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BBoautcs u xapakrepusyeTcst Kiacc rpadoB, B KOTOPOM KaXKJ10€ CBSI3HOE JIOMH-
HUPYIOLEE MHOXECTBO SIBISETCS (CBA3HBIM) OKPECTHOCTHBIM MHOKECTBOM, M Kjacc
rpadoB, B KOTOPOM BCE CBS3HBIC MHAYIIMPOBAHHBIC MOJArpadbl UMEIOT OJIMHAKOBBHIC
MHUHUMAJIBHBIC OKPECTHOCTHBIC MHOXKXCCTBA U MUHUMAJIbHBIC MOIIHOCTH CBA3HBIX OK-
pecTHOCTHBIX MHOXeCTB. [Ipenmnonaras, uro P = NP, Mbl j0Ka3biBaeM, 4To mpodiemMa
MHUHUMAJIBHOCTU CBA3HBIX OKPECTHOCTHBIX MHOXKCCTB HE MOXKCET 61>ITI) HpI/I6HI/DKeHa B
npezaenax JorapuMUIECKOro MHOXHUTENS 3a MOJMHOMHAIBHOE BpeMs B UX OOIIEM
MOJIKJIACCE, KJIACCe CUMILTAIIMATBHBIX PACHICTTICHHBIX TPadoB.

Knrouesvie crosa: CUMIDIMIMAIBHBIA  pacUIeIUICHHbI Tpad; YHUCIO CBSI3HOMN
JIOMUHAHTHOCTH; YMCIIO CBA3HOW OKPECTHOCTHOCTH.
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We introduce and characterize the class of graphs in which every connected do-
minating set is a (connected) neighbourhood set and the class of graphs whose all con-
nected induced subgraphs have equal minimum neighbourhood set and minimum con-
nected neighbourhood set cardinalities. Assuming P = NP, we also prove that the min-

imum connected neighbourhood set problem cannot be approximated within a loga-
rithmic factor in polynomial time in their common subclass, the class of simplicial split
graphs.
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INTRODUCTION AND PRELIMINARY NOTIONS

We follow [7] for the graph-theoretical definitions and notation unless explicitly stated
otherwise. The graphs considered are finite, undirected, without loops and multiple edges.
Let V(G) and E(G) denote the sets of the vertices and the edges of a graph G, respectively,
and let |G|=|V(G)| denote the number of its vertices (the order of G). For a vertex v, the set
of all the vertices adjacent to it is called its neighbourhood and is denoted by N(v); a closed
neighbourhood set is a set defined as N[v] = N(v) u{v}. For a vertex set S —V (G), define
its neighbourhood N(S) and closed neighbourhood N[S] as N(S)= Uves N(V)\S and
N[S]= N(S)US.

A set of pairwise nonadjacent vertices of a graph is called an independent set, and a set
of its mutually adjacent vertices is called a clique. A clique is called simplicial if it encom-
passes the whole neighbourhood of one of its vertices (such a vertex is called simplicial). A
set of vertices D cV (G)is called a dominating set if N[D] = V(G). A dominating set D in a
graph G is called a neighbourhood set [1] if for every edge e of G there exists a vertex of D
which closed neighbourhood contains e. A dominating set (neighbourhood set) of a graph is
called a connected dominating set [2] (respectively, a connected neighbourhood set [3]) if it
induces a connected subgraph of the considered graph. By nb_.(G) we shall denote the
connected neighbourhood number of a graph, the maximum cardinality of its connected
neighbourhood sets. Note that connected dominating sets may exist only in connected
graphs, therefore the parameters vy.(G) and nb (G) are undefined for a

Perfect connected-neighbourhood graphs =
(Ps, Cy4, Cs)-free graphs

Split graphs = Domination-triangle graphs = i
[ (2Ks, Ca, Ca)-free graphs edge-simplicial graphs Connected-domination triangle graphs
L . Connected domination triangle graphs =
[ Simplicial split graphs ] [ connected edge-simplicial graphs

[ Connected simplicial split graphs ]

Fig. 1. The relations between the considered graph classes

disconnected graph G, while for every connected graph G, the obvious relations
7(G) <v.(G) and nb(G) <nb_(G) hold.

We introduce the class of connected-domination triangle graphs, where every con-
nected dominating set is a neighbourhood set (and thus a connected neighbourhood set). The
characterization obtained for this class implies a simple polynomial algorithm for its recogni-
tion. Moreover, we introduce the class of perfect connected-neighbourhood graphs, where
every connected induced subgraph has equal minimum connected dominating set and mini-
mum connected neighbourhood set cardinalities, and characterize this class in terms of for-
bidden induced subraphs. The characterization implies that this class contains the widely
known class of split graphs [5, 6]. (A split graph is a graph whose vertex set can be parti-
tioned into a clique and an independent set.) The relations between the mentioned graph
classes are shown in fig. 1 (some of them follow from the further details), where, as usual, a
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graph G is called F-free for a collection of graphs F if G does not contain any of the graphs
in F as induced subgraphs. Assuming P = NP, we show that it is hard to approximate the
minimum connected neighbourhood set cardinality with up to a logarithmic factor in the
class of simplicial split graphs, the latter being a proper subclass of the classes of connected-
domination triangle, perfect connected-neighbourhood and split graphs. (We define a simpli-
cial split graph as a graph whose vertex set can be partitioned into a simplicial clique and an
independent set.) To our knowledge, this is the first result on the complexity of the corres-
ponding problem in the class of all graphs.

CONNECTED-DOMINATION TRIANGLE GRAPHS

A connected graph G is called domination triangle if for every its minimal dominating
set D and every its edge uv € E(G — D) there exists a vertex w e D that is adjacent to both u
and v (i.e. the vertex set {u, v, w} induces a triangle in the graph G). In other words, every
minimal dominating set of a domination triangle graph is also its neighbourhood set. Domia-
tion triangle graphs were introduced and characterized in [4].

Call a connected graph G connected-domination triangle (a CDT graph for short) if for
every its minimal connected dominating set D and every its edge uv € E(G — D) there exists
a vertex we D that is adjacent to both u and v (i.e. the vertex set {u, v, w} induces a triangle
in the graph G). In other words, every minimal connected dominating set of a CDT graph is
also its (connected) neighbourhood set.

We introduce the following characterization of the class of CDT graphs. Call a vertex
v of a graph G private for the edge e E(G) if N[v] < PN[e].

Theorem 1. For a connected graph G, the following claims are equivalent:

1) Gisa CDT graph;

2) for every edge e € E(G) without private vertices, the graph G — PNJ[e] is discon-
nected.

Proof. 1) = 2). Assume there is an edge uv without private vertices in the CDT graph
G such that the graph G — PN[uv] is connected. Then for every vertex x e PN[uv] the rela-
tion N[x]\ PN[uv]=< holds. Therefore x e N[D], where D=V (G)\PN[uv], i.e. the set
D is a dominating set in the graph G. On the other hand, the graph G(D) =G — PNJ[uv] is
connected, so D is a connected dominating set of the graph G. But D contains no vertex ad-
jacent both to u and v, which leads to a contradiction with the fact that G is a CDT graph.

2) =1). Let the connected graph G be not a CDT graph. Then there exist its con-
nected dominating set D =V (G) and an edge uv e E(G — D) such that every vertex in D is
not adjacent to at least one of the vertices u and v. In particular, this means that
PN[uv]nD=&. If we now assume that the edge uv has a private vertex X, i.e.
N[x] = PN[uv], then N[x] ~ D =, a contradiction with the fact that D is a dominating set.
Thus, the edge uv has no private vertices and the induced subgraph H =G — PN[uv] is dis-
connected. As D <V (G) \ PN[uv] =V (H), the connected induced subgraph G(D) is also a
subgraph of the graph H. It folows that all the vertices of the set D belong to a single con-
nected component of the graph H. But then every vertex of any other connected component
of H is outside of N[D] in the graph G, which is impossible for the dominating set D. This
finishes the proof of the theorem.

Corollary 1. For every CDT graph G, the following equality holds: v (G) = nb,(G).
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Proof. Every connected neighbourhood set of an arbitrary connected graph G is a do-
minating set, so y.(G) <nb,(G). For a CDT graph G the opposite is also true: every con-
nected dominating set of such a graph is a (connected) neighbourhood set, therefore
Y. (G) =nb,(G). This finishes the proof of the corollary.

Theorem 1 implies a straightforward polynomial recognition algorithm for the recogni-
tion of the class of CDT graphs.

PERFECT CONNECTED-NEIGHBOURHOOD GRAPHS

Similar to the notion of perfect connected-domination graphs of [9] (which are shown
to be precisely all the (P;,C;)-free graphs there), we define and characterize the following

class of graphs.
Call a graph G perfect connected-neighbourhood (a PCN graph for short) if for every

its connected induced subgraph H, the equality nb(H) =nb, (H) holds.
Theorem 2. A graph G is a PCN graph if and only if it is a (P;,C,,C.)-free graph

(fig. 2).
N
r 1)

Ps Cs Cs

Fig. 2. Minimal forbidden induced subgraphs for the class of PCN graphs

The proof of this theorem is similar to the proof of the corresponding characterization
in [9] and is omitted for brevity.
Corollary 2. Every split graph G is a PCN graph. In particular, if G is connected, then

nb(G) =nb, (G).
Proof. It is easy to check that every split graph does not contain induced paths and
cycles of length more than 3. This also follows from the characterization of the class of split

graphs [5, 6], according to which a graph is split if and only if it is (2K,,C,,C.)-free
(because the graph 2K, is an induced subgraph of a simple path P,). This proves the
corollary.

HARDNESS OF APPROXIMATION
FOR THE CONNECTED NEIGHBOURHOOD NUMBER

We adopt the terminology of [8] for the computational complexity-theoretic notions.

It is easy to show the validity of the following relation (we omit the proof).

Theorem 3. The equality y.(G) =v(G) holds for every connected split graph G.

Together with corollaries 1 and 2, this implies that for every connected simplicial split
graph G, we have y(G) =v.(G) =nb,(G) =nb(G). As every such graph is a domination tri-
angle (or edge-simplicial) graph [4], we arrive to the following result on the inapproximabili-
ty of these parameters in connected simplicial split graphs.
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Theorem 4. It is NP-hard to approximate the domination number y(G), the connected
domination number y (G), the neighbourhood number nb(G) and the connected neigh-

bourhood number nb, (G) within the factor of «Inn for arbitrary connected simplicial split

graphs G of order n, where « is a fixed constant.

The theorem follows from the proof of the more special result in [4] where the
inapproximability of domination and neighbourhood numbers is considered in domination
triangle graphs. It can be seen that the proof there remains valid in the class of connected
simplicial split graphs, and applying theorem 3 this proves theorem 4.

Theorem 4 establishes the first result on the hardness for the connected neighbourhood
set problem in the class of all graphs.

This work has been partially supported by the Belarusian Republican Foundation for
Fundamental Research (project no. FI5SMLD-022).
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