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Ä. Ä. Õîðí (Áåðëèí, Ãåðìàíèÿ), Ì. Â. Èãíàòåíêî (Ìèíñê, Áåëàðóñü)

Ðàññìàòðèâàåòñÿ çàäà÷à ïðèáëèæåííîãî âû÷èñëåíèÿ äðîáíûõ èíòåãðàëîâ
(
Iα
a+f

)
(x) ñ

ïàðàìåòðîì α ∈ [1/2, 1) è äðîáíûõ ïðîèçâîäíûõ
(
Dα

a+f
)
(x) ≡ ≡ f (α) (x) Ðèìàíà�Ëèóâèëëÿ

ïîðÿäêà α ∈ (0, 1/2], çàäàâàåìûõ [1] ðàâåíñòâàìè
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a+f

)
(x) =

1
Γ (α)

∫ x

a

f (t) dt

(x− t)1−α , f (t) ∈ C1 [a, b] ; (1)

f (α) (x) =
1

Γ (1− α)

{
f (a)

(x− a)α +
∫ x

a

f ′ (t) dt

(x− t)α

}
, f (t) ∈ AC [a, b] , (2)

ãäå Γ (β) =
∞∫
0

sβ−1e−sds � Ãàììà-ôóíêöèÿ, x > a, C1 [a, b] è AC [a, b] � ïðîñòðàíñòâà

íåïðåðûâíî äèôôåðåíöèðóåìûõ è àáñîëþòíî íåïðåðûâíûõ íà îòðåçêå [a, b] ôóíêöèé,
ñîîòâåòñòâåííî.

Îäíî èç ðåøåíèé ýòîé çàäà÷è îñíîâàíî íà ñâåäåíèè âûðàæåíèé (1) è (2) ê èíòåãðàëàì
ïî îòðåçêó [−1, 1] è ïîñëåäóþùåì ïðèìåíåíèè êâàäðàòóðíîãî ïðàâèëà Ìåëåðà [2] ñ âåñîì
p (τ) = (1−τ2)−1/2, êîòîðîå îáëàäàåò íàèâûñøåé àëãåáðàè÷åñêîé ñòåïåíüþ òî÷íîñòè. Âûïîëíèâ
ïðåîáðàçîâàíèÿ, ïîëó÷èì, ÷òî
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)
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φα

(
x, cos

(2k − 1)π

2n

)
≡ In (x) ,

f (α) (x) ≈ (x− a)−α
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{
f (a) +

π

n
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21−α

n∑
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φ̃α

(
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≡ Dn (x) ,

ãäå ôóíêöèè φα (x, τ) = (1− τ)α−1/2√1 + τf
(

x−a
2 τ + x+a

2

)
(1/2 ≤ α < 1), φ̃α (x, τ) =

(1− τ)1/2−α√1 + τf ′
(

x−a
2 τ + x+a

2

)
(0 < α ≤ 1/2), à çíà÷åíèÿ lim

n→∞ In (x) =
(
Iα
a+f

)
(x) ,

lim
n→∞Dn (x) = f (α) (x) .

Ïðèâåäåì äàëåå îäíó ïðèáëèæåííóþ ôîðìóëó ýðìèòîâà èíòåðïîëèðîâàíèÿ ñ îäíèì
äâóêðàòíûì óçëîì x0 6= a, ñîäåðæàùóþ äðîáíûå ïðîèçâîäíûå.

Àëãåáðàè÷åñêèé ìíîãî÷ëåí ïåðâîé ñòåïåíè

H1(x) = f(x0) +
{

Γ(2− α)
α

(x0 − a)α−1f (α)(x0)− 1− α

α(x0 − a)
f(x0)

}
(x− x0),

ãäå 0 < α < 1, óäîâëåòâîðÿåò óñëîâèÿì H1(x0) = f(x0), H
(α)
1 (x0) = f (α)(x0) è ñîõðàíÿåò

ñâîéñòâî èíâàðèàíòíîñòè äëÿ ôóíêöèé f(x) = c0 + c1x (c0, c1 ∈ C).
Ïîëó÷åíû è äðóãèå èíòåðïîëÿöèîííûå ôîðìóëû ñ äðîáíûìè ïðîèçâîäíûìè.
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