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Î ÐÀÖÈÎÍÀËÜÍÛÕ ÐÅØÅÍÈßÕ ÓÐÀÂÍÅÍÈÉ
ÎÁÎÁÙÅÍÍÎÉ ÈÅÐÀÐÕÈÈ ÂÒÎÐÎÃÎ ÓÐÀÂÍÅÍÈß ÏÅÍËÅÂÅ

Â. È. Ãðîìàê (Ìèíñê, Áåëàðóñü)

Â íàñòîÿùåé ðàáîòå ìû ðàññìàòðèâàåì ñâîéñòâà ðåøåíèé óðàâíåíèé îáîáùåííîé èåðàðõèè
âòîðîãî óðàâíåíèÿ Ïåíëåâå [1]
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(
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L̃m[w′ − w2]− zw − α = 0, m = 1, 2, ...., (1)

ãäå îïåðàòîð L̃m îïðåäåëÿåòñÿ ðåêóððåíòíûì ñîîòíîøåíèåì
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L̃m+1[w] = (

d3
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+ (4w + βm)

d

dz
+ 2wz)L̃m[w], L̃1[w(z)] = w(z), m = 1, 2, .... (2)

Ïåðâûé ÷ëåí ýòîé èåðàðõèè, ò.å. óðàâíåíèå (2P̃2), åñòü âòîðîå óðàâíåíèå Ïåíëåâå
w′′ = 2w3 + zw + α, à ïîñëåäóþùèå óðàâíåíèÿ íàçûâàþò âûñøèìè àíàëîãàìè âòîðîãî
óðàâíåíèÿ Ïåíëåâå. Â óðàâíåíèè (1) 2m � ïîðÿäîê óðàâíåíèÿ, α, β1, ..., βm−1 � êîìïëåêñíûå
ïàðàìåòðû, âõîäÿùèå â óðàâíåíèå (2mP̃2). Èåðàðõèÿ (1), (2) îáîáùàåò èçâåñòíóþ èåðàðõèþ
âòîðîãî óðàâíåíèÿ Ïåíëåâå [1�6], ïîëó÷àåìóþ ïðè βj = 0 â (3), è êîòîðàÿ ñâÿçàíà ñ èåðàðõèåé
óðàâíåíèÿ Êîðòåâåãà�äå Ôðèçà.

Ðàöèîíàëüíîå ðåøåíèå óðàâíåíèÿ (1), òàêæå êàê è äëÿ âòîðîãî óðàâíåíèÿ Ïåíëåâå,
ìîæåò áûòü ïðåäñòàâëåíî â âèäå îòíîøåíèÿ ïîëèíîìîâ ßáëîíñêîãî�Âîðîáüåâà. Îòíîñèòåëüíî
îáîáùåííûõ ïîëèíîìîâ ßáëîíñêîãî�Âîðîáüåâà Q

[m]
n (z), êîòîðûå â îáùåì ñëó÷àå, â îòëè÷èå îò

âòîðîãî óðàâíåíèÿ Ïåíëåâå, íå ÿâëÿþòñÿ âçàèìíî ïðîñòûìè, äîêàçàíà
Òåîðåìà. Óðàâíåíèå (2mP̃2) èìååò ðàöèîíàëüíîå ðåøåíèå w(z) òîãäà è òîëüêî òîãäà, êîãäà

α = n ∈ Z. Ïðè ýòîì äëÿ êàæäîãî òàêîãî α ðàöèîíàëüíîå ðåøåíèå åäèíñòâåííî. Åñëè α = n ∈ N,
òî ðàöèîíàëüíîå ðåøåíèå èìååò ïðåäñòàâëåíèå
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ãäå Q
[m]
n (z) � îáîáùåííûå ïîëèíîìû ßáëîíñêîãî�Âîðîáüåâà, êîòîðûå îïðåäåëÿþòñÿ èç

ðåêóððåíòíîãî ñîîòíîøåíèÿ (Q[m]
j (z) ≡ Qj)

Qn+1Qn−1 = zQ2
n − 2Q2

nL̃m[2Q−2
n (QnQ′′

n − (Q′
n)2), Q0(z) = 1, Q1(z) = z,

à äëÿ α = −n, n ∈ N, w(z, α, β1, ..., βm−1) = −w(z,−α, β1, ..., βm−1), w(z, 0, β1, ..., βm−1) = 0.

Äëÿ ïîëèíîìîâ Q
[m]
j (z) îïðåäåëåíà ñòåïåíü, íàéäåíû óñëîâèÿ íà ïàðàìåòðû β1, ..., βm−1,

ãàðàíòèðóþùèå íàëè÷èå îáùèõ êîðíåé îïðåäåëåííîé êðàòíîñòè è äîêàçàíî, ÷òî ïîëèíîìû
Q

[m]
j (z) òàêæå óäîâëåòâîðÿþò óðàâíåíèèþ Qn−1Q

′
n+1 −Q′

n−1Qn+1 = (2n + 1)Q2
n.
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