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Abstract. In order to obtain approximate solution of natural frequencies for the free vibration of
anisotropic circular cylindrical shells made of GFRP (glass fiber-reinforced plastic) with asymmetric
boundary conditions, Love’s theory and energy method are used. Computation results show that the
fundamental natural frequency comes from different vibration modes while the winding angle varies,
the effect of number of axial half waves is stronger than number of circumferential waves on natural
frequency of free vibration of anisotropic circular cylindrical shell. The effect of shell’s geometrical
parameters is also investigated on natural frequencies.

Introduction

Recently because of composite materials’ advantages of high intensity and high rigidity, they have
been used widely in many fields of engineering, such as aeronautical and aerospace industries. So
research of vibration characteristics of composite materials cylindrical shells becomes greatly
important. With four different thin shell theories Lam and Loy [1] researched free vibrations of
rotating laminated cylindrical shells. Using the energy method, Lee and Kim [2,3] studied the effects
of different boundary conditions on the free vibration of rotating composite cylindrical shells with
orthogonal stiffeners. Bazhanov [4] investigated free vibration of orthotropic cylindrical shell. But
while a certain angle exist between main elastic direction and coordinate axis, how to determine the
natural frequencies of cylindrical shell’s vibration is not studied. In this paper, such question is
investigated with Love’s theory and energy method.

Theoretical Formulations

Fig.1 shows the considered anisotropic circular cylindrical shell, where R,/ and % are the radius,
length and thickness of the shell, respectively. The coordinate system (e, 8, z)is fixed on the middle
surface of the shell. The displacements of the shell in the e,e, and e, direction are denoted by
symbols u,v and wrespectively.

Fig. 1. Coordinate system and geometry of the circular cylindrical shell
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Displacement Functions of Cylindrical Shell. The considered cylindrical shell is with asymmetric
boundary conditions. The mathematical expressions for the boundary conditions are given by:
ow

u=v=w azo, a=0yv=w=M,=N,, =0, a=I/R. (1)

In this analysis the beam function is used as the axial mode and can be expressed in a general form
as [3]:

(o) =(cosh (x,Rmo/I)—cos (A, Rna/l))- o, (sinh (X, Rra/l)—sin(),Rra/l)). . (2)

Where the coefficient o, is determined by boundary condition and 2, does not need an integer as a

number depending on the axial wave number.
The admissible displacement functions satisfying the boundary conditions Eq. 1 for freely vibrating
anisotropic shells can be written by:

u=A4,,¢(a)cos(nd)sin(w,,t);v=B, y(a)sin(nb)sin(w,,);w=C, y(o)cos(nd)sin(w,,?). (3)

mn mn

Where m represents the number of axial half waves, n represents the number of circumferential
waves. o, 1s the angular natural frequency of the free vibration for (m,n) vibration mode,

and4,,B,  and C, are the amplitudes for each direction for (m,n) vibration mode, respectively.
L
o)=——-y'(a).
o(e) =57 ()
Strain and Kinetic Energy of Shell. From the Love’s shell theory, the reference surface strains
£,-€y »&,, the reference surface curvatures y,,, v,, and y,, are defined as follows:
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If there exists a certain winding angle ¢ between main elastic direction and coordinate axis,
according to Hook’s law the relationship between stresses and strains in the middle surface:

6 =Be¢ +Be +Be.c =Be +Be +Be.c =Be +Beg +B ¢ (5)
11 111 12 22 16 127 2 2 1 122 12 16 11 26 22 66 12°
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Where B,,,B,,,B,.B,,B,,,B,, and B, are elastic coefficients. They have the following expressions
with the winding angle ¢ [4]:

B =b cos'¢+b_sin'@+(b_+b /2)sin’2¢;B_=(b +b_—2b )sin’pcos’ @+b (sin’@+cos’ @);
B =[(b,_sin’@—b cos’)sin2¢]/2+[(b_+2b )sinde]/4;B_=b sin’¢+b_cos'¢+(b_+b /2)sin’2¢; * (6)
B =[(b, cos’¢—b sin’@)sin2¢]/2-[(b_+2b )sindel/4B_=(b +b_—2b )sin’@cos’ ¢+b cos’ 2.

Where 4,,b,,,b,and b, are main elastic modulis for orthotropic cylindrical shell (i.e.p=0).

The stresses of the surface, the distance between which and the middle surface is z, can be written
as:

GZI :Gll _Z(B“X” +BIZX22 +BIGX12 );6:2 :GIZ _Z(Bl(:XII +B26X22 +Bﬁ(7X12 );6’22 :622 _Z(BIZXII +B22X22 +BZ(7X12 ). (7)
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The internal forces and internal moments could be expressed as followings:

12 2 2 2
N = _[ G:le;NP = _[ csizalz;N7l = _[ cszzalz;N72 = J. ¢ dz;
—h/2 —h/2 —h/2 —h/2 . (8)
h/2 h/2 /2 )
M :—I (Szlza’z;M]2 =— J G;zdz;M” =—I cs’”za’z;M22 =—I (5’27de.
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The strain energy for the anisotropic cylindrical shell is expressed as follow:

27 I/R

U=—FR J. I [V +Npéy +Np&y + M, 20, + Moy 16, + My, 10, JdodO. )
00

!
2
The kinetic energy for the composite cylindrical shell has the following expression:

1 hi2 27 I/IR au o ow
—— N2 (PN (N2 10
T=—pR | ! () +C )+ ) adat, (10)
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where p represents the density of GFRP.

Frequency Equation of the Anisotropic Cylindrical Shell. The Lagrange equation of motion for
the composite cylindrical shell is:

d{ar} 8T+8U=0’ a1)

E aq.mn B aqmn aqmn

where ¢, =[4, B, C,|.

Substituting Eq. 9 and Eq. 10 into Eq. 11 the frequency equations can be deduced and simplified in
the following matrix form:

[Ma)in—K}qmn =0. (12)

Where M, K are the mass and stiffness matrix, respectively.

Because g, 1s not equal to zero, the determinant of the characteristic matrix in Eq. 12 must be zero:
Ma2, ~K|=0 (13)

Expanding Eq. 13, a polynomial for the natural frequencies can be obtained as follows:
a0’ +a,0' +a,0 +a, =0 (14)

Solving Eq. 14, the frequency values @, (minimum positive value is selected) could be obtained
for any certain winding angle ¢ .

Computation Results and Analysis
The geometrical parameters and material properties of the circular cylindrical shell used in the
present research are: b,,,,=18.3GPa , b,,, =252GPa , b,,,=2.77GPa , b,, =3.5GPa ,

p=1850Kg/m’ h=1mm,R=0.5m,/=10m.
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Fig. 2 shows the natural frequencies of 5 vibration modes for the anisotropic cylindrical shell, i.e.
the number of axial half wavesm =1, and the number of circumferential waves n=1,2,3,4,5

respectively. Frequency curves @, , o, intersect. While winding angle ¢ <0.96(¢ <55%), the

fundamental frequency is @,, . While winding angle ¢ > 0.96 , the fundamental frequency is @,, . From

Fig. 2, the general behavior of 5 vibration modes is that the frequency values first decrease to a
minimum (near ¢ = 0.96) and then increase.
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Fig. 2. Variation of the natural frequencies with different winding angle @p(0< @ <7 /2)
1—vibration mode (1,1); 2—vibration mode (1,2); 3—vibration mode (1,3);

4—vibration mode (1,4); 5—vibration mode (1,5)

Fig. 3 illustrates that the variation tendency of vibration mode (1,1) is smoother than mode (2,1).
Compared Fig. 3 with Fig. 2 the effect of value m is stronger than the effect of value » on the natural
frequency values of free vibration of circular cylindrical shell.
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Fig.3. Variation of the natural frequencies with different winding angle (0 < ¢ <7/2)

I—vibration mode (1,1); 2—vibration mode (2,1)

From Fig. 4 it is observed that the effect of variation ratio #/R on the natural frequency is complex.
Generally speaking, the bigger the ratio //R is, the smaller the natural frequency is. And the bigger the
ratio A/R is, the smoother the variation of natural frequency is.
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Fig.4. Variation of the natural frequencies with the ratio 4/R for different winding angle
p(0<p<r/2) (m=n=1)
1 —h/R =0.001; 2 —h/R =0.002; 3 —h/R =0.004, 4 —h/R =0.01
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We also can get the effect of variation ratio R// on the natural frequency. The bigger the ratio R// is,
the bigger the natural frequency is.

Conclusions

Using Love's shell theory and Energy method, the free vibration of anisotropic circular cylindrical
shell with asymmetric boundary conditions has been investigated. The effect of the number of axial
half waves is discussed on the mode frequencies as well as the number of circumferential waves. It is
also discussed how the shell thickness-to-radius ratio and the shell length-to-radius ratio effect the
same vibration mode. During shell design stage this method can be used to determine the natural
frequencies. But usually it is not easy to construct displacement functions satisfying boundary
conditions.
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