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The propagator in de Sitter space is calculated based on the path integrals. The
method of evaluation of path integrals for particles with spin is proposed. The
calculations are compared with the quantum mechanical ones. ©2003 American
Institute of Physics.@DOI: 10.1063/1.1526452#

I. INTRODUCTION

de Sitter space–time plays a special role in the general relativity theory~GRT!: first, this space
is curved, and, second, it possesses a maximal symmetry group.1 Therefore, there is a possibility
to investigate the gravitational effect on quantum processes on the basis of exact analyti
pressions.

The propagator is one of the major objects of a quantum field theory. By means o
propagator one can obtain a vacuum expectation value of stress-energy tensor, pair crea
tensity, etc. Moreover, propagator plays a central role in the renormalization procedure in c
space–time.2

In this article it is offered to use the Feynman path integrals and proper time formalism3 for
calculation of a propagator. Such an approach gives clear and simple interpretation of the p
of a quantum particle interaction with an external gravitational field. In Ref. 4 the methods
perturbation theory were used. However, in symmetric spaces the exact solution might
pected. Recent developments of the path integration technique actually enable one to so
problem for a scalar particle.5

The Feynman integral for a particle with spin requires the operator of parallel trans
considerably complicating calculation of a propagator. In Refs. 6 and 7 the computational m
suitable for two-dimensional spaces was proposed. In this case parallel transport is exp
through a phase factor, because the rotation group in two-dimensional space is Abelian.
same time these methods fail in higher dimensional spaces. Moreover, we are unable
directly the formalism developed in Refs. 5 and 8 because GRT deals with a wider cla
manifolds than nonrelativistic quantum mechanics.

II. DESCRIPTION OF THE METHOD

A. Propagator for spinning particle

If the particle is described by Klein–Gordon equation~hereafterc5\51)

¹m¹mf1m2f50, ~1!

then the equation for Feynman propagator has the form

¹m¹mG~x,x0!1m2G~x,x0!5d~x,x0!. ~2!

The following substitution makes possible going to the path integral formulation:9

G~x,x0!5
i

2 E0

`

dte2 im2t/2^x,tux0,0&, ~3!
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i
]

]t
^x,tux0 ,0&52

1

2
¹m¹m^x,tux0 ,0&, ~4!

^x,0ux0 ,0&5d~x,x0!, ~5!

because we obtain the Schro¨dinger-type equation

K~x,x0 ;t!5^x,tux0 ,0&5E Dx~t!expH 2
i

2 E S gmnẋmẋn1
R

3 DdtJ . ~6!

The appearance and the role of an additional term;R/3 is discussed in Refs. 4 and 9. Anoth
way to obtain path integral formulation is based on the following operator identity:9

1

Ĥ
5 i E

0

`

e2 iĤ tdt ⇒G~x,x0!5^xu
1

¹m¹m1m2
ux0&

5
1

2
^xu

1
1
2 ~¹m¹m1m2!

ux0&

5
i

2
E

0

`

dte2 im2t/2^x,tux0,0&. ~7!

This formalism allows us to obtain the generalization of~7!:

1

Ĥ
5 f̂

1

f̂ Ĥ f̂
f̂ 5 i f̂ E

0

`

e2 i f̂ Ĥ f̂ tdt f̂ . ~8!

Further, we will use this transformation withf̂ 5 f (t)5a/t.
By analogy, for the particle with spin we have

~¹m¹m1m2!cA50, ~9!

i
]

]t
KA

B0
~x,x0 ;t!52

1

2
¹m¹mKA

B0
~x,x0 ;t!, ~10!

KA
B0

~x,x0 ;0!5d~x,x0!dB
A , ~11!

but the Feynman propagator assumes the form

GA9
B8~x9,x8!5E

0

`

dte2 im2t/2E Dx~t!expH 2
i

2 E S gmnẋmẋn1
R

3 DdtJ PA9
B8~x~t!!, ~12!

wherePA9
B8(x(t)) is an operator of parallel transport.7,10 The integral of such type has a mo

complicated structure than the ordinary one. This fact is caused by the difficulties connecte
calculations ofPA9

B8(x(t)). Fortunately, fast development of the path integration technique g
us possibility to solve a wide range of problems.8 The two-dimensional case is a good demonst
tion of these difficulties and also shows the possible way to overcome them.

B. Generation of an additional term by spin

Let us start with the consideration of parallel transport on pseudosphere. Then the me
horicyclic coordinates has the form~the casea51 is considered in Refs. 11 and 12!
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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ds25S a

t D 2

~dt21dx2!, ~13!

where parametera is closely related to the curvature scalarR:

R52
2

a2 , a5const.

It is convenient to go from the natural basis

et5
]

]t
, ex5

]

]x
~14!

to orthonormal one

et5
t

a

]

]t
, ex5

t

a

]

]x
, ~15!

and correspondingly

dt,dx→et5S a

t Ddt,ex5S a

t Ddx. ~16!

From ~16! one can easily calculate the connection

v t
x52v t

x52
1

t
dx. ~17!

Then

¹xe
t5

1

t
ex, ¹xe

x52
1

t
et. ~18!

It is convenient to use the following complex combination of basis vectors~isotropic basis!:

e115
1

&
~et1 iex!, e215

1

&
~et2 iex!, ~19!

in this basis

¹xe
115¹x

1

&
~et1 iex!5

1

t

1

&
~ex2 iet!52 i

1

t
e11

¹xe
215 5 i

1

t
e21.

~20!

Similarly,

e115
1

&
S t

a

]

]t
2 i

t

a

]

]xD , e215
1

&
S t

a

]

]t
1 i

t

a

]

]xD . ~21!

Hence parallel transport reduces to the rotation; the angle of rotation is given by
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



in a
ct

alcu-

th a

149J. Math. Phys., Vol. 44, No. 1, January 2003 Path integrals evaluation in 2D de Sitter space

Downloaded 14 Jul 2
x52E 1

t
dx. ~22!

Then it is possible to obtain explicitly the rotation associated with a loopG,

x~G!52 R
G

1

t
dx5E 1

t2 dS, ~23!

with dS5dt dx as an element of spanned surface.
In the general case a two-dimensional manifold has the only ‘‘degree of freedom’’:

tangent Euclidean spaceei
251, de1,2;e2,1 dx-rotation in a single plane. Any geometrical obje

can be expanded into the sum of proper vectors of the operator of rotation:

i L̂es5ses, s50, 6 1
2 , 61, . . . . . ~24!

Then the law of parallel transports acquires the simplest form

P̂es5eisxes5e2 is*(1/t)dxes, ¹xe
s52 is

1

t
es. ~25!

Hence the path integral will have the form

K~x,x0 ;t!5(
s

es~x! ^ es~x0!E D$x~t!%eiS(x(t))1 isx(x(t)). ~26!

When the metric is pseudo-Euclidean, the isotropic basis looks like

e615
1

&
~eW06eW1!, ~27!

and parallel transport can be described by a real phase factor:

P̂es5esxes.

Then

eiS(x(t))→eiS(x(t))1 isx(x(t))

and additional term will be incorporated into Lagrangian in the following manner:

L→Leff5L2 isv i ẋ
i .

III. PARTICLE WITH SPIN ON PSEUDOSPHERE

In the isotropic basis the calculation of the operator of parallel transport is reduced to c
lation of a phase factor, and additional term arises in the effective Lagrangian:

Leff5
1

2 S a2

t2 ~ ṫ21 ẋ2!2
s

t
ẋD , ~28!

where s is the spin weight.7 The problem is reduced to the quantum mechanical one wi
Hamiltonian of the form

H5
t

a S pt
21px

2

2
2

px

t
s1

s22m2a2

2t2 D t

a
.
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Integration overx is quite simple, because neitherLeff nor H depends onx(t) explicitly, but only
on ẋ(t) andpx . In this case

E D~x~t!!D~px~t!!ei *pxẋdt2 i * f (px(t))dt5E dpxe
ipx(x2x0)2 i f (px)t. ~29!

Using ~7! one obtains

1

H
5^t9,x9u

a

t9

1

~pt
21px

2!/22~px /t ! s1 @~s22m2a2!/2t2#

a

t8
ut8,x8&

5
i

2

a2

t9t8
E

0

`

dtE dpx exp~ ipx
2t/2!exp~ ip~x92x8!!

3E Dt~t!expi E dtS ṫ2

2
2

px

t
s1

s22m2a2

2t2 D . ~30!

When integrating overt, one deals with a radial Coulomb problem. Its solution by means
continual integration can be found in Ref. 13. The propagator can be written as decomposit
eigenfunctions:

K~ t9,x9;t8,x8;t!5
a2

t9t8 (s
es~x! ^ es~x0!E dptdpxe

i t(pt
2
1px

2)/2eipx(x92x8)
sc~pt ,t9! sc* ~pt ,t8!,

~31!

where

sc~pt ,t !5
G~ 1

21n2 ispx /pt!

A2pG~2n12!
Mispx /pt ,n~22iptt !,

sc* ~pt ,t !5
G~ 1

21n1 ispx /pt!

A2pG~2n12!
M 2 ispx /pt ,n~2iptt !,

n5As22m2a211/4,

andMs,n(x) is the Whittaker function.

IV. TRANSITION TO de SITTER SPACE

The above decompositions of the propagator~31! were obtained as solutions of quantu
mechanical problems in polar coordinates. In order to go from the space with the metric

ds25S a

t D 2

~dt21dx2!, with t>0, 2`<x<`,

to

ds25S a

t D 2

~dt22dx2!, with 2`<t,x<`,

one has to take into account the change of the variablet range and the change of the sign of t
term dx2.
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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The following limitation has been implicitly used in a radial Coulomb problem: radial co
dinate varies in the range~0,̀ !. This means the use of the mirror principle~see discussion o
boundary conditions in Refs. 5 and 8!:

c~r !→c~r !2c~2r !.

In de Sitter space the appropriate coordinate varies from2` to `. Therefore, it is necessar
to discard the reflected part of a wave. It seems to be convenient to consider asympto
eigenfunctions, as att→` the effective potential (2 i (px /t) s1 (s22m2a2)/2 t2) tends to zero,
and eigenfunctions tends toe6 iptt. For a scalar particle with

s50,

M0,n~2iz!5 i n11/222n11/2AzG~11n!Jn~z!,

the decomposition by cylindrical Bessel functions with the asymptotic

Jn~x!;A 2

px
sinS x2

np

2
1

p

4 D5A 2

px

1

2i
~ei (x2 np/2 1 p/4)2e2 i (x2 np/2 1p/4)!

can be obtained.
Cylindrical Hankel functions have the required asymptotic:

Hn
(1)~pt!;A 1

pt
eipt, Hn

(2)~pt!;A 1

pt
e2 ipt.

The Bessel function represents their linear combination. Then for a temporal part of the prop
we receive decomposition

K~ t9,t8; s!5E ptdptAt9t8Hn
(1)~ptt9!Hn

(1)* ~ptt8!e2 ispt
2/2, n5A2m2a211/4. ~32!

Similarly, for a particle with spin we should proceed from the Whittaker function of the
kind Mk,m(x) to the Whittaker function of the second kindWk,m(x):

Wk,m~x!5
G~22m!

G~ 1
22m2k!

xm11/2e2x/2
1F1~m1 1

22k; 2m11; x!

1
G~2m!

G~ 1
21m2k!

x2m11/2e2x/2
1F1~2m1 1

22k; 22m11; x!, ~33!

possessing the asymptotics

Wk,m~x!;xke2x/2, x→6`.

The functionsMk,m(x) represent a linear combination ofWk,m(x) andW2k,m(2x).
The outcome can be again represented as decomposition by eigenfunctions:

K~ t9,x9; t8,x8;t!5
a2

t9t8 (s
es~x! ^ es~x0!E dptdpxe

i t(pt
2
1px

2)/2eipx(x92x8)
sc~pt ,t9! sc* ~pt ,t8!,

~34!

sc~ t9!5e2 i pxps/2ptWispx /pt ,n~22iptt !, n5As22m2a21 1
4.

The second problem to be solved is the transition from pseudosphere metric
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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ds25
a2

t2 ~dt21dx2!

to the de Sitter space one

ds25
a2

t2 ~dt22dx2!.

It is convenient to rotate thex axis: x→ ix, and correspondingly

px→2 ipx ,

e615
a

t

1

&
~et7ex!, e615

1

&
S t

a

]

]t
6

t

a

]

]xD ,

~35!

P̂es5esxes5e2s*(1/t)dxes, ¹xe
s52s

1

t
es,

Leff5
1

2 S a2

t2 ~ ṫ22 ẋ2!2 i
s

t
ẋD .

So, that propagator looks like

K~ t9,x9; t8,x8;t!5
a2

t9t8 (s
es

^ ese
i t(pt

2
2px

2)/2E dptdpxe
ipxx9eppxs/ptWpxs/pt ,n~2iptt9!

3e2 ipxx8eppxs/ptW2pxs/pt ,n~22iptt8!, ~36!

and

G~ t9,x9; t8,x8!5
i

2 E0

`

K~ t9,x9;t8,x8;t!dt. ~37!

In order to make sure that this expression is a required propagator, one needs to an
short-time kernel. It is possible to use asymptotical expansion of Whittaker function

Wa,c~x!'e2x/2S 12
~ 1

2 2a2c! ~ 1
2 2a1c!

x
D xa

'expS 2S ~ 1
2 2a2c! ~ 1

2 2a1c!

x
D 2

x

2
1a ln~x!D . ~38!

Substituting~38! into ~36!, one can ensure that

E dpt

2p
eppxs/ptWpxs/pt ,n~2iptt9!eppxs/ptW2pxs/pt ,n~22iptt8!

→ 1

A2p i t
expS i

~ t92t8!2

2t
2

pxs

t8
t1 i

a2m22s2

2t9t8
t D , ~39!

and this result actually leads to the initial effective Lagrangian~see the Appendix!.
Propagator~36! has two important features:
~1! It satisfies the boundary conditions~11!. Actually, if t→0, then
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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1

A2p i t
expS i

~ t92t8!2

2t
2

pxs

t8
t1 i

a2m22s2

2t9t8
t D→d~ t92t8!. ~40!

~2! This propagator satisfies Eq.~10! because eigenfunctions are the solutions of the equa

2
1

2
~¹m¹m1m2!S eseipxx9

a

t
Wpxs/pt ,n~2iptt9! D5

pt
22px

2

2 S eseipxx9
a

t
Wpxs/pt ,n~2iptt9! D .

~41!

With ~35! one can obtain

2
d2

dt2
Wpxs/pt ,n~2iptt9!2S S px1 i

s

t D
2

1
m2a2

t2 DWpxs/pt ,n~2iptt9!5~pt
22px

2!Wpxs/pt ,n~2iptt9!,

2
d2

dt2
Wpxs/pt ,n~2iptt9!2S 2

ispx

t
1

m2a22s2

t2 DWpxs/pt ,n~2iptt9!5pt
2Wpxs/pt ,n~2iptt9!.

The Whittaker function actually satisfies this equation.
It is interesting to analyze a special case of this solution. The vector particle propaga

expanded into wavefunctions of the forme21 W21,n(2ikx) ande11 W1,n(2ikx), since after final
integration only pointpt

22px
250 will be taken into account andspx /pt561. It is common

practice to solve equations for the vector field by separation into the transverse and longit
parts. Using the connection between Hankel and Whittaker functions,

Hn
(1)~2kt!5A p

2ikt
W0,n~2ikt !52

1

2~ ikt !3/2A2

p S S n22
1

4DW21,n~2ikt !2W1,n~2ikt ! D ,

~42!

Hn11
(1) ~2kt!1Hn21

(1) ~2kt!5
1

2~ ikt !3/2A2

p S S n22
1

4DW21,n~2ikt !1~W0,n~2ikt !

1W1,n~2ikt !! D , ~43!

and the following relation

d

dt
Hn

(1)~2kt!52
ik

2
~Hn11

(1) ~2kt!1Hn21
(1) ~2kt!!, ~44!

one can ensure that these parts represent a linear combination of the above solutions. Actu
longitudinal one is

¹SA2ikt

p
Hn

(1)~2kt!eikxD 5e11S n22
1

4DW21,n~2ikt !eikx1e21W1,n~2ikt !eikx. ~45!

The transverse part is proportional to

e11~n22 1
4!W21,n~2ikt !2e21W1,n~2ikt !. ~46!

V. CONCLUSION

The path integral for particles with spin includes an additional factor—the operator of pa
transport. The use of parallel transport requires the development of new calculation metho
functional integrals. In contrast to the differential equations approach, the path integral form
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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deals with a global object—the propagator. It has more general analytical properties, and giv
possibility to distinguish connections between compact and noncompact spaces, and con
and discrete spectrum.

Two-dimensional solutions have similar forms for arbitrary spin. A similar situation oc
also in some four-dimensional problems. Note the Teukolsky equation14 describing massless pa
ticles of spin 0,1

2, 1, 3
2, 2 in Kerr geometry.

Our interest in path integration is stimulated by the possibility of simple and clear descri
of a spinning quantum particle interaction with the curvature.15 This approach may be useful whe
obtaining common features of the fields of different spins in curved space and in quantizat
the gravitational field itself.

APPENDIX: PROOF OF EQ. „39…

We will consider~39! with t→0. In this case

pt→
t92t8

t
→

t→0

`

and one has to take into account terms up to (t92t8)2. After the substitution of expansion

Wa,c~x! →
x→`

e2x/2S 12

S 1

2
2a2cD S 1

2
2a1cD

x
1OS 1

x2D D xa

'expS 2S S 1

2
2a2cD S 1

2
2a1cD

x
D 2

x

2
1a ln~x!D

to

e2 ipt
2teppxs/pt~2pt!

spx /ptWpxs/pt ,n~2iptt9!eppxs/pt~2pt!
2spx /ptW2pxs/pt ,n~22iptt8!, ~A1!

one has up to the accuracy of 1/pt
2

expS 1

pt
S 2

is2

2t9
1

iM 2a2

2t9
1pxs ln~2iptt9! D2

1

pt
S 2

is2

2t8
1

iM 2a2

2t8
1pxs ln~2iptt8! D Deip(t92t8)

5eip(t92t8) expS 1

pt
S i ~s21M2a2!S 1

t9
2

1

t8D1spx~ ln~ t9!2 ln~ t8!! D D . ~A2!

After the use of

f ~ t9!2 f ~ t8!

pt
't

f 8~ t8!~ t92t8!1 f 9~ t8!~ t92t8!21¯

t92t8
5t f 8~ t !1o~t!, ~A3!

the following result can be obtained:

expS ipt~ t92t8!2 i tS pt
21 is

px

t8
1

s22M2a2

t82 D D . ~A4!

Finally, integration overpt can be made:
013 to 132.174.255.116. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions
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