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We counstruct a general solution for a system of linear equations corresponding to the
system of main constraints for a broad class of generalized non-homogeneous network flow
programming problems.

Let S = (I,U) be a finite oriented connected network without multiple arcs and loops,
where I is a set of nodes and U is a set of ares, U < I x I(|I| < oo, U] < 00). Let
K (|K| < 00) be a set of different types of flow transported through the network S. We assume
that K = {1,...,|K]}. Let us denote a connected network corresponding to a certain type
of flow k € K with S* = (I*, U*), I* C I, U* = {(4,7)* : (i,7) € U*},U* C U — a set of arcs
of the network § carrying the flow of type k. Also, we define sets K(i) = {k € K :i € I*}
and K(i,7) = {k € K : (i,j)* € U*} of types of flow transported through a node i € I
and an arc (4,7) € U respectively. Let us introduce a subset Uy of the set [/, and let
Ky(i,7) € K(i,7),(i,7) € Uy be an arbitrary subset of K (4, j) such that |Ky(i, j)| > 1.

Consider the following linear underdetermined system
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where I} (U*) = {j € I* : (i,j)* € U*} , I7(U¥) = {j € I* : (j,i)* € U*}; af. MY, o,
zj € R, pk > 0 - parameters of the system; z = (2%, (i,7)F € U* k € K) — vector of
unknowns. We assume that Z \I*| + q + |Up] < Z |U7%| and rank of the system (1) - (3)
keK keK
is equal to Z |I*¥| 4+ q + |Uy|. Further, we will call (1) the network part, and (2)—(3) — the
keK

additional part, of the system (1)-(3).

We split the solution of the system (1) into solutions of | K| systems corresponding to a
fixed k € K.

Let Uy = {UF C Uk k € K} be a support of the network S = {I U) for bystem (1) 1,
2] Recall, a cycle L* C S* is called non-singular [1], [3] if H 1l # H ut;, where

(Lj)ceLkt (t.5)kelk-

L*+, L*= - sets of forward and backward arcs respectively.

Theorem (Network support criterion.) The set Uy = {UF, k € K} is a support of the
network § = (I,U) for system (1) if for each k: € K the network Sf = (I*,U}) is a union
5 = USI of connectivity components SP* = (I(UP"),UF*), each containing a unique

n0n~singular eycle, UF = U Uf“, IF = U I(Uf’t).

1 1
Let us introduce a characterictic vector 6%(7, p) = (6{; (7, p), (i,5)* € U*), where k € K
is fixed, entailed by an are (7, p)* € U* \ Uf with respect to the support UF, as a solution
vector of the following system:

Yo ne)— D whohirp) =0, iel* Bt =Utu(rp), (4)
JE€LT(BE,) JEIT (BE,)
05 (1, p) =1,85(r,0) =0, (i,5)* € UF\ (Uf U (7, p)"). (3)

The system of characteristic vectors, entailed by (all) different arcs (7, p)* € U* \ U} is
a basis of a solution space of the homogeneous system corresponding to (1), where k € K is
fixed. Thus, for a fixed k& € K,we represent solutions of the system (1) as a sum of a general
solution of the corresponding homogeneous system and a partial solution of (1): ;

xfj - Z :CTP&P? T.p)+ i:i? - Z ﬂ-:pé:; (m,0) | (i 5)" € U

(rp)EEUR\UE (rip)keUr\U}

ok eR, (r,p)* e U*\ U, (6)

where % = (£}, (4, j)* € U*) is a partial solution of the system (1) for a fixed k € K; :1:
are independent variables corresponding to arcs (7, p)¥ € U* \ U}.

We define a set Ug = {UL C UN\UF, k € K}, |Up| = ¢+ |Uy| of bicyclic arcs by selecting
q + |Us| arbitrary arcs from the sets U*\UF, k € K. We denote Uy = {Uk, k € K}, U =
US\(UFUUE), k € K. Thus, U* = UF U U U UL, where U¥, Uk, UF. are non-intersecting
subsets of arcs.

Let us choose the partial solution of (1), for a fixed £ € K, such that :i’;gJ = {),
(1, p)* € UM\U}. Substitution of the general solution (6), with a partial solution of the
form described above, for each k € K, into (2) and (3) leads to the following system for
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finding the unknowns zp = (zk o (1,p)* € ULk € K), ordered according to an arbitrary

numbering t = (7, p)*, (7, p)* € Uﬁg,k e K,te{1,2,...,|Un|}:

D.IB = ,'.3, {7)
where D = (g;), (Arp‘p = TqutCF, p)k = 1,|Ug|), Dy = (%(Bw) £(5,5) =
1,|Uol, t(r, p)¥ = 1,|Us]),8 = (Bp:p = 1,4; Byretiys (1,3) € Up) ;€ = &(3,5) is a number
of an arc (i, j) € Uu, £e{1,2,...,|Uy|}

Here,
No=)o+ S Mh(ne), (n0) € UNUL, ®)
(i.§)k U}
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keKn(ig),
(i) et}
Finally, letting D! = (151, s = 1, 1,|Uz|), using (6) and (7), as well as formulas (8)-(13),

we can determme the general solution of (1)-(3):

Ty = Z Veplp + }: U gvetig)Bareasys t = t(r, p)k, (1.p)* € U, k € K,

p=1 (¢.7)elo
e = Y abok(rp)+ o+, (,0) €Ul keK,
f'rp)“EU"
LER, () e Uk, wli= ) abdhi(r.p).
(re)keuk
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