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Abstract

Let all vertices of a complete binary tree of finite height be independently
and equiprobably labeled by the elements of some finite alphabet. We consider
the numbers of pairs of identical tuples of labels on chains of subsequent vertices
in the tree. Exact formulae for the expectations of these numbers are obtained.
Convergence to the compound Poisson distribution is proved.
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Let T3 be a complete binary tree of height n with root * and n layers of vertices;
we enumerate 2¥ elements of the set I®) of the k-th layer vertices (k = 1,2,...,n)
by binary strings ¢ = (iy,4a,...,4;) € {0,1}*. So the unique vertex * of layer I(®
is connected by two outcoming edges with vertices of layer I and any vertex i =

(31,42, ...,i;) € I® 1 <k <n—1,is connected by two outcoming edges with vertices
i' = (i1, 99, . ..,10,0) and ¢ = (i1, 4, ... 4, 1) of layer I*+*1) Vertex i = (iy, 14y, ..., ix)
has incoming edge from vertice i~ = (i1,42,...,ix_1) for & > 1 and from root *x =

(0)~ = (1) for k = 1. Each vertex i of the tree T3 defines subtree consisting of this
vertex and all vertices of next layers that are connected to ¢ with edges.

We can define natural lexicographical order on the set of vertices of T3 : ¢ =
(11, yik) < J = (J1,...,gn) if either i = %,j # %, or 1 <k < h,or 1 <k = h and
S 2P < SO 5,287 For vertex i = (i1, g, ..., ix) € 1™,k > 0, the chain
C; of length [ is a sequence of [ vertices

(Z‘]_,Z.Q, “e . ,ik), (il,iQ, N ,Zk,lk+]_)7 ce ey (il,iQ, N ,/L'k7ik+]_7 N ,/LkJrlfl)

connected by edges. Denote these vertices of the chain C; by C;[0], C;[1], ..., C;i[l — 1].
We will refer to the vertex 7 as the initial vertex of chain C; and to the vertex
(41,49, « -+« Uy Bty - - -, Ipag—1) as its final vertex. It’s easy to see that the final ver-
tex and length [ explicitly define the chain, so we can introduce order on the set of
chains of the fixed length [: C; < C} if and only if C;[l — 1] < C}[l — 1]. Denote by P
the set of ordered pairs of nonintersecting chains (C;, C;),i < j.

It is easy to check that chains C; and C; intersect if and only if either C;[0] € C; or
C;[0] € C;. The total number of vertices in the tree T3 is equal to 1 +2+ ... +2" =
2"+t — 1 and the total number of chains of the length [ in the tree Ty is equal to the
number of their final vertices | Uj_;_; IV =207t 4 4 2n = on+l _ol—1,

Let any vertex i in tree T3 be assigned with a random label m(i) from the set
{1,...,d} so that variables m(i), i € Ty, are independent and P{m(i) = j} = % ,j €
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{1,...,d}, for all i € T3'. So, for any chain C; of length [ we have a random tuple of
labels

M(C;) = (m(C;[0]), m(C5[1]), . .., m(Cy[l — 1])).
Obviously, if all chains C;,, ..., C;, are nonintersecting, then the corresponding tuples

of labels M (Cj;,), ..., M(C;,) are independent and equiprobably distributed on the set

{1,...,d}".
We consider the distribution of the number of pairs (C;, C;), 1
length [ in the tree T3 with identical tuples of labels (i.e. M (C’)

number of such pairs is equal to

Va= Y H{M(C) = M(C)}:

(Ci,Cj)E’P

< 7, of chains of
= ( 7). Total

the alphabet size d is supposed to be fixed.
Probability of the event {M (C;) = M(C;)} depends on the character of intersection

. .. . 0
of chains C; and C}, so we divide the sum V,,; into several parts: sum Vn( l) over the
nonintersecting chains, sum V!, over intersecting chains with different initial vertices,
sum V), . over chains with common initial vertices:

Vi = +V,z+z ol ks

VY = ST H{M(G) = M(Cy)},

(Ci,Cj)EP: CiﬂCjZ(Z)

= > I{M(C;) = M(Cy)},

(Ci,Cj)eP: Cz‘ﬂCj;ﬁﬂci [0}7&03‘ [0]

= 2 H{M(Ci) = M(C)}, 1 <k <L
(Ci:C})EP:|CinC{|=k,Ci[0]=C;[0]

Theorem 1. The following equalities are valid

EV(O) _ % (22n+1 — 5.on-1+l + on+l + 22l72l) 7 Zf 20-1< n,
w22 5 n 902y [ 4)) | if 2 — 1>,
gy - Jar (@71 =12 =222 - 1)), if 20-1<n,
L@ttt =2 =222 (n—1+1)), if 20—1>n,
Evritl,k: — dl - (2n 1+2 1)22171973 1<k< l,
ZHEI/” _ 2z —27 1 >l 1
k=1 n,l,k d 1 _ E .
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If M(C;) = M(C;) and i~ # j~, then M(C;-) = M(C;-) with probability 1/d =
P{m(i") = m(j7)}, and P{M(C;) = M(C})} = 1/d if Ci[0] = C3[0], CY[l — 2] =
Cill = 2], C{[l — 1] # Cj[l — 1]. In theorem 2 we propose sufficient conditions and
estimate the weak convergence rate of the number of pairs of nonintersecting chains
C;, C; with M(C;) = M(C;),m(i”) # m(j~) to the compound Poisson distribution.
Such pairs of tuples may be interpreted as coincidences which cannot be shifted to the
root.

Let

Xese, = HM(CH) = M(Cy)om(i™) # m( )} (Cis Cy) € P

if i = %, then the condition m(i~) # m(j~) is supposed to be satisfied. Labels of
vertices are independent and equiprobable, so for (C;, C;) € P we have

_ _ e S R
EXoc, = BI{M(C) = M(C){m(i) # m(j)} = {0 A

Let P C P be the set of pairs (Cy,Cy),i € 1™ j € 1) of nonintersecting chains such
that if the vertex j belongs to a subtree with root ¢, then v; > v; + 2{ — 1. Define

o ~
WY Ko Tue Y Xeo
(C3,C5)€P: CiNC;=0 (Ci,Cj)EP

Lemma 1. The following equalities are valid

EV)" =

n,l

{ dl_+11 (22n+1 —6- 2n+l71 + 2n+1 + 22l72(l + 1)) , ’Lf 20 — 1 S n,
—1

SL (22— 6 2n T 4 2272 (n — [+ 5)) if 20—1>n.

BV — Lo 2 < BV, < BV

n,l
Corollary 1. If n,l — oo in such a way that EVn(S)_ s bounded,
then P{\~/n7l = VTES)_} — 1.

Comparing formulae for EVn((l)) and Evn(‘?* we can mention that under the conditions
of corollary 1 for any coincidence which cannot be shifted to the root there exist in
average ﬁ additional coincidences that may be shifted to root.

Definition 1. Consider a pair of chains (C;, C;) € P such that subtrees of height [ —1
with roots in vertices ¢ an j do not intersect. Define

1
k= EP {Z(c;,c;)epxcécé - k‘ Xeo; = 1}, k=1,2,...

Definition 2. The compound Poisson distribution C'P(r) is the distribution of random

variable
Z k€
— k1 ks

where &1,&,, ... are independent and for any £ > 1 random variable & has Poisson
distribution with parameter 7.
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Theorem 2. Ifn,l — oo in such a way that 2% = o(2") and

. d _ 1 22n+1
BV ==

then there exists (I,n) such that e(I,n) = o(1) and

(14+0(1)) = X € (0,00),

Al £(Ton), CP(m) = 5 S [P{Tos = ) — P{E, = b} <

2 92l

< 2H(r) (BVor) 5. (L4 e(n) = 0,

on
. 1 >
where Hy(m) < min (1, —) - exp <Z 7rk> :

Uy k=1

References

[1] Erhardsson T. Stein’s method for Poisson and compound Poisson approximation.
— In Barbour A.D., Chen L.H.Y. (ed.) An introduction to Stein’s method, Sin-

gapore Univ. Press, 2005, p.61-113.

[2] Hoffmann C.M., O’Donnell M.J. (1982). Pattern matching in trees. J. ACM.

Vol. 29:1, pp. 68-95.

[3] Steyaert J.-M., Flajolet P. (1983). Patterns and pattern-matching in trees: an

analysis. Inf. & Control. Vol. 58:1, pp. 19-58.

[4] Zubkov A.M., Mikhailov V.G. (1974). Limit distributions of random variables
associated with long duplications in a sequence of independent trials. Teoriya
veroyatn. primen. Vol. 19:1, pp. 173-181 (in Russian; translated: Theory Probab.

Appl. Vol. 19:1, pp. 172-179).

193



