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Abstract—Some problems in the schematic realization of basic operations of modular arithmetic
(operations of addition and multiplication modulo 5 and modulo 7) for the case of data representation
in unitary codes are considered. Single-level logical schemes of modular adders and multipliers syn-
thesized using EXCLUSIVE OR with a threshold are presented. These logical schemes are more effi-
cient (in both complexity and depth) than the existing analogs.
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1. INTRODUCTION

It is known [1, 2] that the apparatus of modular arithmetic makes it possible to enhance the perfor-
mance of computer mechanisms due to parallel and independent processing of digital signals. In addition,
the modular representation of data provides the more reliable detection and correction of errors for its
storage and transfer as well as for executing arithmetic operations.

At present, there are methods for synthesizing adders and multipliers (units for the multiplication of
numbers) if the input and output operands are represented in unitary codes [3—6]. The interest in the data
representation in unitary codes is explained by the fact that the unitary coding is widely used in circuit
technology, automata theory, neural networks, and other fields of science and technology dealing with
data transfer and transformation.

This work considers some problems of synthesizing single-level logical schemes of adders and multi-
pliers in unitary codes modulo 5 and modulo 7. The logical schemes synthesized here contain EXCLU-
SIVE OR elements with a given threshold. Due to their peak performance, these logical schemes are more
preferable than their existing analogs. In addition, the synthesized schemes have low constructive com-
plexity, which is controlled by the number of inputs of logical elements.

2. MAIN CONCEPTS AND PROPERTIES
Unitary codes are widely used in computers as a means of data representation [2, 3].

An operand A4 in a unitary code modulo P is represented through a p-unit binary vector (ay, a,, ..., a,_,),
where g, = 1 if and only if 4 = k(mod P), where k=0, 1, ...,p — 1.
It follows from this definition that the binary vector (ay, a, ..., a,_,) contains exactly a single unity;
therefore, ay + a, + ... + a,_,; = 1. Because 1 —a, = a_o, we have
a+ay+...+a, :a_o. (1)

Equality (1) can be generalized in the following way:
i+ai+1+...+ap_l=a_0+471+...+5i, 2
where 0 <i<p— 2.
As in [6], computer mechanisms realizing the operations of addition A + B = .§ and multiplication
A - B= R in unitary codes modulo P are denoted as N, (modular adder) and I, (modular multiplier),

respectively. The input A and B and output S and R operands in unitary codes are given through p-unit
binary vectors:
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SINGLE-LEVEL SCHEMATIC REALIZATION OF BASIC OPERATIONS 71

A=(a0,al,...,ap,1), Bz(bODbIJ"‘prfl)J SZ(SO’SI""’Spfl)J al’ld R=(l’0,l’1,...,rp,1),
where s, = 1 and r, = 1 ifand only if A + B= k (mod P) and A4 - B= k (mod P), respectively; where k = 0,
lL,....,p—1.

The main property of the logical functions

Sy = Si(ay, ay, ..., a,_y, by, by, ..., b, ) and R, = R(ay, ay, ..., a,_, by, by, ..., b,_1),

which are realized on outputs of units )1, and I, respectively, where k=0, 1, ..., p — 1, is formulated in
[6] in the form of the following two propositions.

Proposition 1. The logical function satisfies the condition S, = 1 if and only if
a;+b;=2,wherei+j=k(mod P)andi,j=0,1,...,p— 1.

Proposition 2. The logical function satisfies the condition R, = 1 if and only if
a;+b,=2,wherei-j=k(mod P)andi,j=0,1,...,p— 1.

Hereafter, as a criterion for the optimality of the single-level logical schemes S(),) and S(N,), we use
their complexity /(J1,) and /(N,) (the number of inputs of logical units) and the number of external out-
puts m(IM,) and m(N,).

This paper investigates the problem of the synthesis of single-level logical schemes S(N,) and S(H,)
under the condition that P=5and P=7.

3. ADDITION OF UNITARY CODES MODULO 5
Let us consider the operation of addition 4 + B =S (mod 5) in unitary codes, where
A= (ay, a,, ay, as, as), B=(by, by, by, b3, by), S = (s, 51, $2, 53, S4), and s, = 1 if and only if
A+ B=k(mod5)and k=0, 1, 2, 3, 4.

It follows from statement 1 that the logical functions S, .5}, S,, 53, and S, realized at outputs of the
modular adder ), can be expressed as the following conditions:

« So=lifandonlyifay,+ by=2,a, +b,=2,a,+ b;=2,a;+ b,=2,0ra,+ b, =2;
« S,=1ifandonlyifay,+ b, =2,a,+by=2,a,+ b,=2,a;+ by=2,0ra,+ b, =2;
« S,=1lifandonlyifa,+ b,=2,a, +b,=2,a,+ by=2,a,+ by,=2,0ra,+ b;=2;
» S3=lifandonlyifay,+ b;=2,a, +b,=2,a,+ b,=2,a,+by=2,0ra,+ by =2;
» Sy=l1lifandonlyifay,+ b,=2,a, +b3=2,a,+ b,=2,a;+ b, =2,0ra,+ b,=2.

In view of the fact that each of the unitary codes 4 = (a,, a,, a,, as, a,) and B = (b, b, b,, b5, b,) con-
tains just a single unity, the logical functions S, 5}, 55, S5, and S, can be expressed analytically as the fol-
lowing equations:

S - {l,ifa0+2a1+3a2+4a3+5a4+5b0+b1+2b2+3b3+4b4 =0,
0, otherwise,

S - {1,ifa0+2al+3a2+4a3+5a4+4b0+5b1+b2+2b3+3b4 =6,
0, otherwise,

g - {l,ifa0+2a1+3a2+4a3+5a4+3b0+4b1+5b2+b3+2b4 =6, )

? 0, otherwise,

g - {l,ifa0+2al+3a2+4a3+5a4+2b0+3b1+4b2+5b3+b4 =6,
0, otherwise,

=6,

S - {l,ifa0+2al+3a2+4a3+5a4+b0+2b1+3b2+4b3+5b4 =

0, otherwise.
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72 SUPRUN

The logical scheme S, (IN,) of the adder N, synthesized on the basis of equations (3), contains five elements
of EXCLUSIVE OR with a threshold of 6 Patent for invention of Republic of Belarus 13821. The constructive
complexity of the scheme S,(),) is /() = 150 and the number of its external outputs is m(N ) = 15.

Because ay + a, + a, + a; + a,=1and b, + b, + b, + by + b, = 1, the system of equations (3) yields the
following:

g = l,ifa,+2a,+3a;+4a,+4by+ b, + 2b;+ 3b, = 4,
’ 0, otherwise,
g - {l,ifal+2a2+3a3+4a4+3b0+4b1+b3+2b4 = 4,
1 0, otherwise,
l,ifa,+2a,+3a;+4a,+2by,+3b,+4b, + b, = 4,
S, = _ (4)
0, otherwise,
g - {l,ifal+2a2+3a3+4a4+b0+2b1+3b2+4b3 = 4,
} 0, otherwise,

g - l,ifa,+2a,+3a;+4a,+ b, +2b,+3b;+4b, = 4,
0, otherwise.
The logical scheme S,(N,), synthesized on the basis of equations (4), contains five elements of

EXCLUSIVE OR with a threshold of 4 and has the following characteristics: /(0,) = 100 and m(N,) = 14.
We further simplify equations (4) by using property (1). Because

a1+az+a3+a4=a_o, b0+b2+b3+b4=b_l, b0+b1+b3+b4=b_2, b0+b1+b2+b4=b_3,

by+b,+b,+by = b, and b, +b,+bs+b, = by,

the system of equations (4) is equivalent to the following system of equations:

g - {l,ifa_0+a2+2a3+3a4+3b0+b_1+b3+2b4 = 4,
| =

0, otherwise,

g _ {1,1fc70+a2+2a3+3a4+2b0+3b1+b_2+b4 = 4,
=

0, otherwise,

1,if ay+a, + 2a;+ 3a, + by + 2b, + 3b, + b, = 4,
S2 :{ 0 2 3 4 0 1 2 3 (5)

0, otherwise,
g _ {1,1fc70+a2+2a3+3a4+b1+2b2+3b3+b_4 = 4,
| =

0, otherwise,
g - {1,ifc70+a2+2a3+3a4+b_0+b2+2b3+3b4 = 4,
| =

0, otherwise.
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SINGLE-LEVEL SCHEMATIC REALIZATION OF BASIC OPERATIONS 73

The logical scheme S3(§R1), synthesized on the basis of equations (5), is shown in Fig. 1a. The scheme
S3(M)) contains five elements of EXCLUSIVE OR with a threshold of 4 and has the following character-
istics: (M) = 70 and m(N,) = 14.

To further simplify the analytical expressions of the functions .5, .5, S5, S5, and S,, we use property (2)
of the unitary binary code. This property yields that

l+a,+as+a, = ag+a,, l+by+by+b, =b+b,, 1+b,+b +b, =b,+b,,
1+b0+bl+b2=b_3+b_4, 1+b1+b2+b3=b_0+b_4 and 1+b2+b3+b4=b_0+b_1.

In that case, we obtain from (5) the system of equations

g - {1,if2a_0+671+a3+2a4+2b0+2b_1+b_2+b4 = 6,
0

0, otherwise,

~ {1,if2a_0+c71+a3+2a4+b0+2b1+2b_2+b_3 = 6,

0, otherwise,

S2:{1,if2a_0+c71+a3+2a4+b1+2b2+2b_3+b_4=6, 6)

0, otherwise,

g - {l,if2a_0+;1+a3+2a4+b_0+b2+2b3+2b_4 =6,
L=

0, otherwise,

S = {l,if2a_0+571+a3+2a4+2b_0+b_1+b3+2b4 =0,
=

0, otherwise.

The logical scheme S,(),) synthesized on the basis of equations (6) is shown in Fig. 1b. The logical
scheme S,(N,) contains five elements of EXCLUSIVE OR with a threshold of 6 and has the following
characteristics: /() = 60 and m(N,) = 14.

The synthesized logical schemes S,(,), S;(N,), and S,(N,) of the modular adder N, designed for
executing the operation 4 + B =5 (mod 5) in unitary codes, are superior (in complexity and/or depth) to
existing analogs (see, for example, Patents for invention of Republic of Belarus 2991, 10834, and 13821).

4. MULTIPLICATION OF UNITARY CODES MODULO 5
Let us consider the operation of multiplication A - B= R (mod 5) in unitary codes, where
A= (ay, a, ay, as, a3), B= (by, by, b,, b3, by), R= (ry, 1|, 15, 13, 1y), and r, = 1 if and only if
A-B=k(mod5)andk=0,1,2,3,4.

Proposition 2 yields that the logical functions R, R,, R,, R;, and Ry, realized on outputs of the modular
multiplier N,, can be expressed as the following conditions:

* Ry=1lifandonlyifa,=1orb,=1;

* Ry=1lifandonlyifa, + b, =2,a,+b3=2,a,+b,=2,0ra, + b, =2;
* Ry=1ifandonlyifa, + b,=2,a,+ b, =2,a;+ b,=2,0ra, + b;=2;
* Ry=1ifandonlyifa, + b3=2,a,+ by=2,a;+ b, =2,0ra,+ b, =2;

* Ry=1ifandonlyifa, + b,=2,a,+b,=2,a;+ b3=2,0ra, + b, =2.
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Fig. 1. Logical scheme of the modular adder I ;: (a) scheme S3(I,); (b) scheme Sy(N).

Because each of the unitary codes 4 = (a,, a,, a,, as, a,) and B= (b, b,, b,, b5, b,) contains just a single
unity, the logical functions R, R, R,, R;, and R,, can be expressed analytically as the following equations:

RO = aovbo,

0, otherwise,

l,ifa, +2a,+3a;+4a,+3b,+4b,+ b;+2b, =

0, otherwise,

0, otherwise,

3 {l,ifal+2az+3a3+4a4+2b1+b2+4b3+3b4 =
_ {1,ifa1+2a2+3a3+4a4+b1+3b2+2b3+4b4 =

0, otherwise.
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SINGLE-LEVEL SCHEMATIC REALIZATION OF BASIC OPERATIONS 75

The logical scheme Sl(iﬁz) of the multiplier ERZ, synthesized on the basis of equations (7), contains an
element OR and four elements of EXCLUSIVE OR with a threshold of 5 (Patent for invention of Republic
of Belarus 13493). The scheme S,(),) has a constructive complexity /() = 82 and the number of external
outputs m(M,) = 15.

System of equations (7) is simplified by analogy with the simplification of system of equations (4).
Because a; + a, +a; +ay = a_0 and b, + b, + b3+ b, = b_o, system of equations (7) yields

RO = ao\/bo,

2 - {l,ifa_o+a2+2a3+3a4+b_0+3bl+b2+2b3 =5,
=
0, otherwise,
R - {1,ichO+az+2aS+3a4+b_0+2bl+3b2+b4 = 5,
) =
0, otherwise, (8)
2 - {l,ifa_0+a2+2a3+3a4+b_0+bl+3b3+2b4 =5,
, =
0, otherwise,
=5,

R - {1,ifc?0+a2+2a3+3a4+b_0+2b2+b3+3b4
4
0, otherwise.

The logical scheme S,(),) synthesized on the basis of equations (8) is shown in Fig. 2a. The scheme
S,(IM,) contains an element OR and four elements of EXCLUSIVE OR with a threshold of 5 and has the
following characteristics: /(),) = 58 and m(N,) = 14.

To simplify system of equations (8), we use property (2) of the unitary binary code. This property yields that

l+a,+a;+a, = a_0+c71, 1+b,+b,+b; = b_0+b_4, 1+b,+b,+b, = b_o+b_3,

1+b,+by+b, = by+b,, and 1+b,+bs+b,=by+b,.

Using the above equalities, we obtain the system of equations

RO = aovbo,

R - {l,if2a_0+c71+a3+2a4+2b_0+2b1+b3+b_4 =7,
| =

0, otherwise,
R _{l,if2a_0+;1+a3+2a4+2b_0+b1+2b2+b_3=7,
, =

0, otherwise, )
R. = {l,if2a_0+a_1+a3+2a4+2b_0+b_2+2b3+b4 =7,
;=

0, otherwise,

=17,

R = {l,ifZa_O+c71+a3+2a4+2b_0+b_1+b2+2b4
Y =

0, otherwise.
The logical scheme S;(N,) of the modular multiplier I1,, synthesized on the basis of equations (9), is

shown in Fig. 2b. The scheme S5(NM,) contains an element OR and four elements of EXCLUSIVE OR
with a threshold of 7 and has the following characteristics: /(),) = 50 and m(N,) = 14.
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Fig. 2. Logical scheme of the modular multiplier Ii5: (a) scheme Sy(N,); (b) scheme S3(N,).

The logical schemes S,()M,) and S;(N,) of the modular multiplier I, designed for executing the oper-
ation A - B = R (mod 5) in unitary codes, are superior (in complexity and/or depth) to existing analogs
(see, for example, Patents for invention of Republic of Belarus 10531, 10652, and 13493).

5. ADDITION OF UNITARY CODES MODULO 7
Let us consider the operation of addition 4 + B = .5 (mod 7) in unitary codes, where
A= (ay, a,, ay, as, ay, as, ag), B= (by, b\, by, b3, by, bs, bg), S = (s, S|, S, §3, S4, S5, S), and s, = 1
ifand onlyif A+ B=k(mod7)and k=0,1, ..., 6.

It follows from statement 1 that the logical functions S, .5, S,, S5, S4, 55, and S, realized at outputs of
the modular adder Sﬁl, can be expressed as the following system of equations:

S = {1,ifa0+2al+3a2+4a3+5a4+6a5+7a6+7b0+b1+2b2+3b3+4b4+5b5+6b6 =8,
0, otherwise,

S = {1,ifa0+2a,+3a2+4a3+5a4+6a5+7a6+6b0+7b1+b2+2b3+3b4+4b5+5b6 = 8,
0, otherwise,

= 8,

S = {l,ifa0+2al+3a2+4a3+5a4+6a5+7a6+5b0+6b,+7b2+b3+2b4+3b5+4b6

0, otherwise,

AUTOMATIC CONTROL AND COMPUTER SCIENCES  VWl. 45 No.2 2011



SINGLE-LEVEL SCHEMATIC REALIZATION OF BASIC OPERATIONS 77

S = {l,ifa0+2al+3a2+4a3+5a4+6a5+7a6+4b0+5b1+6b2+7b3+b4+2b5+3b6 = 8,
’ 0, otherwise,
s {l,ifa0+2a1+3a2+4a3+5a4+6a5+7a6+3b0+4b]+5b2+6b3+7b4+b5+2b6 =8,
4 =
0, otherwise,
S = {l,ifa0+2al+3a2+4a3+5a4+6a5+7a6+2b0+3b1+4b2+5b3+6b4+7b5+b6 = 8,
’ 0, otherwise,

S = {1,ifa0+2al+3a2+4a3+5a4+6a5+7a6+b0+2b1+3b2+4b3+5b4+6b5+7b6 = 8,

0, otherwise.

If this system of equations is transformed by analogy with the transformation of equations (3)—(5), we
obtain the system of equations

g - {l,if3a_()+2a_1+a_2+a4+205+3a(,+3b0+3b_1+2b_2+b_3+b5+2b6 = 12,
| =

0, otherwise,

s _{1,if3a_0+2a_1+a_2+a4+2a5+3a6+2b0+3b1+3b_2+2b_3+b_4+b6 = 12,
=

0, otherwise,
g - {l,if3a_0+2a_1+a_2+a4+2a5+3a()+b0+2b1+3b2+3b_3+2b_4+b_5 = 12,
) =

0, otherwise,
. - {1,if3¢70+2¢71+a_2+a4+2as+3a6+bl+2b2+3193+3b_4+2b_5+b_6 =12, (10)
L =

0, otherwise,
g - {1,if3a_0+2a_1+a_2+a4+205+3a6+b_0+b2+2b3+3b4+3b_5+2b_6 = 12,
L =

0, otherwise,
5 - {1,if3a_0+2471+a_2+a4+2c15+3a6+2b_0+b_1+b3+2b4+3b5+3b_6 = 12,
S =

0, otherwise,
5 - {l,if3a_0+2a_1+a_2+a4+205+3aé+3b_0+2b_1+b_2+b4+2b5+3b6 = 12,
=

0, otherwise.

If the modular adder ), is synthesized on the basis of equations (10), the single-level scheme S(N,)
contains seven elements of EXCLUSIVE OR with a threshold of 12. In this case, we have the following:
I(N)) = 168 and m(N,) = 20.

6. MULTIPLICATION OF UNITARY CODES MODULO 7
Let us consider the operation of multiplication 4 - B = R (mod 7) in unitary codes, where
A = (a(]a al’ a27 a37 a45 aSa a6): B= (bOJ bl: b2: b37 b47 b57 bG)J R = (r07 rl: r25 r39 r49 r57 rﬁ)v and rk= 1

ifandonlyifA- B=k(mod7)andk=0,1, ..., 6.
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Proposition 2 yields that the logical functions R, R,, R,, R;, R, Rs, and R, realized on outputs of the
modular multiplier )N,, can be expressed as the following system of equations:

RO = ao\/bo,

1,ifa, +2a,+ 3a;+4a,+ S5as+ 6a,+ 6b, + 3by, + 2b5+ 5b, + 4bs+ b = 7,

0, otherwise,

1,ifa, + 2a,+ 3a;+4a,+ Sas+ 6as+ 5b, + 6b, + 4b5+ 3b, + b5+ 2b, = 7,

0, otherwise,

0, otherwise,

1,ifa, + 2a,+ 3a;+4a,+ Sas+ 6as+ 3b, + 5by, + b5+ 6b,+ 2bs+4bs = 7,

0, otherwise.

2 {l,ifal+2a2+3a3+4a4+5a5+6a6+4b1+2b2+6b3+b4+5b5+3b6 =17,
3:
~ {l,ifal+2a2+3a3+4a4+5a5+6a6+2b1+b2+3b3+4b4+6b5+5b6 =17,

0, otherwise.

R = {l,ifal+2¢12+3a3+4a4+5as+6a6+b1+41)2+5b3+2b4+3b5+6b6 =17,

0, otherwise.

Transforming the above-given system of equations by analogy with simplified system (7), we obtain the
system of equations

RO = aovbo,

R {1,if3c70+2c71+a_2+a4+2a5+3a6+3b_0+3b1+b_3+2b4+b5+2b_6 = 13,
=

0, otherwise,
R - {1,if3a_0+2a_1+c72+a4+2a5+3a6+3b_0+2b,+3b2+b3+2b_5+b_6 = 13,
, =

0, otherwise,
R - {1,if3c70+2c71+;2+a4+2a5+3a6+3b_0+b1+b_2+3b3+2b_4+2b5 = 13,
s =

0, otherwise, (11)
R - {1,if3c70+2c71+a_2+a4+2as+3a6+3170+2bz+2b_3+31)4+175+b6 = 13,
) =

0, otherwise.
R {1,if3a_o+2c71+a_2+a4+2a5+3a6+3b_0+b_1+2b_2+b4+3b5+2b6 = 13,
s =

0, otherwise.
R - {1,if3a_0+2a_1+a_2+a4+2a5+3a6+3b_0+2b_1+b2+2b3+b_4+3b6 = 13,
. =

0, otherwise.

The logical scheme S(N,) of the modular multiplier N,, synthesized on the basis of equations (11),
contains an element OR and six elements of EXCLUSIVE OR with a threshold of 13. The complexity and
number of outputs of the scheme S(N,) are I(N,) = 146 and m(N,) = 20, respectively.
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7. CONCLUSIONS

This paper proposes analytical expressions for logical functions that are realized at outputs of the mod-
ular adder and modular multiplier in unitary codes for P= 5 and P = 7. Note that single-level schemes of
the modular adder I, and modular multiplier N, for P = 3 can be found in [6].

The logical schemes S,(),) and S;(N,), which are optimal by complexity and depth, can be efficiently
used for synthesizing logical schemes S()M) of computer mechanisms of modular arithmetic ) designed for
the realization in unitary codes of more complex arithmetic operations than addition and multiplication.
Examples of such “complex” operations are the following: (4+ B) + C=S5,(4- B)C=R,(A+ B)C=R,
A-B+C=S5,A+B)+(C+D)=S,(A-B)(C-D)=R A-B+C-D=S,and(4+ B)(C+ D)=R. 1t
should be noted that the logical schemes S()M) of the computer mechanism )N can be synthesized with the
help of the method of block-structural synthesis [7].

Analytical expressions (6), (9), (10), and (11) of the logical functions realized at outputs of the modular
adders I, and the modular multipliers N, are generalized to the case P = 2k + 1, where k > 1. Here, the
complexity of the optimal single-level logical schemes S(,) and S(N,) is calculated by the formulas
I(N) = 2k(k + 1)(2k + 1) and I(N,) = 4k>(k + 1) + 2, and the number of external outputs is m()N,) =
m(iffz) =3P 1.

All the logical schemes of the modular adders ), and the modular multipliers i, mentioned in this
paper have been patented in the Republic of Belarus.
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