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PaccmorpeHa 3aj1a4a 0 HaAX0XkKJICHUM MUHHMAJILHOI'O OCTOBHOTO JIepeBa NP YCIOBUH, YTO BEC pedep MoJBEPKEeH He-
3aBHCHUMBIM H3MEHEHUs M. M3yueHa ofHa U3 KOJMUYECTBEHHBIX XapaKTEPUCTUK YCTONUMBOCTU ONTHUMAJIBHBIX PELICHUN
9TOM 3aj1a4u, U3BECTHASI KaK paJinyC YCTOMYMBOCTH U OIpeJiersieMas Kak IpeaebHblii YpOBeHb U3MEHEHHIT Beca pedep,
TP KOTOPOM BEIOpaHHOE HAIlepe]] ONITHMAIIEHOE PEIICHHE BCE CIIe COXPAHICT CBOIO ONITUMANIFHOCTE. BrIBeieHa TouHAs
(dopmyrna pagmyca yCTOWIHMBOCTH MIHAMAIEHOTO OCTOBHOTO JEPEBa, MO3BOJISIONIAS BEIUUCIATE ATOT PAANYC 3a BPEeMs,
OIM3KOE K JMHEHHOMY OTHOCHUTEIIBHO YHCiia pedep rpada. DTOT pe3yinbTar 3HAYMTEIbHO yaydmaeT GopMylly pagdyca
YCTOHYMBOCTH ONTHMAIIBHOTO PEIICHNUS TMHEHHOW KOMOWHATOPHOM 3a/1a4u B 00LIEeH MOCTAaHOBKE, MIOCKOJIBbKY MOCICIHSIS
¢dopmyra TpedyeT noHOoro 1nepedopa Mo MHOXKECTBY JIOMYCTUMBIX PEIICHNH, MOITHOCTh KOTOPOTO MOXET PacTh 3KCIO-
HEHIIMAIBHO.

Knwueswvie cnosa: 3a1a4a 0 MUHMMAaJIbHOM OCTOBHOM JI€PEBE; BTOPOW ONTHMAJbHbII OCTOB; aHAJIH3 YyBCTBUTEIIb-
HOCTH PEUICHU; pajinyC YyCTOUYUBOCTH.
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ON CALCULATION OF THE STABILITY RADIUS
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We consider a minimum spanning tree problem in the situation where weights of edges are exposed to independent
perturbations. We study a quantitative characteristic of stability for a given optimal solutions of the problem. The cha-
racteristic is called the stability radius and defined as the limit level of edges weights perturbations which preserve op-
timality of a particular solution. We present an exact formula for the stability radius that allows calculating the radius in
time which is extremely close to linear with respect to number of graph edges. This improves upon a well-known formula
of an optimal solution for a linear combinatorial problem which requires complete enumeration of feasible solutions set
whose cardinality may grow exponentially.

Key words: minimum spanning tree problem; second-best spanning tree; sensitivity analysis of solutions; stability radius.

PaccMoTpuM XOpOI1I0 U3BECTHYIO 3a1a4y HAX0XKIEHUS MUHUMAaJIbHOTO OCTOBHOIO JIepeBa B HEOPUEHTUPO-
BaHHOM CBSI3HOM B3BelIeHHOM Tpade G = G(V, E ) C MHOXXECTBOM BepIIMH V' 1 MHOkeCTBOM pebep E. [Tycthb
|V| =nu |E | = m, npu4eM m = n. MHOXXECTBO BCEBO3MOXKHBIX OCTOBOB Ipada G 0003HauuM uepes 7, a caMu

0CTOBBI — £. Takum 00pa3oM, Kaxblii 0CTOB ¢ € T TIpeacTaBisieT cOO0H MOIMHOXKECTBO MHOXKECTBA £, COCTOS-
miee u3 n — 1 pedep.
Bynem nomarare, uyTo Bce pedpa e € E mpoHYMEpOBaHBI M KaXXJOMy peOpy ¢ HOMEPOM i NMPUIHCAH BEC

a,= a(e,.) € R. Tem cambIM 00pasyeTcs BECOBOW BEKTOp da = (al, Ayy ooy am) e R"”, n xaxngpIii octoB t € T

f(t a)= Zai.

¢ €t

MOJIy4aeT Bec

MHO0XeCTBO OCTOBOB ¢ MUHMMAaJIbHBIM BECOM GYZ[CM Ha3bIBaTh MHOXCCTBOM OIITHUMAJIbHBIX peHICHI/Iﬁ u 060-
snauate Opt(a), a camy sanaay — Z(a).

HccnenyeM KOMWYeCTBEHHYIO MepPy YCTOMUMBOCTH ONTHMAJBHBIX PEIICHUH f € Opt(a) K BO3MYIICHHUSIM
BEKTOpa ¢, KOTOPbIE TPAJUIMOHHO [1-5] MomenupyroTcs npuOaBiIeHHEM K HEMY BO3MYIIAIOIIErO BEKTOpa

a’e R”. B KauecTBe KOIMYCCTBEHHON XaPAKTEPUCTUKU YCTOIUNBOCTH ONTHMAILHOTO pewenus ¢ € Opt(a)
BBEIOEPEM PAIUYC €T0 YCTOWUHUBOCTH (B YEOBIIIIEBCKON METPHKE), OTIpEACIIIeMbIil [2—5] o Gopmyre

supE, eciu Z # J,
p(t, a) = -

0, ecmu 2=,
e

== {8 >0:Va'e Q(e) (te Opt(a+ a'))},
Q(e)= {a’e R": ||a’|_ < 8},

U3zBecTHO [2; 3], 4TO paguyc yCTOMYMBOCTUA MOXKET OBITh HAWJICH 110 PopMyJie

. ftha)-f(ta)
p(l‘, a) - z'renrl\%} A(t, t')

’

a

m
= max|ai|.
e i=1

, (1

rie A(f,¢’) — umcno peGep B CHMMETPHYECKOI PasHOCTH OCTOBOB ! M t’, mHbIMH cioBamu, A(f, t')=

=ftur|-|tnt
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Ora Gopmyiia UMEeT CYIICCTBCHHBIN HEIOCTATOK: OHAa TPEOyeT MOJIHOro rnepedopa 1o BCeMy MHOXKECTBY
pereHui, 9To (PaKTHIECKH IeIacT ee HeMPUMEHNMOM Ha IpakThKke. JlokakeM, 9To Ha CaMOM JIeie TS 3aa91
0 HaXOXKJICHNW MUHHMAaJIHFHOTO OCTOBHOTO JIEPEBa TAKOTO epedopa He TpedyeTcs.

Hycrs ' € Opt(a). O603HaUMM Yepe3 ¢ BTOpOii MO BeTHUMHE MUHMMANBHBINA OCTOB 3a1a4i Z (a). Taknm
06pazom, 0cToB ¢ y/I0BIETBOPSIET YCIOBHIO
f(", a)= min £(z a).
teT\{t‘}
3ameTHM, 4TO ¢ BIIOTHE MOKET KaK TIPHHAIEKATH MHOKECTBY Opt(a) pu |Opt(a)| > 2, TaK U He NpHU-
HAJUIEKaTh €My IIpU |Opt(a)| =1.

Kpome Toro, Oyaem UCIoNIb30BaTh CUMBOJIBI + (—) /Uit 0003HAUYCHUs Oonepaliuii 100aBIeHus pedpa K moj-
rpady wmu ero ynanenus us noarpada. Tem cambiM aiist mobbix e € Eu G'c G

G +e= G’u{e}, G —-e= G’\{e}.

Jdemma. ITycms t' € Opt(a). To20a cywecmeyem emopoii no eeiudune MUHUMATLHbLI OCMOE 1, OMAULaI0-

wutics om t' poero 0omoil napoii pebep €’ u e”, m. e.
t'—e'=t'-¢ )
20e ety e’et).

JlokaszaTenbcTBo. Cpelu MHOKECTBA BCEX BTOPHIX IO BEIMYHMHE OCTOBOB ¢! BHIGEpEM TaKoil OCTOB
fy, KOTOPBIH OTIINYACTCS OT {' HAMMEHBLIMM YHCIOM pebep. [TOCKOIbKY OCTOBBI £ U £ PasIMYHBL, TO MOXKHO
BBIOpaTh pebpo e, € t'\t,. JI06aBuB 310 PebPO K OCTOBY f,, MONYYUM €AMHCTBEHHBIH MK1 C, Ha KOTOPOM
00s3aTeNbHO HaiifieTcst pedpo e, € £ \t', Tak kak B IpoTBHOM ciydae C C ¢!, 4To HEBO3MOXKHO.

Hanee, yOenumes, 4To Bec a, pedpa e, MeHblIe Beca a, pedpa e,. JlelcTBUTEeNbHO, ciy4ail a, > a, HEeBO3-
MOYKEH, OCKOJIbKY HHAYe MBI HPEIBIBUM OCTOB ' — e, + e, ¢ MEHBIIUM BecoM, 4eM ocToB ¢'. Ciydait ¢, = a,
TAKKE HEBO3MOYKEH, IIOCKOJIBKY MHAYe MBI OBI IIOTYUHIA OCTOB f, + € — €,, KOTOpbIi COIEPIKUT GONbIIe 06-
X pebep ¢ ¢', 4eM 0CToB £ .

Taxum 06pasoM, @, < a,. Torna BepHbl COOTHOMICHHS

f(t(l)I +e—e, a) = f(tg, a) +a,—a,< f(t(l)l, a),

11 1
CBHICTEIIbCTBYIOIIME O TOM, YTO OCTOB #, + € — e, U eCTb OCTOB /. CIIe/I0BAaTENbHO, BBIIIOIHSETCS PABCH-
ctBo (2), T1e €’ = ¢, u e” = e,. JleMma JT0Ka3aHa.
1
Teopema. Ilycmb t — onmumanvhoe pewienue 3adauu Z (a) 0 HAXOHCOEHUU MUHUMANBLHO20 OCMOBHO20

Oepesa. Toeoa paduyc ycmotiyugocmu p(tl, a) pewenus t' onpedensemcs popmynoii

p(tl, a) _ f(tH, a) —f(tl, a).

HoxazarenbcTBo. g KpaTKoCcTH JabHEHIIIET0 N3TI0KEHHUS MTPaByI0 4acTb Gopmyns (3) 0603HaUNM

3)

1
qepes O. CHayaJja ImoKaxeM CIIPaBCJIMBOCTb HCPABCHCTBA p(f , Cl) < Q. I[J'IH OTOI0 AOCTATOYHO JOKa3aThb, 4YTO

JUISL BCSIKOTO YHCIIa € > () CYIIECTBYET Takoii BosMyatonmii Bektop a’ € (€), npu KOTOPOM BHINOJHSAETCS
HEPABEHCTBO

f(tH, a+ ao) < f(tl, a+ ao). 4

Iockomsky " # ¢', To MHOX)ecTBa ¢'\¢" 1 ¢"\t' HemycTBI M MOXHO BHIOpaTh pebpa €' € t'\t" n e e t"\¢".
v 0
TosToMy BosMywarommii Bektop a’ € Q(€) MOKHO 3a1aTh ClETYIOLMM 06Pa3oM:
S, ecmne =¢',
a’=4-3, ecm &' =€,

0, B OCTaNBHBIX CITy4asX,
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[JIe YKCIIO O MOAYUHEHO YCIOBHAM € > O > (. Toraa BepHbI COOTHOIICHUSI
f(t“, a+a0) —f(tl, a+a°)=f(t“, a) -0 —f(tl, a) -0 <f(tH, a) —f(tl, a) -20=0,
KOTOpBIE YOSKIal0T HAC B CIIPABEAJIMBOCTH HepaBeHCTBa (4). CrenoBarenbHO, p(tl, a) <.

Jnst 3aBeprueHus JOKazaTeabcTBa GOpMyInbl (3) HYKHO NOKa3aTh, 4TO p(tl, a) > . Ilockonbky Kaxnubli

13 0CTOBOB ¢ € T comepKuT poBHO 1 — | pebep, To Ha ocHoBanuu (1) HaitmeTcs Takoit octoB '€ T \{tl}, 9T0

BBITIOJIHACTCSA PaAaBECHCTBO

.= 0
,a)=
2K(t’, t‘)
e K= K(t’, tl) — uncnio map pebep, OTIMUYAOIMX OCTOBBI ¢ m ¢'. JIs J0Ka3aTenbCTBA Hy)KHOTO HAM Hepa-

BEHCTBA p(t[, a) > @ ocTaercs yOemuThCs, uTo

[t a)-f(r a)= 2(p1<(t’, t‘).

OctoBsl ¢’ u t' oTHuatoTcs 2K pedpamu. BribepeM HekoTopoe pebpo e € ¢’ \¢' u 106aBuM ero K 0CTOBY 7.
[Ipu sToM 0Opa3yercsi eIMHCTBEHHBIN UK, KOTOPBIA 0053aTEIBHO COAEPKUT HEKOTOpOoe pedpo elI et'\?,
TOCKOJIbKY B TIPOTMBHOM CITydae OCTOB ¢ cofepya Obl 5TOT LMK, YTO HEBO3MOXKHO. YIaauB pebpo e;, mo-
JyduM 0CTOB #' + ¢/ — e!, mocie 4ero ouepeHoe pebpo € € #’\t' no6Gasum K ocToBy #. BHOBB 06pasyeTcs
C/IMHCTBEHHBIN MK, U3 KOTOPOTO ylaiuM pedpo e) € '\’ u momyuum HoBbIH octoB. [Ipojenas 3Ty mpo-
Lelypy K pas, Mbl paso0beM pebpa €], e, ..., er € '\i' u €], e), ..., ¢, €'\t’ Ha napel TaK, 4TO € W €,
Jje {1, 2, ..., K}, JeXKaT Ha OHOM IuKIIe. Jlanee, OlleHnM BeC dTUX pedep.

Ha ocHoBaHuu n1€MMBI HaliJIeTCsl BTOPOM 1O BEJIMYMHE OCTOB tf, OTJIHYAIOIIHICS OT OCTOBA ¢ JBYMs pe0-
pamu. [Toatomy st Besxoro j € {1, 2, .. K} BBIBOJIIM

a(e;) - a(ejl.) = f(tl+ e — ejl., a) —f(tf, a) —f(tl, a).
Urak, umeer mecto opmyiia
Vje {1, 2,..., K}, (a(e]f) - a(ejl.) > f(tf, a) - f(tl, a)),

OTKyZa OKOHYATCJIbHO HaXO UM

a(ejl.) > K(f(tf, a) - f(tl, a))= 2(pK(t', tl).

K K
=1

f(#, a) —f(tl, a) = g’la(e;) -

Teopema JokazaHa.

J

o 1
OnTuManbHOe pentenye ¢ HaspiBaercs [2; 3; 5] yCTOHUMBBIM, €CiH p(t , a) > 0.

CaencrBue 1. Onmumanvroe peutenue t' sa0auu Z (a) VCMOU4UB0 mo2oda u moivko moaod, K020d OHO
eo0UHCMBENHO.

CaencrBue 2. Eciu 6ce pebpa epagpa G umeiom pasuwlil gec, mo onmumansnoe pewenue t' sadauu 7 (a)
YCMOUYUBO.

CanencrBue 3. Eciu Opt(a) = {tI } Mo 6ce 6mopwie No eUUUHe OCIOBbL OMAUYAIOMCSA O t' POGHO 0OHOI
napoti pebep.

W3BecTHO [6; 7], 4TO ABa JIydIIMX PEIIEHUS 33aJ[add O MUHHMAaJIbHOM OCTOBE MOTYT OBITh Haii/IeHBI 3a

O(mlogB(m, n)), e

I RPON() m
B(m,n)—{]eN.log’nS n}’
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a log(’ 'n 06osHauaer B3ATHI J pa3 sorapudm ot uncia n. Takum oopa3zoM, GyHKIHS logB(m, n) OueHb ONM3Ka

K KOHCTaHTe.
CaencrBue 4. Paduyc ycmouuusocmu p(lI, a) onmumanvrozo pewenus t' 3adauu Z (a) Modxcem 6bimb
Hatioew 3a epems O(mlogB(m, n))

OTMeTI/IM, YTO KOJIMYCCTBCHHAaA MCpa yCTOI>'I‘II/IBOCTH OIITUMAJIbHBIX peI]_IeHI/Iﬁ B psAac I/ICCJ'Ie):[OBaHI/II\/’I oripe-
JIEJSIETCS HE KaK paJinyC YCTOMUHUBOCTH, a KakK JOIycK pedep (ayr), T. €. s KaXKI0Tro pedpa (IyTru) HaXouTCst
HanOOJBIINI YPOBEHb BO3MYIICHHH, COXPaHSIOIINX ONTHMAaIbHOCTh BRIOPAHHOTO pelIeHus 3a1a4yn. Hamryu-
M pe3ysbTaT B 3TOM HalpaBJIEHUH TOJTyueH B pabdorte [8], rae JoKa3aHo, YTo JOMyCKU pebep s 3a1adn

0 MUHHMAJIbHOM OCTOBE MOT'YT OBITh BEIYMCIICHBI 32 BpEMs O(m log oc(m, n)), rae o (m, n) — obOparHas pyHK-
uusi AKKepmaHa.

bubaunorpaduyeckue ccblIIKH

1. Topoees D. H. VccnenoBanue yCTOIYMBOCTH 3a1a4M O KpaTdaiIlieM OCTOBHOM JiepeBe B MeTpuke /, // JKypHan Bbumci. Mare-
Matuku 1 MateM. puzuku. 1999. T. 39, Ne 5. C. 770-778.

2. Cepeuenko U. B., [lluno B. I1. 3agaun muckpetHOU onTuMu3anuu. [IpodieMsl, MeTONBI perieHst, uccienoBanus. Kues, 2003.

3. Emelichev V., Podkopaev D. Quantitative stability analysis for vector problems of 0—1 programming // Discret. Optim. 2010.
Vol. 7, Ne 1/2. P. 48—-63.

4. Roland J., Smet Y. De, Figueira J. R. On the calculation of stability radius for multi-objective combinatorial optimization prob-
lems by inverse optimization // 4OR. 2012. Vol. 10, Ne 4. P. 379-389.

5. Kyzbmun K. I EnuHbIN M0X0J1 K HAXOXKJICHHUIO PAJINyCOB YCTOWYMBOCTH B MHOTOKPUTEPUANIBHOM 3a/1aue O MaKCHMaJIbHOM pas3-
pese rpada // uckper. ananu3 u uccnen. oneparmii. 2015. T. 22, Ne 5. C. 30-51.

6. Eppstein D. Finding the & smallest spanning trees // BIT Numer. Math. 1992. Vol. 32, Ne 2. P. 237-248.

7. Frederickson G. N. Ambivalent Data Structures for Dynamic 2-Edge-Connectivity and Smallest Spanning Trees Time // SIAM
J. Comput. 1997. Vol. 26, Ne 2. P. 484-538.

8. Pettie S. Sensitivity Analysis of Minimum Spanning Trees in Sub-Inverse-Ackermann Time // J. Graph Algorithms Appl. 2015.
Vol. 19, Ne 1. P. 375-391.

References

1. Gordeev Je. N. Issledovanie ustojchivosti zadachi o kratchajshem ostovnom dereve v metrike /, [Stability analysis of the mini-
mum spanning tree problem). Zh. vychislitel. mat. mat. fiz. 1999. Vol. 39, No. 5. P. 770—778 (in Russ.).

2. Sergienko 1. V., Shilo V. P. Zadachi diskretnoj optimizacii. Problemy, metody reshenija, issledovanija [Discrete Optimization
Problems. Challenges, Solution Techniques, and Analysis]. Kiev, 2003 (in Russ.).

3. Emelichev V., Podkopaev D. Quantitative stability analysis for vector problems of 0—1 programming. Discret. Optim. 2010.
Vol. 7, No. 1/2. P. 48—63.

4. Roland J., Smet Y. De, Figueira J. R. On the calculation of stability radius for multi-objective combinatorial optimization prob-
lems by inverse optimization. 4OR. 2012. Vol. 10, No. 4. P. 379-389.

5. Kuz’min K. G. Edinyj podhod k nahozhdeniju radiusov ustojchivosti v mnogokriterial’noj zadache o maksimal’nom razreze
grafa [A general approach to the calculation of stability radii for the max-cut problem with multiple criteria). Diskretn. anal. issled.
oper. 2015. Vol. 22, No. 5. P. 30-51 (in Russ.).

6. Eppstein D. Finding the & smallest spanning trees. BIT Numer. Math. 1992. Vol. 32, No. 2. P. 237-248.

7. Frederickson G. N. Ambivalent Data Structures for Dynamic 2-Edge-Connectivity and Smallest Spanning Trees Time. SIAM
J. Comput. 1997. Vol. 26, No. 2. P. 484-538.

8. Pettie S. Sensitivity Analysis of Minimum Spanning Trees in Sub-Inverse-Ackermann Time. J. Graph Algorithms Appl. 2015.
Vol. 19, No. 1. P. 375-391.

Cmamus nocmynuna 6 peoxonnezuio 15.10.2016.
Received by editorial board 15.10.2016.



