHC

E={xeX:limsup r*” /'fg"du>0
r—0 B(xr)

Jlemma 3. Ilycms 0 < g e I” (X ) U BHEWHsA Mepa V YOO0BIemeopsiem YCio6uio
V(B (x, r)) < cr_“p],L(B(x, r))

Toz0a V(E)=0. B uacmnocmu, Capa’p(E) =0.
HoxaszarenscTBoO. [Iycthe>0n

E =<xe X :limsup r* :f ghdu > €p.

€
r—0 B(x r)

IToxakem, 4TO V(Eg) =0 st 1r060r0 € > 0. Torna yTBepKIACHHE JIEMMbI OyJIeT CIIe/I0BaTh U3 CyOa i TUTHB-
HOCTH BHEUIHEN MEpPBI.

3aganum npoussoisHoe 0 < d < 1. ITo onpenenenuto E, must moboro x € E, cymectsyet paauyc 7, (0 <r, < J)
TaKoM, 4TO

op p
" :f gldu>e. )
B(x, rx)
ITo niemMe 2 CyLIECTBYET TaKOE CeMEHCTBO NIONIAPHO HEIEPEeCEKAIOMUXCs apoB B(x,, 7; ), 4To

EcUBx 5r,).

Wcnonw3ys cy0aIuTUBHOCTH BHEITHEH MepHI, ieMMy 1, HepaBeHCTBO (8) U ycinoBue yaBoeHus (4), nveeM

2::( xSr)
Zfor)

< 62(56)_‘”“( 51,))=
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:% j g’du—0, & — +0.
Us(en)

[TocnenHee BepHO B cuily aOCOMIOTHON HENPEPHIBHOCTH MHTErpasia. JleficTBUTENbHO, TaK KaK [Iapbl B(xi, ’3-)
HE [IEPECeKaroTcs, TO CIIPaBEeIINBa OLCHKA

o _Op

[ 05te.m)) =St ) < 52

i=1 i=1 i=1 B(

J gldu <
X 17)

op
< %Jgpduﬁo, § — +0.
X

TaxuMm obpazom, V(Ee) =0 ms r000ro € > 0, ¥ Hallle YTBEPIKACHHUE CACIYeT U3 CyOaJIMTUBHOCTH BHEIIHEH

Mepsl. Jlemma noka3zana.
3ameTnM, uTo Mepa Xaycaopda, BooOIe roBopsi, He YAOBJIETBOPSIET YCIOBUIO IeMMbl 3. OHAKo NpH yc-
JIOBHHU PETYISIPHOCTU CHHU3Y Ha Mepy
¥
1} < cu(B) 9)
B Ccllyyae Yy > O,p UMeeM
— 0, — 0oy —0
H'"(B)< 1]~ < cry®u(B).

OtMeTnM Takke, 9To (9) BBITOIIHEHO C TOCTOSHHOM ¢, 3aBHUCAIICH OT mapa B, eciu (X . d, u) YIIOBJIETBO-
pseT ycioBuro ynBoeHus. Eciau diam.X < oo, TO (9) BBIIIOIHEHO C IMOCTOSHHOW ¢, HE 3aBHUCSIIEH OT miapa,
", cTaso OBITh, B CITydae OrpaHHYCHHOCTH MpocTpancTBa X Mepa Xaycaopha H'Y ™ * ynoBiIeTBOPSET YCIOBUSIM
JIEMMBL.

Crnenytoriee HepaBeHCTBO (THITa HepaBeHCTBa TpyanHTrepa) OblIo Aoka3aHo B [17].

Jlemma 4. [Iycmo p >0, y=0p, fe M} (X) Toeoa cywecmeyiom nocmosinuvie 6 > 1, a>0u A > 0 maxue,
umo 0.1 1106020 wiapa B evinonnsemcs

(p) —~l/p
‘f_IB f ‘gﬁ(P) Pd d <4
foso| /A o) o

o
B s oB

Jloxa3are/ibCTBO OCHOBHOI TeOpeMbl

B cuny 3ameuanust mocie ieMMbl 1 TOKakeM TeOpeMy JIMIIb JUIsl eMKOCTH.
Cravana nmokaxem, 9ro 11 f€ M7 (X ), Y= 0.p, BCIOLY, KPOME «MaJIOr0» MHOKECTBA, BBITIOIHEHO PaBEHCTBO
. ( p) 1
lim 7 f = lim f,
ry—0 rs—0
KOTOpOE MOKa3bIBAET, YTO HAa CAMOM JIeJI€ JOCTAaTOUHO JOKa3bIBaTh TEOPEMY JIUIIb 1is [ ) = 1 g” ) f, moaromy
Jlajiee MOXKHO padOoTaTh TOJBKO C MOCTOSHHBIMU HAMITYUIIETO PUOIMKEHUS.
YepenHsisi HepaBeHCTBO

1= nl <17 - 10 + 150 - 51

no mapy B=B (x, r) U OLIEHUBAsI CBEPXY IOJIYUYEHHOE BBIPAXKEHHUE COOTBETCTBYIOLIMMHM MaKCUMaJbHBIMU
oIreparopamu, Moiay4aem

19~ 1| < eree ([ﬂf)f ()] +[s7r)] )
OTKy/a
197 = 1| < er st 1(2),
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TSI TE000TO z € B = B(x, r). Br16epem z Tak, 9TOOBI BBIMOTHSIIOCH HEPABEHCTBO

[0 1(z)] < | [407] du.
B(x, r

Taxum o6pazom,
() P Lop ) £
‘IB S =T S13 Ay f | du,
B(x, r)
a BBIDKCHHE CIIPaBa I10 JIEMME 3 CXOIUTCA K HYIO BE3Jle, 33 UCKIIOYCHHEM MHOXeCTBa HyneBoi Cap, -
€MKOCTH.
(p)

To, uto [ B(x.r) S mmeer npezen Cap,, -IIOYTH BCIOALY, IOKA3bIBACTCSl TOYHO TaK ke, Kak u B [11, Teopema 1].

Ocranock nokasars (3). s 3Toro paccMOTpuM MHOXKECTBO

_ T ap Rras
E={xe X :limsupr J’ [&iaf] du>0
r—0 B(x, r)
Y BHEIIHIOIO MEPY V, YAOBIETBOPAIOIIYIO YCIOBUSAM JieMMbI 3. V3 mocneaneit cienyert, 4To V(E ) =0. IIycTp
x ¢ E. Torma MoxHO BbIOpaTh € > () HACTOIBKO MaJIbIM, YTOOBI Jist JTFOOBIX 0 < 7 < € BBIIOJIHSIIOCH

8(r) = gr“” Jls0r ] au<n,
oB

rIe b — MOCTOSTHHAS M3 TEOPEeMBI 2, a — TIOCTOsSTHHAS n3 JIeMMHI 4. [IpuMenss HepaBeHCTBO I'€npaepa (31ech
HCIIOJIb3YETCSl COOTHOIICHHE S(r) <1) u nemmy 4, moayaum

fexp(b\ f-1 f‘) <

W) T 3(r)
< fexp aw :f[éﬁ((f)f]p du ! du| <4
B Ty oB

[Tocnennee BepakeHue cxoquTcs K 1, korma » ctpemutes k 0. Takum 06pazom, mpu JIr060# TOCTOSTHHOM b > 0
JUTS BceX To4ek x € X \ £ BBIIOIIHEHO

lim | [exp{b‘f—lg@ r)f‘} - 1]du =0.
r_>OB(x, r) ’
13 nemmsi 3 crienyer, uto Cap,, ,(E)= 0. OTcrona ke MOKHO 3aKimounth, uto dim,, (E)=0.
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