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Path integrals evaluation in two-dimensional
de Sitter space

A. V. Grinchuk and E. A. Ushakov
Belarussian State University, National Institute for Higher Education,
Moskovskaya Str. 15, 521, 220001 Minsk, Belarus

(Received 8 June 2002; accepted 2 October 2002

The propagator in de Sitter space is calculated based on the path integrals. The
method of evaluation of path integrals for particles with spin is proposed. The
calculations are compared with the quantum mechanical one20@ American
Institute of Physics.[DOI: 10.1063/1.1526452

I. INTRODUCTION

de Sitter space—time plays a special role in the general relativity th&&RY): first, this space
is curved, and, second, it possesses a maximal symmetry §ithgrefore, there is a possibility
to investigate the gravitational effect on quantum processes on the basis of exact analytical ex-
pressions.

The propagator is one of the major objects of a quantum field theory. By means of the
propagator one can obtain a vacuum expectation value of stress-energy tensor, pair creation in-
tensity, etc. Moreover, propagator plays a central role in the renormalization procedure in curved
space—timé.

In this article it is offered to use the Feynman path integrals and proper time formdadism
calculation of a propagator. Such an approach gives clear and simple interpretation of the process
of a quantum particle interaction with an external gravitational field. In Ref. 4 the methods of a
perturbation theory were used. However, in symmetric spaces the exact solution might be ex-
pected. Recent developments of the path integration technique actually enable one to solve this
problem for a scalar particfe.

The Feynman integral for a particle with spin requires the operator of parallel transport,
considerably complicating calculation of a propagator. In Refs. 6 and 7 the computational method
suitable for two-dimensional spaces was proposed. In this case parallel transport is expressed
through a phase factor, because the rotation group in two-dimensional space is Abelian. At the
same time these methods fail in higher dimensional spaces. Moreover, we are unable to use
directly the formalism developed in Refs. 5 and 8 because GRT deals with a wider class of
manifolds than nonrelativistic quantum mechanics.

II. DESCRIPTION OF THE METHOD
A. Propagator for spinning particle

If the particle is described by Klein—Gordon equatitwereaftec=%#=1)
V, VEp+m?p=0, (1)
then the equation for Feynman propagator has the form
V. VEG(X,X0) +M?G(X,X0) = 8(X,Xo). 2

The following substitution makes possible going to the path integral formuldtion:
i (= .
G(x,xo)zzf dre*'m27’2<x,r|x0,0), 3
0

0022-2488/2003/44(1)/146/10/$20.00 146 © 2003 American Institute of Physics

Downloaded 14 Jul 2013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



J. Math. Phys., Vol. 44, No. 1, January 2003 Path integrals evaluation in 2D de Sitter space 147

) 1
|E_<x,r|xo,0)=—§VMV”<x,r X0,0), (4

(x,0[%0,0) = 8(x,X), (5)

because we obtain the ScHioger-type equation

i R
K(x,xo;r)=<x,r|xo,0):f Dx(r)exp[—zf (gwx“x”rg dr]. (6)

The appearance and the role of an additional ter®/3 is discussed in Refs. 4 and 9. Another
way to obtain path integral formulation is based on the following operator idéhtity:

=ij e*i*A'Tdr:>G(x,xo)=<X|V |Xo)

" 2
LVHE+m

1< I—1 |Xo)
—(X X
20 3(V,VH+m?) °

i (= ‘
=—f dre ™ 72(x, 7|x,,0). (7)
2Jo
This formalism allows us to obtain the generalizationf

=f—f=iff e ifHfrg - f, (8)

Further, we will use this transformation wif= f(t) = a/t.
By analogy, for the particle with spin we have

(V#V“erz)x,bf*:o, 9

. 9 A . 1 “ie A .
'E_K BO(X’XOvT):_EV,uV K%, (X,X0;7), (10
KAg,(X,X030) = 8(X,X0) 8 , (11

but the Feynman propagator assumes the form

GMe(x"x')= | dre ™72 [ Dx(r)ex ! x5+ | | PA (12
B’ ) 0 T 7)€ 2 g,u,v 3 T B’(X(T))y

where PA"B,(x(r)) is an operator of parallel transpdrt® The integral of such type has a more
complicated structure than the ordinary one. This fact is caused by the difficulties connected with

calculations oiPA"B,(x(T)). Fortunately, fast development of the path integration technique gives
us possibility to solve a wide range of probleffishe two-dimensional case is a good demonstra-
tion of these difficulties and also shows the possible way to overcome them.

B. Generation of an additional term by spin

Let us start with the consideration of parallel transport on pseudosphere. Then the metric in
horicyclic coordinates has the fortthe casen=1 is considered in Refs. 11 and)12
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o 2
d52=<T> (dt?+dx?), (13

where parametes is closely related to the curvature scakar

2
R=— , =const.
P AN

It is convenient to go from the natural basis

J

&= &y (14

to orthonormal one
Lo L 15
*Tad STax (9

and correspondingly

o o

dt,dx—>e‘=(T)dt,eX=(T>dx. (16

From (16) one can easily calculate the connection
t t 1
wx=—wx=—TdX. 17
Then
1 1
Vxet=YeX, V.e*=— Te‘. (18

It is convenient to use the following complex combination of basis vedtsotropic basis

1 1
el=—(e'+ie¥), e l=—(e'-ieY), 19
‘/2( ) ‘/z( ) (19
in this basis
Ve 1=V, —(et+iex)=—i(ex—iet)=—i—¢s+1
X X t ‘/2
1 (20
Vee 1= =ji—e L.
t
Similarly,
1t ot _L(te to 21
€+1_‘/§ @ dt aox) 6_1_‘/2 w ot aoax) 21)

Hence parallel transport reduces to the rotation; the angle of rotation is given by
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1
X:—J’ de (22)

Then it is possible to obtain explicitly the rotation associated with a IBop

1 1
x(I')=— 3€FTdX=ft—zd8, (23

with dS=dt dx as an element of spanned surface.

In the general case a two-dimensional manifold has the only “degree of freedom”: in a
tangent Euclidean spaézl, de, ,~e,, dx-rotation in a single plane. Any geometrical object
can be expanded into the sum of proper vectors of the operator of rotation:

iLeS=se®, s=0, *+3, =*+1,..... (29

Then the law of parallel transports acquires the simplest form
. . . 1
PeS=elSXeS=g ISI(INdXes  y eS= —ISTGS. (25)
Hence the path integral will have the form
K(X,X0i7) =2 GS(X)®65(XO)f D{x(7)}eSHD FisxX(), (26)
S

When the metric is pseudo-Euclidean, the isotropic basis looks like

Eilzi(éoiél) (27)
Vi 1

and parallel transport can be described by a real phase factor:
PeS= eS¢’
Then
el S(x(1) _, @i S(x(1)) +isx(x(1))
and additional term will be incorporated into Lagrangian in the following manner:
L— Leg=L—iSwiX.
Ill. PARTICLE WITH SPIN ON PSEUDOSPHERE

In the isotropic basis the calculation of the operator of parallel transport is reduced to calcu-
lation of a phase factor, and additional term arises in the effective Lagrangian:

2

1/« 5 .o S,
Leﬁzz ?—(t +X )—EX s (28)

where s is the spin weighf. The problem is reduced to the quantum mechanical one with a
Hamiltonian of the form

ot

a

PLEPL P, S’
2 t 2t?

t
e
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Integration oveix is quite simple, because neitheg; nor H depends ox(t) explicitly, but only
on x(t) andp,. In this case

J' D(X(7))D( Pyl 7.))eifpxkdffiff(px(f))dfzf dpxeipx(X*Xo)*if(Px)T_ (29

Using (7) one obtains

1 — t" n @ l @ t/ !
=X 7 2= (peit s+ (P —mPadiia?] 711X
i a2 > .2 .
== de dpexplipgr/2)exp(ip(x"—x"))
2t"t" Jo
. 't2 Py S2_rn2a,2
XJDT(T)eXplde E_TS+T . (30

When integrating ovet, one deals with a radial Coulomb problem. Its solution by means of
continual integration can be found in Ref. 13. The propagator can be written as decomposition by
eigenfunctions:

a2

K" X" t" X' 7)= —
( [EANER ] rT) t"t’ <

() ® eg(Xo) f dpd el PP X)) y(py 1) i (py ),
(31)
where
L(3+v—isp,/py) _
s(pe,t)= \/EF(ZV-:Z) Mispx/pt,v(_zmtt)n

(34 v+ispy/py) _
F(pr )= \/EF(ZV-:Z) Mfispxlpt,v(2|ptt)u

v=s’—m’a’+ 1/4,

andMg (x) is the Whittaker function.

IV. TRANSITION TO de SITTER SPACE

The above decompositions of the propagaf@t) were obtained as solutions of quantum
mechanical problems in polar coordinates. In order to go from the space with the metric

2
dsz=(%) (dt?+dx?), with t=0, —oo<x<w,
to
o2
dszz(T) (dt?—dx?), with —co<t,x=<oo,

one has to take into account the change of the variabdege and the change of the sign of the
term dx2.
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The following limitation has been implicitly used in a radial Coulomb problem: radial coor-
dinate varies in the rang@®,~). This means the use of the mirror princigleee discussion of
boundary conditions in Refs. 5 ang: 8

P(r)—g(r)—(—r).

In de Sitter space the appropriate coordinate varies fromto «. Therefore, it is necessary
to discard the reflected part of a wave. It seems to be convenient to consider asymptotics of
eigenfunctions, as dt—o the effective potential €i (p,/t) s+ (s>—m?a?)/2t?) tends to zero,
and eigenfunctions tends & 'Pt, For a scalar particle with

s=0,
Mo, (2iz)=i"*¥222"* V2,71 (14 1)J,(2),

the decomposition by cylindrical Bessel functions with the asymptotic

2 nmr 21 )
,\, B _ = i(X— nwl2+ wld) _ o—i(X— nml2 + 7/d)
00~ 7% S'”(X 7 " 7]~ Nz ® € )

can be obtained.
Cylindrical Hankel functions have the required asymptotic:

1. 1
(1) ~ \/: ipt (2) ~ \/\_ —ipt
Hn (pt) pte y Hn (pt) pte .

The Bessel function represents their linear combination. Then for a temporal part of the propagator
we receive decomposition

K(t"t'; S)=f PPV HO(pt ) HD* (pt/)e P2, p=—mZa?+1/4.  (32)

Similarly, for a particle with spin we should proceed from the Whittaker function of the first
kind My n(x) to the Whittaker function of the second ki, ,(x):

I'(—=2m
Wk,m(x)=—l( ) XM 2e=x2 F (m+3i-k; 2m+1; X)
I'(z—m—k)
I'(2m
_Tem x M2%e=x2 F (—m+i-k; —2m+1; x), (33
I‘(%+m—k)

possessing the asymptotics
Wi m(X)~xke ™2, x— + o0,

The functionsM (X) represent a linear combination b (x) andW_, (—x).
The outcome can be again represented as decomposition by eigenfunctions:
2

03
K(t"”,x"; t’,x’;r)=w

(L) =7 PTIPW o (= 2ipt),  v=NSP-mPal+

The second problem to be solved is the transition from pseudosphere metric

. 2 2 . " '
25 €5(X) ® €5(Xo) f dpd pee' P PI2eIPXCXD) (o ) i (py,t),
(34)
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a2
d52=?(dt2+ dx?)

to the de Sitter space one
2
o
dszzt—z(dtz—dxz).

It is convenient to rotate the axis: x—ix, and correspondingly

Px— —ipPy,
o . 1(ta tJ
TR TS el a T w)
(35
l’:‘)es: eXeS= efsf(llt)dxes VX€S= _ SEES
1 t L
1({a® .. 'S
Leﬁzz(t_Z(tz_Xz)_le)'
So, that propagator looks like
"o n 1oyt az s i7( 2 2)/2 ip,x” s/ ; "
K" X3 X m) = g 2 €@ el P02 | dpdpy el e g (2ipit”)
X e PHeEPW_p gp (= 2ipit"), (36)
and
i o]
G(t",x"; t’,x’)zif K", x";t" x";7)dr. (37)
0

In order to make sure that this expression is a required propagator, one needs to analyze a
short-time kernel. It is possible to use asymptotical expansion of Whittaker function

(3—a—c)(3—a+c)

Wa,c(x) ~e XIZ( 1-

Xa
X
1 1
s5—a—c)(z—a+tc) X
~exp( —( ” - §+aln(x) . (38
Substituting(38) into (36), one can ensure that
%eﬁpxsﬂ’tw (2ip t")e™Pew (—2ipgt’)
2 pyS/py v Pt —p,sip; v Pt

(39

1 ("=t N
BN T R T U T
and this result actually leads to the initial effective Lagrandsae the Appendix

Propagato(36) has two important features:
(1) It satisfies the boundary conditiotl). Actually, if 7—0, then

1)2 PyS - a2m2—82 )
T )
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1 .(t”—t,)z PyS +.a2m2_52 St 20
\/mex | 2r t—,T IwT—)( ) ( )

(2) This propagator satisfies E(L.O) because eigenfunctions are the solutions of the equation

2 2

t— Px

_P e Sw o (2ipt”)
2 t pyS/py v Pt .

1 2 Saip x & -
—E(VMV”+m) e°e'Px Tprs,pt,V(2|ptt )

(41)
With (35) one can obtain

d2
- W\prs/pt ,V(Zi ptt") -

2 m2a

2
+ t_z) Wi, sip, o(2iPit") = (P = P3) Wy erp, (20 it"),

px+if

d2
- W\prs/pt ,v(2i ptt”) -

ispy, mla’—¢? o, o
t—— V\/pxs/pt,v(2|ptt ):pthxs/pt,u(zmtt ).

2t t2

The Whittaker function actually satisfies this equation.

It is interesting to analyze a special case of this solution. The vector particle propagator is
expanded into wavefunctions of the for&‘ﬁlw_lvy(Zikx) and e“Wl,,,(Zikx), since after final
integration only pointptz—p§=0 will be taken into account andp,/p;==*1. It is common
practice to solve equations for the vector field by separation into the transverse and longitudinal
parts. Using the connection between Hankel and Whittaker functions,

W k)= [T iKt)—— 2 ([, 1 - :
HV (—kt)— mWOYV(ZIkt)__W ; 14 —Z W,l'y(2|kt)—W1’V(2|kt) )

(42)
(1) ) 1 2( 5.1 - .
HLP2(— k0 HERy(—k = oan \ || 72 3| Woaa(2iK0 + (Wo,(2ikD)
+W1,,,(2ikt))) , (43
and the following relation
d (1) ik (1) (1)
&HV (—kt)z—5(Hv+1(—kt)+Hv_1(—kt)), (44

one can ensure that these parts represent a linear combination of the above solutions. Actually, the
longitudinal one is

2ikt . 1 : :
o HP- kt)e"‘x) = e“( V- Z) W_y ,(2ikt)e**+ e Wy (2ikt)e* . (45)
The transverse part is proportional to
e (v — PW_1,(2ikt) — e Wy (2ikt). (46)

V. CONCLUSION

The path integral for particles with spin includes an additional factor—the operator of parallel
transport. The use of parallel transport requires the development of new calculation methods for
functional integrals. In contrast to the differential equations approach, the path integral formalism

Downloaded 14 Jul 2013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



154 J. Math. Phys., Vol. 44, No. 1, January 2003 A. V. Grinchuk and E. A. Ushakov

deals with a global object—the propagator. It has more general analytical properties, and gives the
possibility to distinguish connections between compact and noncompact spaces, and continuous
and discrete spectrum.

Two-dimensional solutions have similar forms for arbitrary spin. A similar situation occurs
also in some four-dimensional problems. Note the Teukolsky equiétitmscribing massless par-
ticles of spin 0,3, 1, 3, 2 in Kerr geometry.

Our interest in path integration is stimulated by the possibility of simple and clear description
of a spinning quantum particle interaction with the curvatdréhis approach may be useful when
obtaining common features of the fields of different spins in curved space and in quantization of
the gravitational field itself.

APPENDIX: PROOF OF EQ. (39)

We will consider(39) with — 0. In this case

t//_t’T—}O
P — =
T

and one has to take into account terms uptto-¢')2. After the substitution of expansion

1 1
X . E—a—c E_EH_C 1 )
W, (X)) — € 1- ” +0 F) X
1 1
E—a—c E—a+c
~exp| — - —§+aln(x)

to
—i 27' T H "\ o - : ’
e PLTemPP(2p ) S PW o (2ipt”) e (2p) TIRIPW L o (= 2ipit’),  (AD)

one has up to the accuracy obi/

1 isz+iM2a2+ (2o | 2 isz+iM2a2+ (20t | | gipd-t)
ex ol T2 T o pxsIN(2ipt”) A pxsIn(2ipt’) | | €

. 1 1 1
— aip(t"-t") T2 2 2| =~
e ex;{pt(|(s +M a)(t,, v

+spx(ln(t”)—ln(t’))> ) (A2)

After the use of

f(t//)_f(t/) f/(t/)(t//_t/)+f//(t/)(t//_t/)2+, .
P, ~T t"—t’

=7f'(t)+o(7), (A3)
the following result can be obtained:

pi+is— +

2 2 2
py S*—M<a
L]

exp{ ip(t"—t")—ir

Finally, integration ovep, can be made:

Downloaded 14 Jul 2013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



J. Math. Phys., Vol. 44, No. 1, January 2003 Path integrals evaluation in 2D de Sitter space 155

“ P Py S°—M%?| | dp
j_wex;<|pt(t —t )—|r(pt2+|st—,x+—t,h 5

1 . (t//_tI)Z DyS . aZmZ_SZ
=——expi—————— —F71+i—F—
iz 2r v ' Tarv T
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