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1. INTRODUCTION

As it is known, functioning of any Markov queueing network (QN) is described with
the help of Markovian chains with ¢ontintious time, In Howard’s work [1] the conception
of Markcvian chains with incomes which appear to be constants was introduced and it
was proposed to use method of Laplace transformation and method of z-transformation for
analysis of such chains with small number of states. This concept laid down in 2 basis of
definition of Markov QN with incomes that were examined in works [2]-[4] at first. Usually
the closed networks with large number of states are observed, during the investigation of
which the problem of dimension appears. Open networks with countable number of states
are also observed. First open and closed networks with central queueing system (QS)
were investigated in cases when A) network states transition incomes depend on states and
time or B) incomes are random variables (RV} with the set moments of the first and the
second orders. Later these results were used in case of networks of arbitrary topology. As
observed in cases with Markov networks with negative and positive messages that were
first investegated by E. Gelenbe were named G-networks, QN with incomes are recently
refered to as HM (Howard-Matalytski}-networks. Detailed bibliography of HM-networks
dated 2003-2008 is available in [9, 12].

Let us examine open exponential QN with one type messages which consists of n
QS Si, 8, ..., S.. Vector k{t}) = (&, t) = (&, &, ..., ks, 1) 1Is state of network where
k; is number of messages in system S; at the moment £, { € (&, +00), { = 1, n. Let
us introduce system Sy (outside medium) for the unification of designation, from which
the Poisson flow of messages with arrival rate A enters into network. The service rate of
messages y; in system S; depends on the number of messages in it, { = 1, n. Let’s assume
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that po; is probability of message entry from system Sp to system S;, Epg, = 1; Let’s

assume that p; is probability of message transition to system S; after 1ts servnce in system
Si, Ep,-f =1, i = 1, n. Message brings to system S; some income during its transition
=0

from system S; to system S; and income of system S; is reduced by the amount of said
income, i, j = 0, n. Basically, results can be also spread in case when message while
leaving the QS also brings to it some income. It is necessary to find the expected (average)
incomes of network systems during time ¢ considering that network state in the starting
time & is known,

2. METHODS OF ANALYSIS AND OPTIMIZATION OF
HM-NETWORKS IN CASE A)

Let’s assume that v;(%, f} is a complete expected income that system S; is receiving
during time f, if network at the initial time is in state (&, &) ; r;(£) ~ income of system
S; in time unit when network is in state &; [; — n-vector with zero components with the
exception of component with number i that equals 1; r;{k + I, {) — income of system S;,
when network makes transition from state (£,¢) to state (& +/;,{ + At) during time Af;
—Ryp(k — I}, 1) - income of that system if network makes transition from state (%,1) to
state (k — I, t + At); ry; (k + I; — I, t) - income of system S; (expense or loss of system
S;), when network changes its state from (&,f) to (k +L -5, t+ At) during time Af,
i.j = 1, n; u(x) is Heavyside function. For the expected income of system S; we can get
the system of difference-differential equation (DDE){7]:

do(k,1)
dt

A+Y p;(k;)u(k;)} vk, )+

i=1
+ Z [Apojvilk + I, ) + p;(kp)u(ky)prouill — I, )]+
=1

+ Z [gj(k;)u(k;)Peri.(k + 1§ = I, ) + pi(Ru(R)poi(k — I+ 1, f)] +
j=1 _
j#Fi

+ Z [ (B )l )Pﬂ’i;(k +1;i = I 1) —pi(kulk)pyry(k — I; + 1,0} +
ji=1
i#i
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n
+ S pekIpecuill + 1.~ I, 1) + Apwrok + i, £)—
¢, s=1
e, SFE L]

~pi(R)u(k)pioRiolk — i, t) + ri(R). 1)

The equation number equais the number of network states in this system.

System of equations (1) for closed networks can be represented as system of finite
number linear non-homogeneous ordinary differential equations (ODE) with constant coef-
ficients which can be solved by applying direct approach (matrix exponent) or transfigura-
tion method of Laplace. It is important to remember that state number of closed QN equals
L= C:H} 1» where K - number of messages that are serviced in network, where the state
number is large enough with comparatively small n and XK. Computer calculations showed
that such methods are sufficient enough for finding the expected incomes for network sys-
tems with comparatively small state space (L < 100); the direct approach is more useful
for networks with bigger dimension then transfiguration method of Laplace. Nurmerical
methods can be applied for finding the expected incomes also.

For open networks when equation number in system (1) is infinite, expected incomes
in network systems can be found by using method of multidimensional z-transformations
- if incomes from transitions between network states depend on their states and don’t depend
ontime . Let 2z € {(z1, 2o, ..., z,)/ 12| < 1, ke = —ITE}, let’s introduce multidimensional
z-transformation for expected income of system 5;:

o [+ o] [» u] - o n
wi(z,8) = ZZ"'ZU‘(k"kQ' k,,,t)z, 22 -zﬁ" = Z v,-(k,t)II zf’.
b=0kp=0  fn=0 k=0 t=1
i=1n

In {8, 14] relations for ¢;(2, {) were obtained , i = T,n. In(8) algorithm of finding the
expected incomes by using these relations was suggested and it is also too complicated for
computer realization.

Let us describe another general method that permits us to find expected incomes of
network QS in this case. Let us examine HM-network of arbitrary topology, m; queues are
generated for service in i-th QS, i = T, n. Condition of queue a of i-th QS at the moment
t is characterized by vector (Ria, 1) = (Riani, Rin2ts - - -+ Riaryts Ric12, Riages - - oo Biar2e- -
Riglg: Riotgs - - Bicrggs o Ricthy Bic2hs - - -, Riaryhs ) where R, is the message number of
ctypeandgclassmqueueaof:-thQS i=tna=T1mc=1, re, g = 1,4,
condition of i-th QS is characterized by vector (%;, {) = (E.,k,g, s Bimy B), § =11,
and network condition - by vector (&, {) = (_l,kg, ...+Rn, 1), In general case, when
functioning of network is described with Markovian process #(t), ¢ > 0, system DDE for
expected income of some QS v(k, ¢) can be set down as
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do(k, t)
dt

= A = ABO(E D) + Y Diasgtsg B0 + hiacg ~ gD, )

omp Wy T T

A(k), Riacgipsqlk) are some limited nonnegatlvc functions, 3 = E IDIDIDH z

ij=1a=| =l c=135=I| g.g=1
n h .
Liacg is vector of dimension ny_ m; 3, ry with zero components with the exception of the
i=l  g=1
k i-1 :
component with number n> rg| Som+a—1] + ¢, that equals 1. We suggest that
g=1 é=1
incomes from ftransitions between network states don’t depend on time.
Let v,(k, 1) is approximation of income v(%,t) at m-th iteration, U, (%, 1) is the
solution of the system (2), that was obtained by method of successive approximations,

m=0,1,2 .... Then
Unst (B, ) = e_‘\“’” {v(k, 0)+

% Alk) -

0

It is evident that v, (&, 0) = v(k,0), and let also

(k. 1) = v(k) = lim v(k,1) = A_(liﬁ {A®) + 3" Biacgioea(#V0(k + Facg — ljssg) } -

In [13] it was proved that successive approximations v,(k, §), m = 1, 2, ..., converge
to stationary solution of the system (2) when ¢ — oo if it exists, and sequence {v.(%,?)},
m=0,1,2,..., which was built by scheme (3), converges to single solution of equation
system (2) for any limited by ¢ zero approximation vk, {) when m — oo. Statement
[13] is important for practical application of method under consideration. Any successive
approximation v,(&, £}, m > 1, can be represented as power series that converges for any
limited ¢ > 0, coefficients of serics answer the recurrence relations. '

This staterent permits us to find expected incomes of network systems with a large
number of states with a help of computer during acceptable processing time. OQOught to
notice, that it will take more time to solve the system (2) provided that it will be reduced
to system of linear heterogeneous GDE and solved by direct method.
~ It’s important to notice that work [6] is devoted to simulation modeling of incomes
in HM-networks with a central QS when service times of messagcs in their systems are
distributed by random law.

3. ANALYSIS OF EXPECTED INCOMES IN CASE B)

Let’s examine the dynamics of income changing of some system §; of HM-network.
Let’s denote income at the moment ¢ as Vi{f). Let the income of this system at the moment
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tp equals v;p. We will be interested in system income V(% + £} at the moment #,+¢. Interval
lé; % + £] can be subset on m parts of length A¢ = L, and rushing m to +oo. Let’s denote
income changing of i-th system on /-th time interval of range A? as d;;{Af):

roi + r;At with probability Apy;Af + o(Af),
—Ryp + At with probability p;(k;(/))ulki(D))plt + o(AD),

di{At) = { rj+ riAt with probability p;(k;(1))u(k;())piAl +o0(AD, j=T1,n,j#1,
—Ry; + riAt with probability 1 (R(D)u(k{()pyAt +o(A1), j=1, 7, #1,
r:Af with probability 1 — (Apy; + p:(R: (I ulk: (1)) At + o(At),

where ry;, Ry, 1y, Ry, r; are random variables with expectation values:
M {’}f} =az M {R:‘;} = by, Mirg} =ay, M{n}=c, ij=1,

M{Rg} =bo, ap=by ij=1n

Summing the expected incomes of different time intervals we will obtam the next approxi-
mate relations [10, 14]:

ui(t) = MA{Vi())} = vio + (& + aoApos) t+

¢
+Z;ﬁ,a,,p,,,/mm Ni(s), m;) ds——u,/mm (Ni(s), m;)dstt,pq, i=1, n,
0

=1 j=0

{Z V(f)} Z [Uio + (bs + Aaoipoi) | — i:ibioPio f min {Nj(s), m:) ds} G
o

i=]

where N;(s) is average number of messages in system S; on time interval [0, s]. It can be
obtained by using recurrence by the time moments method of analysis of average values for
open QN which was developed in [11]. In case when RV 7, Ry, roy, Rip are independent
relative to RV 7, i,/ = 1, n, in [10, 14] relations for variations of network system incomes
are also obtained. :

4. ABOUT PROBLEMS OF OPTIMIZATION, CONTROL AND
APPLICATIONS OF HM-NETWORKS

For considering open exponential nctwork two optimization problems can be formulated.
They are connected w1th maximization of network incomes in a whole and separately (for
example QS §;):
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fj(Mu,(z) AN(l) - Em)dt > max

W(T,m, ... m,) =+
(Tomy, ooma) =7 J 2 mmg, s’ (5)

m<M, i=1I, n,

Ty oy

WAT, m, ..., ma) = HT(U,(:) 4N(®) - Eym)dt — max ©
0 =

meMj‘ izl,ﬂ,

where M; — some 'mteger numbers; d; ~ maintenance costs of one message in i-th QS (in
queue and service); E; — maintenance coasts of one service device, v{f) is satisfied to
relation (4), i = 1, n. Solunon_of_problems (5), (6) is described in [10].

Optimum contro} problem for HM-network is described in [12].

Examples of HM-network applications for estimation and forecasting of expected in-
comes in Intemet, Internet-shops, insurance companies, logistic transports systems were
described in [12]. Analysis of expected incomes of interbank payments in banking net-
works and working expenses of soft calculating cluster with help of HM-networks can be
found in 15, 16]. Let describe ancther examples of application.

Example (forecasting of enterprise incomes from production realization). S, enterprise
produces production of # classes that can be delivered to customers 51, S;, ..., S,y by r,
types of transports. For each delivery of production of class g by transport of type ¢
customer transmits sum (i, #, ¢, g) to enterprise bank account; such delivery brings to
customer income r(n, i, ¢, g), i =1, n-1,¢c = rrg., g = 1, ». For forecasting of
enterprise incomes closed network with central QS S, and peripheral QS8 S, i = 1,n - 1,
can be used. Message of type ¢ and class gin this case is delivery of production of class g
by transport of type ¢.
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