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Abstract—We consider the Cauchy problem for a nonstrictly hyperbolic equation of arbitrary
order with constant coefficients. The operator in the equation is a composition of first-order
differential operators. The equation is supplemented with Initial conditions. We find the solution
of this problem on a half-plane in analytic form in the case of two independent variables under
some conditions on the coefficients.
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1. INTRODUCTION

In the present paper, we consider the Cauchy problem on a half-plane for a nonstrictly hyperbolic
linear equation of order m with constant coefficients, where m is a positive integer. The operator
in the equation is a composition of first-order differential operators. The Cauchy problem for such
an equation was earlier considered in [1, 2] in the case of a strictly hyperbolic equation (a Petrovskii
hyperbolic equation [3, 4]). The general solution of both strictly and nonstrictly hyperbolic equa-
tions of arbitrary order was constructed there as well. The case of a nonstrictly hyperbolic equation
with the coincidence of all characteristics was considered in [5], and the solutions of the Cauchy
problem in all cases of a nonstrictly hyperbolic third-order equation of such a form were obtained
in [6].

2. STATEMENT OF THE PROBLEM

On the plane R? of two independent variables ¢ and x, we introduce the half-plane @ = (0, 00) xR
on which we consider the following differential equation of order m € N, where NN is the set of
positive integers, for a function v : R* D Q 3 (¢,x) — u(t,z) € R:

m

£y =T[(0 — a®, + bPult,x) = f(t,z),  (tx)€Q, (2.1)

k=1

where 9, = 9/0t and 0, = 0/0z are the first derivatives with respect to t and z, a®) and b*® are
given real numbers, f: R? D Q > (t,z) — f(t,z) € R is a given function on @, and @ is the
closure of the domain Q; i.e., @ = [0,00) x R. The Cauchy conditions

dJu(0,z) = o9 (z), z € R, j=0,....m—1, (2.2)

are posed on the boundary
9Q = {(t,z) € QJt = 0}
of the domain Q, where &/ stands for the derivative &7 = 97 /0t/.
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CAUCHY PROBLEM FOR A NONSTRICTLY HYPERBOLIC EQUATION 727

3. PROBLEM IN THE CASE OF EQUAL COEFFICIENTS

Consider the mth-order homogeneous equation
£Mu(t,x) =0,  (t2) €Q, (3.1)

for an operator of the general form

p
oim) _ H(at —a®y, + p*)r®), (3.2)
k=1

where p and r(k) are positive integers such that 7(1) +--- +r(p) = m. By [2], the general solution
of Eq. (3.1) has the form

(k)

p
ult,z) =Y e N fE (g g oMy, (3.3)

k=1 s=1

where the f*¢) ;. R — R are arbitrary functions differentiable up to order m.

Consider the case of the operator (3.2) in which p = 1, 7(1) = m, a'® = a, and b® = b for all
k=1,....,m, a,beR.

By CY(G) we denote the set of functions continuous together with their continuously differen-

tiable derivatives up to order [ defined on the set G. In what follows, for G we take the sets @
and R.

Theorem 3.1. Let
LMy = (8, — ady, +b)™u = 0, a,beR. (3.4)

Then the Cauchy problem (3.4), (2.2) has a unique classical solution in C™(Q) for arbitrary func-
tions ) in the classes C*" 7~ Y(R), 7 =0,...,m — 1.

Proof. By formula (3.3), the general classical solution of Eq. (3.4) has the form

m—1

u(t,z) = e Z th £ (x + at), (3.5)

k=0

where the f*) are arbitrary real functions in the class C™(R).
Let us compute the derivatives of the function (3.5) of order j with respect to ¢:

Hu=e™ (i > Quit)0Lf P (z + at)

k=0 i=0

m—1 7
+ 0> Pt [P (@ + at)>, j=1,...,m—1, (3.6)

k=j i=0
where m > 2, the @y, (t) are polynomials of degree < k, the Py;(t) are polynomials of degree < j—1,
and Pyo(0) = k!/(k — j)!. If j = 0, then we have the function (3.5). For other values of j, we prove
the expression (3.6) by induction.
If j =1, then

du(t,z) = e —bfO(x + at) + ad, £V (x + at)

Y

3

+ ) ((=bt" 4 Kt B (2 4 at) + at*0, fP) (x + at))), (3.7)

E
Il
—_
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728 KORZYUK et al.

where, in our notation, the polynomials have the form Quo(t) = —b, Qo1 (t) = a, Puo(t) = —bt + k,
and Py (t) = a; in addition, Py(0) = k = k!/(k — 1)!, which corresponds to formula (3.6).
Now let the representation (3.6) be valid for some j > 1, j € N. Then

0/ u(t,z) = 9,(0]u) (¢, z)

i—1 g m—1 j
=0, [ebt ( Qi) f ) (x + at) + P ()tF =19 f ) (2 4- at)>
k=0 i=0 k=j i=0
i_gtl m-1 j
=" ) Qut)dLf P (x + at) + ((=bt Py (t) + tP;(t)
k=0 i=0 k=j+1 i=0

+ (k4 — )P ()10, f® (@ + at) + aPy () DU G FE (¢ 4 at))

Jj g+l m—1 j+1

I QuaLf P +at) + DD Pt LWz +at) |,

k=0 i=0 k=7+1 i=0

where Pyo(0) = (k — )P (0) = k!/(k — (j 4+ 1))!. Here we have used the fact that the formula

41
( _thsz t)0! f(a:—l—at)) =e thR;ﬂ ()0 f(x + at)

=0 =0

holds for arbitrary polynomials Ry; of degree < k and for any function f € C/T!(R).

Therefore, formula (3.6) holds for the jth derivative, j = 1,...,m — 1, of the function u with
respect to the variable t. By substituting the expressions (3.5) and (3.6) into the Cauchy condi-

tions (2.2), we obtain a system of equations for the functions f*(z), k = 0,...,m — 1, of the
form
u(0,2) = fO(z) = (), Hu(0,2)=> > CUIPfP () =P (z), j=1,...,m—L
k=0 =0
(3.8)
By solving the resulting system successively, we find all values f*)(z) of the function f*, k =
0,...,m —1. One can readily see that the functions f*) are uniquely determined via the functions

©) and their derivatives, k,j € {0,1,...,m—1}. Then by formula (3.5) we find the unique classical
solution u of the Cauchy problem (3.4), (2.2) in C™(Q) if the given functions o), j =0,...,m—1,
belong to the corresponding classes C*™7~1(R). The proof of the theorem is complete.

In particular, by solving system (3.8) for m = 3 and by substituting the obtained result into
relation (3.5), we obtain the solution of the Cauchy problem (3.4), (2.2) in the form

2

t
u(t,z) = e 5 (@ — 2a0M" + 2" 4+ 2bpM) — 2abp®’ — b2 ) (z + at)

+ 1" — ap®" + o) (@ + at) + ¢ (z + at) |

Now consider the Cauchy problem for the inhomogeneous equation in the case of equal coeffi-
cients; i.e., let us find the solution of the equation

My = (9, — ad, +b)"ult,z) = f(t,z),  (t,2) €Q, (3.9)
with the Cauchy conditions (2.2).
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CAUCHY PROBLEM FOR A NONSTRICTLY HYPERBOLIC EQUATION 729

Since the considered problem is linear, it follows that its solution u can be represented as the
sum of two functions v = @ + v, where 4 is a solution of problem (3.4), (2.2), and v is a solution of
Eq. (3.9) with the homogeneous Cauchy conditions

dlv(0,z) =0, j=0,...,m—1. (3.10)

We define the function v via the function w: R D [0,00) x [0,00) x R > (¢, 7,2) — w(t,7,2) € R
with a parameter 7 € [0, 00) by the relation

t

v(t,x) = /w(t —7,7,2)dT. (3.11)

0

The function w treated as a function of the independent variables ¢t and z is a solution of the
homogeneous equation (3.4) with the Cauchy conditions

Aw(0,7,2) =0, §j=0,....m—2, " 'w(0,1,2) = f(r,2), (3.12)

where f is the right-hand side of Eq. (3.9). To this end, we assume that the function f belongs to

the set C%™(Q), where C*>™(Q) is the set of continuous functions defined on @Q and continuously
differentiable with respect to the variable x.

By virtue of condition (3.12), the function v defined by (3.11) satisfies the Cauchy condi-
tion (3.10). Indeed, we have

t
8{1}(15,3:)zag_k/i?fw(t—T,T,m)dT, k=0,...,7, j=0,....,m—1.
0
This, together with conditions (3.12), implies the relations
t
dlv(t,x) = /8tjw(t —7,7,2)dT. (3.13)
0

By setting ¢ = 0 in relation (3.13), we obtain condition (3.10) for the function v.
Let us show that the function v defined in (3.11) satisfies Eq. (3.9); in this connection, we use
the fact that w is a solution of problem (3.4), (3.12) and

£ = 9m 4 m(—ad, +b)O" ' + -+ (—ad, +b)™.

Therefore,

t

t
£yt z) = £ /w(t —7,7,2)dx = 0 / f(r,x)dr + /S(m)w(t —7,7,x)dr = f(t,x);
0

0

t

0

in addition,
w(t,T,z) = e*bttmflf(T, x + at),

and
t

v(t,x) = /eb(tT)(t — )" (x4 alt — 7)) dr

0

The last results, together with Theorem 3.1, imply the following assertion.
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730 KORZYUK et al.

Theorem 3.2. If the right-hand side of Eq. (3.9) belongs to the set C*™(Q) and the functions
0 occurring in condition (2.2) belong to the class C*™7~1(R), then for arbitrary such functions,
there exists a unique classical solution uw = @+ v of problem (3.9), (2.2) in the class C™(Q), where
@ s the classical solution of problem (3.4), (2.2) and v is the solution of problem (3.9), (3.10).

4. THE CASE OF PAIRWISE DISTINCT COEFFICIENTS

In this section, we consider the nonstrictly hyperbolic equation

£muy(t,xz) = f(t,z) (4.1)

of order m, where the coefficients of the operator £(™ are pairwise distinct. It follows that
(a® p®)) £ (0D b)) for all k,j € {1,...,m} and k # j, or

(a® — D)2 + (b*) — )2 £ 0 (4.2)

for k # j. Let the operator £0™ have the form

m

£t =T @ - ™, +b).

k=1

For this operator, consider the homogeneous equation

gyt x) = [0, — a®a, + b*)u(t, ) = 0. (4.3)

s

k=1

By (3.3), the general solution of Eq. (4.3) has the form

=Y e O+ a®), (4.4)

k=1

where the f*) are arbitrary functions in the class C™(R).
Let us indicate the construction of the solution of problem (4.3), (2.2). To this end, in the

representation (4.4), one should find the functions f*), k = 1,...,m, via the given functions p*
(k=0,...,m — 1) occurring in the initial conditions (2.2).

We introduce the following notation of differential operators: dj, = apd/dx — b*®) and d{” =
(apd/dx — b™)7. In this notation, we rewrite the Cauchy conditions (2.2) for the unknown func-
tion (4.4) in the form of the system of differential equations

fO@) + @) + -+ fM(2) = pO(z),
dlf(l)(l‘) +d2f(2)($) + - +dmf(m)($) = 90(1)(95)7 AR (45)
AP f O @)+ dg O (@) 4 (@) = o ),
System (4.5) can be reduced to a system of differential equations with diagonal matrix. To this
end, we apply the operator d,, to the first m — 1 equations in system (4.5) and subtract every other

equation of the resulting system from the preceding one. As a result, we obtain a new system of
the form

FO@) + -+ () =

(di = dp) V(@) + -+ (dpr = )f(’” D(z) =

(dF = didy) fV (@) + - 4 (d ) = dipa ) fU7 7V (2) =
(@7t = dP ) fY (@) + -+ (=) — A fU T () =

0O (),

oM (@) — dmp® (),
@ (@) = dmepM(z), ...,
" (@) = dp' ™ ().

(4.6)
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Next, we apply the operator d,,_; to both sides in each equation starting from the second one in
system (4.6) and perform similar subtractions from each other.
By continuing transformations in a similar way, we obtain the system of differential equations

FO@) + -+ (@) = O (z) = 20 (),
(di = d) fP (@) 4+ + (dier — do) f" 7V (@) = 0 (@) = dnp® (2) = W (2),

(di = dm)(dy = dpp 1 fD (@) 4+ (A2 = dip) (2 — 1) [ () (4.7)

= 0@ (2) = dp10W (2) = dpp_1dp O (z) = P (z), ...,

(di = d) -~ (di = do) [ () = @ V().
If we assume that ) € O™ 1=7(R), then the ®V), j = 0,...,m — 1, are continuous functions.
Next, since d # d; for k # j, it follows that, by solving system (4.7) upwards, we find solu-
tions f* (k =1,...,m) that are jointly determined to within m(m — 1)/2 constants in the general

case. By defining the functions f*) by formula (4.4), we define a solution of the Cauchy prob-
lem (4.3), (2.2).

Now consider the set of coefficient pairs S = (a®?,b(), card(S) = m. Two pairs of coefficients
(@®,6™) and (a, b)) are said to be equivalent if a') = a(’). The set S thereby splits into
equivalence classes S, = (ax,b;). Let card(S;) = A®, and let the number of such equivalence
classes be equal to card(S/ ~) = ¢. Then Y7 | A® =m.

Let us show that the smoothness condition ¢ € C?™~9=7(R) for the function ¢ is sufficient
for the solvability of system (4.7). In this connection, we need the following assertion.

Lemma 4.1. Let the function ® belong to C*(R), let o' € R, i =0,...,m, be constant coeffi-
cients, and let o™ # 0. Then there exists a solution of the ordinary differential equation

DM f = (a™gm + amVgmt 4. 4 O f = B(2);
moreover, f € C™F(R).

Proof. The existence of a solution of the above-represented equation is a well-known fact in the
theory of ordinary differential equations. Now let us show that any solution f of this equation is
a m~+k times continuously differentiable function. Let f € C"(R), but, in addition, let f ¢ C™"'(R).
It is known that m < n. Suppose that n < m + k. Then 2f € C"7(R) but 82f ¢ C" 7+ (R).
We consider the following identity, which is obtained by the substitution of the solution f of this
equation:

amMorf =@ —amVgntf ... —al0f.
One can readily see that the right-hand side in the identity belongs to C*~™*1(R), while o™ ™ f ¢
Cn~m+1(R). Tt follows from the resulting contradiction that n > m + k; therefore, f € C™*(R).
The proof of the lemma is complete.

Now consider system (4.5). Without loss of generality, we arrange the functions £ (respectively,
the coefficients a¥ and b of the operator L(™)) of this system so as to ensure that functions corre-
sponding to coefficients in one equivalence class follow each other. In other words, if (a'?,b(®) € S;,
then (Y p0+1)) € S; or (D pli+D) € §) ..

Now consider the matrix Ord € Matr,,x,,(Z) in which the order of the differential operator in
the intersection of the ith row and the jth column is equal to the order of the operator multiplying
9 in the ith equation in (4.5). We also consider the column ¥ € Z™ whose ith element stands
for the smoothness order of the right-hand side in the ith equation. Then originally Ord and ¥
have the form

0 0 0 0 2m —q
Ord — 1 1 1 1 ’ o — 2m —q—1
m—1 m—-—1 ... m—1 m-—1 m—q+1

DIFFERENTIAL EQUATIONS Vol. 51 No.6 2015
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Under the passage from system (4.5) to system (4.7), the order of differential operators in each
of equations does not grow and only can diminish for the case in which d; is subtracted from d; and
a9 = a9, Likewise, the smoothness of the right-hand side of the system does not diminish under
the passage to an upper triangular form. After transformations, the matrix Ord and the column
¥ acquire the form

2m —q
Ord = (Ordl,OrdQ,,,,,Ordq), U — 2m—q—1 ’
m—q+1

where the Ord; are blocks of dimensions A; x m corresponding to equivalence classes of coefficients
and have the form

0 0 0
0
LAY Y A Y AW
Odg=10 ... — — |, Ord= LAY  AD) - :
L AD -
1=1,...,q— 1.
The symbol “—” implies that the corresponding function is eliminated from the equation. In each

row of each block, the order of differential operators is increased by 1 until the corresponding
functions are eliminated. When functions are eliminated for one equivalence class, the order of
differential operators is preserved. This can readily be traced, because d; —d; = b; — b, € R
provided that f® and f) correspond to one equivalence class.

By solving system (4.7) upwards and by taking into account Lemma 4.1, we obtain functions
fUY) with the following smoothness degrees:

) € sz_q_(A<1>_1)(R)7 j=1,..., A0,
) € CQm—q—(A“)—l)—(A@)—D(R)’ j=A0 41, AL 4 A®)
fO e e B AN D(R) = C™(R),  j=m—AD 41, m.

Therefore, f) € C™(R), j = 1,...,m, and, after the substitution of f) into the general solution
formula, we find that the general solution u(t,z) belongs to C™(Q). Consequently, the conditions
imposed on the smoothness of the functions @), j =0,...,m — 1, are sufficient.

We have thereby proved the following assertion.

Theorem 4.1. If ) € C*"~4I(R), j =0,...,m — 1, and condition (4.2) holds for the coef-
ficients of Eq. (4.3), then there exists a classical solution u € C™(Q) of the form (4.4) for prob-
lem (4.3), (2.2), where the functions f*) (k =1,...,m) are solutions of the system of differential
equations (4.7).
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As was mentioned above, the solutions f*) (k = 1,...,m) of system (4.7) are solutions of
differential equations and hence are determined to within arbitrary constants. But, by formula (4.4),
in total they define the unique solution. The last assertion should be proved. We simultaneously
consider the case of the inhomogeneous equation (4.1) as well.

Theorem 4.2. If o) € C?*™~97I(R), j=0,...,m —1, f € CO™=a+Y(Q), and the coefficients
of Eq. (4.1) satisfy condition (4.2), then there exists a unique classical solution u € C™(Q) of
problem (4.1), (4.2).

Proof. To prove the uniqueness of a classical solution of the Cauchy problem (4.1), (2.2),
it suffices to show that there exists a unique solution u(t,x) = 0 of the Cauchy problem for the
homogeneous equation (4.3) with the homogeneous initial conditions

dlu(0,z) =0, z R, j=0,...,m—1. (4.8)

The proof is by induction.

Let b # bV for all i # j, i,j € {1,...,m}, and a® = a for all k = 1,...,m. In this case,
the uniqueness follows from Theorem 1 in [5] and from system (4.7), which can be represented
as the algebraic system

f(l)(x) R f(m)(ac) -0
(0D = @) FD(@) + -+ (0D — b)) O () =0, .., (4.9)
(b(l) _ b(2)) .. (b(l) — b(m))f(”(x) =0

It follows from relations (4.9) that all functions f® (k = 1,...,m) defining the solution (4.4)
of problem (4.3), (4.8) are zero. This implies the uniqueness of the solution of this problem for the
case in which the coefficients a'®¥) (k = 1,...,m) coincide and the b(*) are distinct.

Therefore, for ¢ = 1 (the number of equivalence classes is equal to one), we have the uniqueness
of the zero solution of problem (4.3), (4.8). Consider Eq. (4.3) of some order m for which the set of
coeflicient pairs splits into more than one equivalence class; i.e., ¢ > 1.

Now, without loss of generality, we assume that a¥) = -.- = a(® = ¢ and a¥) # a for j =
s+1,...,m, where 1 < s < m. In addition, let u(¢,x) be some solution of problem (4.3), (4.8),
whose existence is justified by Theorem 4.1.

Consider the system of identities that consists of two parts and is obtained as follows. The first
part consists of the first m — s equations in system (4.5),

f(l)(l‘) 4t f(s)(:L‘) + f(8+1)(x) 4t f(m)(l‘)
A= O ) o d2 O @) 4 A O @) e )

The second part of identities is obtained from the last s equations of system (4.5) after a partial

reduction to a system of the form (4.7); namely, after the elimination of the function f¢*% from
the last s equations and after the reduction of the remaining equations, we obtain the system

W@+ gy =0, .., &)+ +dT Y (@) =0, (4.11)

0, ...,
4.10
N (4.10)

where g = (dj —dgy1) - (dj — dp) f9, 5 =1,...,s. Since, by assumption, a¥) =a, j =1,...,s,
it follows from the assumptions of the theorem that b # b() for indices i # j, 1,5 € {1,...,s}.
This, together with system (4.11), implies that

gV () = (dj —der) - (dj — d) fO2) =0, j=1,....s. (4.12)

By formula (4.4), in this case, the solution of problem (4.3), (4.8) can be represented as the sum
of two functions v = u™ 4+ u®, where

u(t,z) = Z e "0 (1 4 at), u?(t,x) = Z e EE (1 4 a®p). (4.13)
k=1 k=s+1

DIFFERENTIAL EQUATIONS Vol. 51 No.6 2015



734 KORZYUK et al.

Let u®(t,z) = —u®(t,z). By virtue of identities (4.10), the function u® is a solution of the
problem
I @ —a®a, + b®)a® ¢, z) = o,
k%8+1 ‘ 4 . - (414)
u?(0,z) = -dif V(@) — - —df () = & fD(z)+ -+ dfO(x),

j=0,....m—s—1

Let us show that the function u(V) is also a solution of problem (4.14). Indeed, the Cauchy con-
ditions of this problem hold for u(!) by virtue of the definition of the function u*) by formula (4.13)
via the functions fU), j =1,...,s.

One can readily see that

(0, — a®d, +b@) (e O (z + at)) = e " ((d; — dy) f) (z + at).

Therefore, by virtue of relations (4.12), we have

m

[T @ —a®a, +6®)(e " f9D(z + at))

k=s+1

= e_b(j)t((dj —dgi1) - (dj — dpn) f9) (@ + at) =0, g=1...,s

Hence we derive the relation

IT @ —a®o, +b*)uD(t,2) = 0.
k=s+1
Therefore, the functions (" and @ = —u® are solutions of the same Cauchy problem, which,

by the induction assumption, has a unique solution u¥ = @®. Consequently, the solution of
problem (4.3), (4.8) is u = u®® +u® = 0.

The assertion of Theorem 4.2 for problem (4.1), (2.2) in the case of an inhomogeneous equation
can be proved by the scheme suggested in the proof of the final part of Theorem 3.2. The proof of
the theorem is complete.

5. GENERAL CASE OF EQ. (2.1), (3.2)

Let us proceed to the study of the general case of a hyperbolic equation whose operator is a com-
position of first-order operators of the form (3.2). Let us first consider the Cauchy problem (3.1),
(3.2), (2.2). Unlike previous sections, we only prove the existence and uniqueness of the classical
solution. The general solution of Eq. (3.1), (3.2) can be represented by formula (3.3). Recall that
r(1) + - +7(p) = m in (3.3) and (a?,b®) # (a'?,b) only for i # j in distinct blocks, i.e.,
for distinct indices k in formula (3.3).

After the substitution of the expression (3.3) into the initial conditions (2.2), we obtain a system
of equations that, for brevity, can be represented in the matrix form

Af =, (5.1)
where

f = (f(11)7 tee ?f(lr(l))7 A f(p1)7 tee ?f(pr(p)))T7 <p = (SD(O)7 AR 7<p(m_l))T7
A = Matr,xm, A= (4,...,4)), A; € Matr,, <)),
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1 0
d; 1!
2!
Aj = (5)—1 (r(j) — 1)" ()—2 (r(4) — 1)'| ()3 ,
d-\J~ A PAOE Y
’ (r(j) =2t (r(j) — 31" (r(G) = 1)
dm1 (m — 1)'dm72 (m — 1)'dm73 (m _ 1)] mor()
LY e e )
d

j=1...,p,d; = a(j)d — b, Let us show that system (5.1) can be reduced to a system with

x
an upper triangular matrix. The entries of the matrix are differential operators; they are treated
as polynomials in the differentiation operator d/dz.

Lemma 5.1. Let A = (Ay,...,A,) be a matriz over the ring of polynomials R[z], where
o . ;
Q2 20 1 0
J 1’
A= (i) ~ 1) (i)~ 1) |
7;(3‘)—1 - r(j)—2 A ’f(j)—3 —1)!
GG -mYT ) - =y
el meD (m=11 s
I A A T [ A

Q; €R[2], Q; = aPz — b9, oD b € R, (aV,0D) £ (9,09 for i # j. Then the determinant
of the matriz A is nonzero. In addition, the matriz A can be reduced to upper-triangular form such
that each jth row contains polynomials of degree < j — 1.

Proof. Consider the system of functions of the variable ¢, where z is the expression
{the®', k=0,...,r;,—1, j=1,...,p} (5.2)

This function system is linearly independent. This implies that the Wronski determinant W (t) of
this system is nonzero at any point ¢, in particular, for ¢ = 0. Let us compute W (0). We find the
jth derivative of the above-mentioned function system tFe®:t:

& 75\ d .
dtj ( e ) lz_; <l > dtl € Q'L Y
where (; ) is the binomial coefficient. In the special case with ¢ = 0, it is given by the relation

il
j j ik e 7! e .
dt’ 0 it j<k

’ 0 if j<k

It follows from the last relations that the Wronski determinant of the function system (5.2) is
the determinant of the matrix A, i.e., det A = W(0).
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We have thereby shown that det A # 0. Since A is a nonsingular matrix, we find that it can be
reduced to an upper-triangular form by means of elementary transformations, i.e., the multiplication
of a row by a nonzero scalar and the subtraction of one row multiplied by a polynomial from another.
These transformations do not increase the maximum degree of polynomials in a matrix row.

It remains to note that the jth row of the matrix A contains originally polynomials of degree
< j — 1. This implies that this invariant is preserved under the reduction of the matrix A to
upper-triangular form. The proof of the lemma is complete.

It directly follows from Lemma 5.1 that the system of differential equations (5.1) can be reduced
to upper-triangular form; in this case, the order of the jth equation does not exceed j — 1, and
the differential operator on the diagonal is nonzero. By solving the obtained system of ordinary
differential equations upwards, we define a solution of the Cauchy problem (3.1), (3.2), (2.2).
If Eq. (2.1) is inhomogeneous, i.e., if we deal with the Cauchy problem (2.1), (3.2), (2.2), then
we obtain its solution in the form of the sum of a solution of problem (3.1), (3.2), (2.2) and a
particular solution v defined by formula (3.11), where w is a solution of Eq. (3.1), (3.2) satisfying
condition (3.12).

Theorem 5.1. Let the following condition be satisfied:
fecOm™(Q), o € C?mIT1(R), j=0,....,m—1, a® ¥ cR.

Then there exists a solution u : R? D Q > (t,x) — u(t,z) € R of the Cauchy problem (2.1),
(3.2), (2.2).

Proof. The desired assertion follows from Lemma 5.1 and the preceding argument.

Note also that the functions f('*) depend at most on s — 1, s = 1,...,r(1), constants. Since
the blocks Ay of the matrix A of system (5.1) can be arranged in any order, it follows from the

symmetry that the functions f**) depend at most on s — 1 constants, where s = 1,...,r(k) and
k =1,...,p. Then, in the whole, the solution u(¢,z) of problem (3.1), (3.2), (2.2) depends on at
most
zp: r(k)(r(k) =1) _ m(m —1)
2 - 2
k=1
constants.

Let us prove the uniqueness of the classical solution of problem (2.1), (3.2), (2.2). Since the con-
sidered problem is linear, we find that the uniqueness of its solution is a consequence of the fact that
the corresponding homogeneous problem (3.1), (3.2), (4.8) has only the zero solution u(t,z) = 0.

The latter assertion be proved by induction. Let m = 1. In this case, Eq. (3.1) is the linear
first-order differential equation
(0r — ady + b)u = 0. (5.3)

The general solution of Eq. (5.3) has the form
u(t,z) = e £ (x + at). (5.4)

If the Cauchy condition is homogeneous, u(0, x) = 0, then from formula (5.4), we obtain the solution
u(t,x) = 0.

Suppose that, for any m < n, m,n € N, problem (3.1), (3.2), (4.8) has only the trivial solution.
Let us show that this problem has only the trivial solution u(t,x) = 0 for m = n as well.

By Theorem 5.1, there exists a classical solution u(t,z) of problem (3.1), (3.2), (4.8). Let

LYyt ) = w(t, z), (5.5)

where £"~Y is a differential operator of the form (3.2). Then

n—1
w(0,2) = £ Vu(0,2) = Y BYW (), (5.6)

J=0
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where the BY) are differential operators of order < n — 1 — j. Since, by condition (4.8), ¢) =0
for all j =0,...,n— 1, it follows that condition (5.6) is homogeneous.
Therefore, for the function w, we obtain the Cauchy problem

(0, —a™d, + b™w(t,z) =0, w(0,2) = 0.

This problem has the unique solution w(¢,z) = 0. Consequently, Eq. (5.5) is homogeneous with the
operator £"~Y of order n—1 and with the homogeneous Cauchy conditions (4.8) for the function w.
By the inductive assumption, problem (5.5), (4.8) has the unique solution u(¢,z) = 0.

We have thereby proved the following assertion.

Theorem 5.2. Under the assumptions of Theorem 5.1, there exists a unique classical solution
u € C™(Q) of the Cauchy problem (2.1), (3.2), (2.2).
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