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In the paper, using the classes of S—(«, 5, v, §,w) and S—(f3, 9) locally
Lipschitz mappings at the point, higher order necessary and sufficient
conditions of the extremum are received for extreme problems in the
presence of restrictions.

Introduction. Let X and Y be Banach spaces, C C X, F: X =Y,
S: X—=-Y, f: X—>Rep: X—>Ra>0rv>002>av, K >0,
d>0,0:Ry >Ry, 0: Ry - Ry, 0(0) =0(0) =0, R =1[0,400). Let’s
put B={z€ X: ||z]| <1}, B(z,0) ={z€ X : ||z — x| <4}

Let o : R, — R, where 1}&1@
S — (a, B,v,0,0(0)) locally Lipschitz with the constant K at the point

T € X, if F satisfies the condition

= 0. The mapping F' is said to be

IFx+x+2) —FE+x)—-S(x+2z)+SKx)| <

< K Y20l (107 + [1207=7) + o(||ll”)
at x,z € 0B. If S(z) = 0, then the mapping F is said to be
(ar, B,v,6,0(0)) locally Lipschitz with the constant K at the point Z.

We call the mapping F' : X — Y satisfying the condition
IF(x+2) — F(x)—=S(z)| < K|z||” at z € 6B, S — (3,6) locally Lip-
schitz with the constant K at the point .

If the function f : X — R satisfies the condition f(X + z) —
FR)—¢(z) < K||z||” at z € 6B, we call the function f ¢ — (8,6) lo-
cally semi-Lipschitz with the constant K at the point Z.

If F(z) = f(z), we put S(z) = p(x). Further we consider that S(0) =
0 and ¢(0) = 0. Let’s designate I = {0,1,...,m} and J ={1,...,m}.

1. Necessary condition of the higher order. Let X and Y be
Banach spaces, f; : X - R,1el, FF: X —-Y,C CX.
Let’s consider the problem

fo(x) — min, file) <0,i=1,..., m,F(z)=0, x€C. (1)
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If C C X is a convex set and 7o € C, we will designate that C' =
ntC (H{zo}, Se(@o) = Unso C_Axo and  Te (z9) = cl U,y C_Axo'

Theorem 1. If xy be the local minimum point in the problem (1),
B > 1, the function f; satisfy p; — (8,9) locally semi-Lipschitz condition
with the constant K at the point xy, where i € I, p; : X — R sublinear
continuous functions at i € I, fj(xo) =0 at j € J, the operator F :
X — Y be strictly differentiable at the point xy and F'(xg)X =Y,
C' be a convex set, intC # (), then there exist simultaneously non-zero
a >0, a1 >0,....00 > 0 and y* € Y* such that > ", cipi(x) +
(y*, F'(xo)x) > 0 at x € Te(x).

Let’s put g, (2) = max (¢} (z) + a;) + 07, () A-1(—y) (@), Where

0<i<m
gpzl :X_>R7 AZE:F/(.I'());U’ (Cl,y) ERm_HXY? aHdH:{xeX:
plx) <0,i€l, Av=0, =€ Sz(x)} .

Theorem 2. If xy is the local minimum point in problem (1),
filwo) =0 ati eI, B > 2, the functions f;, i € I, satisfy p!+¢?—(3,9)
locally semi-Lipschitz condition with the constant K at the point x,
o} X — R are sublinear continuous functions ati € I, p? : X — R are
positive homogeneous functions of degree 2 and satisfy (1,2,1,9,0(2))
locally Lipschitz condition with the constant K at the zero point at
v € I, the mapping F : X — Y s strictly differentiable at the point
xg, F'(20)X =Y and F satisfies F'(xo)x+ S(x)— (5, 9) locally Lipschitz
condition with the constant K at the point xy, S : X — Y s a positive
homogeneous operator of degree 2 and satisfies (1,2,1,6,0(2)) locally Lip-
schitz condition with the constant K at the zero point, C' is a convezr set,
09(,,)(0) # 0 at (a,y) € R™ x Y and int To(xg) () Ker A # 0, then

E(h) =sup()_ Aipi(h) + (", S(h)) : Ai >0, Y A= 1, p; € 0} (0),
i=0 i=0

" € Neo(x),y" € Y*,Z/\ipi + ANy +2*=0)>0
i=0
at h € H.

A number of strengthens of Theorem 1 and 2 are also obtained.
Let’s note that the strengthening of the condition of Theorem 2 is
also a sufficient condition for the local extremum.
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