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Abstract

The problem of sequential testing of simple hypotheses for time series with a
trend is considered. Analytical expressions and asymptotic expansions of error
probabilities and expected numbers of observations are obtained. The result is
illustrated numerically.
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1 Introduction

The sequential approach to test parametric hypotheses was proposed by Wald (see [6])
and is applied in many practical problems of statistical data analysis. The problem of
sequential test characteristics (error probabilities and expected number of observations)
evaluation is well studied for the case of identical distribution of observations (see [1] —
[6]). In this paper, the model of non-identical distribution is considered.

Let x1,x9, ... be observations of time series with a trend:

zy=0TY(t)+ &, =1,2,3, .., (1)

where ¥(t) = (1(t),Vo(t), ..., Ym(t))T, t > 1, are the vectors of basic functions of

trend, 6 = (01,60, ...,0,,)T € R™ is an unknown vector of coefficients, and {&;,t > 1} is

the sequence of independent identically distributed random variables, & ~ N(0, 02).
Consider two simple hypotheses:

Hy:0=0°H, :0=0" (2)

where 6°, 0! € R™ are known vectors.
Denote the accumulated log-likelihood ratio statistic:

An:An(xtha”'?xn) :ZAM (3)
t=1

pt<xt7 61)

Pt (xta 60)
and p;(z,0) is the probability density function of z; provided the parameter value is 6.

where \; = In ( ) is the log-likelihood ratio calculated on the observation x,
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To test these hypotheses, after n observations one makes the decision:

d= 1[C+,+oo) (An) +2- 1(0_,C+)(An)~ (4)

The thresholds C_ and C are the parameters of the test. Decisions d =0 and d =1
mean stopping of the observation process and acceptance of Hy or H; correspondently.
1
According to Wald (see [6]) we use Cy = In ( ﬁo) and C_ =In (1 fo ), where
Qo — Oy
ap, By are the given values for probability errors of types I and II respectively.

2 Main results

Introduce the notation: E®)(.), D®)(.) are conditional expected value and variance
provided hypothesis Hy, is true (k = 0,1); for n > 1,

0 __ pl\T T 0__pl 1)kt 2 n _1)kt+1g2
o OOV =0 oy (DG S U
o 2

1

0, otherwise;

) Z 2 '7
A, = {aij}nxna aij = { j Xn = ()\1’ Az, oo )‘n)Ta

T = (A Aoy AT = A X, i) = A,BW(X,), 81, = A,Cov(X,,, X,) AL

®(-) is the cumulative distribution function of the standard normal distribution N (0, 1).
Put N =inf{n e N: A, ¢ (C_,Cy)}, T = (0°—0")(6°—6")T and H,, = > | ¥ (i)yT ().
Let a, 8 be the factual values of the error type I and II probabilities for test (3), (4).

Theorem 1. If the trace of the matriz I'H,, tends to +00 when n — 400, then the
test terminates finitely with probability 1.

Proof. The proof is derived from the fact that P,(N > n) < Py(A, € (C_,C,)). O

Corollary 1. If tr{I'H,} is bounded, then there exists a positive constant L so that
s2 — L when n — +o0o. In this case, we have:

lim P(A, € (C_,CL) =@ <20+ Q(V_)ML> ® (20‘ 2(¢_)ML> -0,

Theorem 2. Under the Theorem 1 condition following expressions are valid for the
characteristics of test (2):

Cy Cy Cy ‘
=1+ Z/ dsl/ ds;_q. / n;(s, u¥ , X1, )dsy, k=0,1;
—+00 C+ C+ ([))
= / 517 Ml 70-1 dsl + Z/ / dsz 1-- / ni(*sa MTi aZTi)dsla
_ C_

Ct
o o oy

5:/ 31,,u1 ,01 dsl—l—Z/ dsi/ dsi_l.../ ni(s,u(Tli),ZTi)dsl.
oo _ (o
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Proof. The results above are proved directly by using the properties of multivariate
normal distributions. [

Corollary 2. Under the Theorem 1 condition, the following inequalities hold:

E®(N) <1+ Z/ ny (z, ¥ 82)dx, k= 0,1;

C *°° C
a<l-9 ( - ) / / ny (2, m 52 g (y, & + ", o?)dady,

+oo
S Z S M W 2y
/8 = o1 + nl(x7mi—178i71)n1<y7‘r +/'L'L 7Ji) ray,
i=p /o0 JCO-

h —(’f)_(l)k+1z N2 N N2 2
where m; = Z(l—i—l—j)aj,si—z(z—l—l—])a

To construct asymptotic expansions, split the state space of A, into K + 2 cells:

Ay = (=00,C_), A; = [Ci1,Ci), i = 1, K, Ag4 = [C, +00)

c,—-C_ . —

O_:Co<cl<CQ<...<CK:O+,Ci:C_—i"ih,h: K ,izl,K.

Denote fgf (x) = ({x —hC’_} + 1) L cn(@) + (K +1) - 1o, 400)(2).

For the random sequence A,,, let us introduce the discrete random sequence Z,, with
the finite state space V = {0,1,..., K +1}. Put Z; = f5* (A1) and for n > 2:

0, if Z,_1 =0,
Zn=q K+1, it Z, 1 =K+1,
*(A,),  otherwise.
In this case, Z, is an inhomogeneous Markov chain with a finite state space

{0,..., K 4+ 1}, in which 0 and K + 1 are absorbing states. In order to simplify the
notation, let us renumerate the states space of Z,,: V = {{0},{K + 1},{1},.... {K}}.

Introduce the notation:

) /i I Ooxk , n) (i n) (i
P! )(9 ) = ( Rn(29i) Q;(QZ) ) , i=0,1;P )(9 )= {pl(cl (6°)} (rc+2)x (1 +2)

fA nl(yv ms)—b 512171> fAl 77,1 r,y+ ,ugbz)7 Ug)d&?dy

pkl (Ql) s i 5
-[Ak nl(y7 51)17 Sh— l)dy
+o0 k+1 +oo kK
SO =Ix+ Y [[@i0), BO) = Ra(0") + > [ Qi(0") Resr (6);
k=1 j=1 k=2 j=1

Byj(+) is the j**-column of matrix B(-), 7(f") is the probability distribution of Z;, 1y
is the vector of size K with all components equal to 1, t(6") = E(N|6"),i =0, 1.
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Theorem 3. If inf, tr(Ty(n)y(n)) > C,C = const > 0, then the characteristics of
the test (2) satisfy the following expansions:

t(0") = 14 (m(6") S(6) - 1x + O(h), i =0, 1;
a = (1(6°)) Buay(6°) + mr41(0°) + O(h), B = (m(0")) By (6") + mo(6") + O(h).

Proof. The approximations are derived from properties of inhomogeneous Markov
chains. ]

3 Numerical results

The probability model (1) was considered and the hypotheses (2) were tested by (3),
(4) with the following values of parameters:

m=4,0 = 2,¢(t) = (1,t/10,+/100,*/1000)", 6" = (1,2,3,0.9)", 0" = (1,1,1,1)".

The infinite sum was limited to 1000 summands. The thresholds C'"_, C'; were calculated
according to Wald. Denote the sample estimate of a characteristic v with Monte-Carlo
method by 4. The number of runs used in this method was 100 000. The results of
Corollary 2 are given in Table 1, where t; = E(N|0"),i =0, 1.

a | Bo | a< B < & B EOWN)< | ED(N) < | f t

0.1 | 0.1 | 0.0545 | 0.0545 | 0.0477 | 0.0480 12.674 12.674 9.428 | 9.434
0.05 | 0.05 | 0.0230 | 0.0230 | 0.0207 | 0.0216 13.685 13.685 10.275 | 10.266
0.01 | 0.01 | 0.0037 | 0.0037 | 0.0034 | 0.0036 15.359 15.359 11.532 | 11.538

Table 1. Upper bounds and Monte-Carlo estimates
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