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In the paper, using the classes of S−(α, β, ν, δ, ω) and S−(β, δ) locally
Lipschitz mappings at the point, higher order necessary and sufficient
conditions of the extremum are received for extreme problems in the
presence of restrictions.

Introduction. Let X and Y be Banach spaces, C ⊂ X, F : X → Y ,
S : X → Y , f : X → R, ϕ : X → R, α > 0, ν > 0, β ≥ αν, K > 0,
δ > 0, o : R+ → R+, õ : R+ → R+, o(0) = õ(0) = 0, R+ = [0,+∞). Let’s
put B = {z ∈ X : ‖z‖ ≤ 1}, B(x, δ) = {z ∈ X : ‖z − x‖ ≤ δ}.

Let o : R+ → R+, where lim
t↓0

o(t)
t = 0. The mapping F is said to be

S − (α, β, ν, δ, o(β)) locally Lipschitz with the constant K at the point
x̄ ∈ X, if F satisfies the condition

‖F(x̄ + x + z)− F(x̄ + x)−S(x + z) + S(x)‖ ≤

≤ K ‖z‖ν (‖x‖β−αν + ‖z‖
β−αν
α ) + o(‖x‖β)

at x, z ∈ δB. If S(x) ≡ 0, then the mapping F is said to be
(α, β, ν, δ, o(β)) locally Lipschitz with the constant K at the point x̄.

We call the mapping F : X → Y satisfying the condition
‖F(x̄ + z)− F(x̄)−S(z)‖ ≤ K ‖z‖β at z ∈ δB, S − (β, δ) locally Lip-
schitz with the constant K at the point x̄.

If the function f : X → R satisfies the condition f(x̄ + z) −
f(x̄)−ϕ(z) ≤ K ‖z‖β at z ∈ δB, we call the function f ϕ − (β, δ) lo-
cally semi-Lipschitz with the constant K at the point x̄.

If F (x) = f(x), we put S(x) = ϕ(x). Further we consider that S(0) =
0 and ϕ(0) = 0. Let’s designate I = {0, 1, . . . ,m} and J = {1, . . . ,m}.

1. Necessary condition of the higher order. Let X and Y be
Banach spaces, fi : X → R, i ∈ I, F : X → Y , C ⊂ X.

Let’s consider the problem

f0(x)→ min, fi(x) ≤ 0, i = 1, . . . ,m, F (x) = 0, x ∈ C. (1)
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If C ⊂ X is a convex set and x0 ∈ C, we will designate that C̃ =

intC
⋃
{x0}, SC̃(x0) =

⋃
λ>0

C̃−x0

λ and TC (x0) = cl
⋃
λ>0

C−x0

λ .

Theorem 1. If x0 be the local minimum point in the problem (1),
β > 1, the function fi satisfy ϕi− (β, δ) locally semi-Lipschitz condition
with the constant K at the point x0, where i ∈ I , ϕi : X → R sublinear
continuous functions at i ∈ I , fj(x0) = 0 at j ∈ J , the operator F :
X → Y be strictly differentiable at the point x0 and F ′(x0)X = Y ,
C be a convex set, intC 6= ∅, then there exist simultaneously non-zero
α0 ≥ 0, α1 ≥ 0, . . . , αm ≥ 0 and y∗ ∈ Y ∗ such that

∑m
i=0 αiϕi(x) +

〈y∗, F ′(x0)x〉 ≥ 0 at x ∈ TC(x0).

Let’s put g(a,y)(x) = max
0≤i≤m

(ϕ1
i (x) + ai) + δTC(x0)

⋂
Λ−1(−y)(x), where

ϕ1
i : X → R, Λx = F ′(x0)x, (a, y) ∈ Rm+1 × Y , and H = {x ∈ X :

ϕ1
i (x) ≤ 0, i ∈ I, Λx = 0, x ∈ SC̃(x0)} .

Theorem 2. If x0 is the local minimum point in problem (1),
fi(x0) = 0 at i ∈ I , β > 2, the functions fi, i ∈ I, satisfy ϕ1

i +ϕ2
i−(β, δ)

locally semi-Lipschitz condition with the constant K at the point x0,
ϕ1
i : X → R are sublinear continuous functions at i ∈ I, ϕ2

i : X → R are
positive homogeneous functions of degree 2 and satisfy (1, 2, 1, δ, o(2))
locally Lipschitz condition with the constant K at the zero point at
i ∈ I , the mapping F : X → Y is strictly differentiable at the point
x0, F ′(x0)X = Y and F satisfies F ′(x0)x+S(x)− (β, δ) locally Lipschitz
condition with the constant K at the point x0, S : X → Y is a positive
homogeneous operator of degree 2 and satisfies (1, 2, 1, δ, õ(2)) locally Lip-
schitz condition with the constant K at the zero point, C is a convex set,
∂g∗(a,y)(0) 6= ∅ at (a, y) ∈ Rm+1 × Y and int TC(x0)

⋂
KerΛ 6= ∅, then

E(h) = sup(
m∑
i=0

λiϕ
2
i (h) + 〈y∗, S(h)〉 : λi ≥ 0,

m∑
i=0

λi = 1, pi ∈ ∂ϕ1
i (0),

x∗ ∈ NC(x0), y
∗ ∈ Y ∗,

m∑
i=0

λipi + Λ∗ y∗ + x∗ = 0) ≥ 0

at h ∈ H.

A number of strengthens of Theorem 1 and 2 are also obtained.
Let’s note that the strengthening of the condition of Theorem 2 is

also a sufficient condition for the local extremum.
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