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Abstract
The radiative decay dynamics of an atomic (nuclear) excited state split into
two neighbouring sublevels are considered for the case of interaction with a
low-frequency electromagnetic field. The conditions of cancellation of the
spontaneous emission in this system are analysed beyond the rotating wave
approximation.

1. Introduction

The characteristics of the radiation decay of quantum systems are not fully defined by their
intrinsic properties but also depend on the parameters of the environment, as shown by
Purcell [1] for the first time. Realization of this idea has been of great interest in quantum
optics during the last decades. The modification of the spontaneous decay of an atom can be
achieved by several different mechanisms and has been considered by many authors.

One of these mechanisms is a transformation of the eigenfunctions of the vacuum electro-
magnetic field or its density of states, if the atom radiates in the resonator, waveguide or in the
medium with proper dielectric properties (for example, some papers on this subject are cited
in [2]). Another mechanism leading to the formation of the atomic excited levels with a small
radiation width (RW) (‘dark’ states) is determined by the interference of the states arising due
to translational movement of the atom in a laser trap. The main investigation of this case is pre-
sented in the papers by the Cohen-Tannoudji school (for example, see [3] and citations therein).

There is one more way to modify the evolution law of the excited quantum system, which
is the main focus of interest in this paper. The atom interacts with the oscillating external
field and the control of the decay process is conditioned by the population modulation of the
excited state. One of the first attempts to study this phenomenon is given in [4], where we
show that the process of decreasing the level width for the quantum system in the temporal
periodical field is quantitatively analogous to the well known effect of the anomalous absorption
of the x-rays (Borrmann effect [5]) or to the phenomenon of the suppression of the nuclear
reactions [6] which occur in the spatial periodical field within the crystals. In the framework of
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the Weisskopf–Wigner approximation, the general condition for the deceleration of the decay
rate has been found, which can be applied to both quantum optics and other radiative relaxation
processes.

The effects related to the variation of the atomic lifetime in the modulating field have
been widely studied (see citations in [7]) and recently the first experimental observation of
spontaneous emission cancellation [8] has been reported. The theory of this phenomenon is
discussed in [9, 10] and references therein. In this paper we emphasize the important aspects
of the control of the spontaneous decay which can be essential for some applications. It has
been supposed, in the majority of papers on this subject, that the atom (molecule) contains
a natural set of the excited levels which are necessary for the resonant interaction with the
modulating laser field. However, the possibility of controlling the decay rate of the quantum
system should not be restricted by quantum optics only. In particular, the artificial narrowing
of the emission line width in the Mössbauer nucleus is of great interest for the solution of
the inverse population problem for a gamma laser based on long-lived isomers [11, 12]. In
this case, it is rather difficult to realize even the simplest three-level scheme [10] with natural
nuclear levels because of the lack of coherent modulating radiation in the ultraviolet and x-ray
range. However, the necessary sequence of levels can be artificially created, for example, by
means of Zeemann splitting of the excited state in the Mössbauer nucleus. The energy interval
between the split sublevels in this situation is essentially less than that for the main transition,
and the modulating field of the radio- or superhigh-frequency range can be used [12].

Another point is the validity of the rotating wave approximation (RWA) for the qualitative
description of the phenomenon. In most of the above-mentioned papers, this approximation
is used to construct the ‘dressed’ excited states of the atom in a modulating field [10]. The
exact solution, obtained in [13] for the interaction between a two-level system and a quantum
field, demonstrates that the ‘dressed’ states can differ essentially from those which correspond
to the RWA. Therefore, we carry out the quantitative analysis of the control conditions for the
quantum system lifetime beyond the RWA, which is important for some possible applications
of the phenomenon. This paper is organized as follows: in section 2 we obtain the equation for
the RW of the three-level quantum system in the modulating field using the Weisskopf–Wigner
approximation, however, beyond the RWA. In section 3 the upper bound for the RW of the
excited state of the quantum system is calculated using the method developed in [13], and
some applications of the general formula are considered.

2. Formulation of the problem

The atom (or nucleus) is modelled in this work as a three-level quantum system (figure 1)
situated in the external low-frequency field (ELF). The radiative relaxation of the atom from
two neighbouring excited sublevels (↑,↓) to the ground state (0) is defined by the interaction
between the atom and the vacuum electromagnetic field (VEF) and forms the subject of our
investigation. The states (↑,↓) can exist in the natural set of the atom levels or can be
created artificially, for example, by means of Zeeman splitting of the atomic excited state
in the homogeneous magnetic field. The periodical ELF is supposed to be quite intensive
and resonant with respect to the transition (↑ ↔ ↓). The ELF frequency is supposed to be
essentially less than the frequency of the transition to the ground state. Then the excited
sublevels can be considered as a two-level system in the quantum ELF. As discussed in many
of the papers mentioned in the introduction, the qualitatively new superposition of the atomic
states is formed at some values of the field parameters when the atom can be ‘frozen’ in the
excited state, i.e. its effective lifetime essentially exceeds the lifetime of the initial sublevels
(↑,↓). The physical basis of this phenomenon is due to the decrease of the effective dipole
moment which defines the interaction between the atom and VEF (see below).
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Figure 1. Scheme of the three-level system (see the notations in the text).

The RW within the framework of perturbation theory developed on the basis of the
fine structure constant is defined by the interaction between the atom and VEF. The RW
is performed [14] as quasi-stationary solutions (Weisskopf–Wigner approximation) of the
Schrödinger equation with the following Hamiltonian of the model:

Ĥ |ψ〉 = E |ψ〉;
Ĥ = Ĥa + Ĥr + Ĥe + V̂r + V̂e.

(1)

For the three-level scheme (figure 1) the various parts of the total Hamiltonian Ĥ for the
non-relativistic case are

Ĥa = −E0|χ0〉〈χ0| + 1
2�σ3;

Ĥe = �a+a; V̂e = f σ1(a + a+); (2)

Ĥr =
∑
k,s

ωkb+
k,sbk,s;

V̂r = − e

m

∑
k,s

(
2π

V ωk

)1/2

eikr(ek,s p̂)(b+
−k,s + bk,s).

(3)

Here we use the system of units with h̄ = c = 1 and the frequency of the external field �

defines the energy scale in the system. The value −E0(E0 > 0) is the ground state energy
of the atom and corresponds to the vector |χ0〉; � is the energy-splitting of the excited state
vectors |χ↑,↓〉 with energies ± 1

2�, and Pauli matrices σi operating in their basis; the coupling
constant f for the atom and ELF interaction is proportional to the dipole moment for transition
between excited states; a, a+ are the annihilation and creation operators of the ELF quanta;
b+

k,s, bk,s are the creation and annihilation operators of the VEF photons with the wavevector k,
frequency ωk and polarization ek,s ; the charge, mass and momentum operators for the atomic
electron are denoted by e, m, p̂, respectively; and V is the normalized volume.

For further calculation we define a new basic set for the atomic excited states taking
accurately into account the interaction of the atom with the quantum external field. In
accordance with the terminology of quantum optics, these states correspond to the ‘dressed’
atom [10] and are the exact solutions of the following equation [13]:

{ 1
2�σ3 + �a+a + f σ1(a + a+) − Enp}|�np〉 = 0. (4)
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Thus, instead of two initial excited levels, the ‘dressed’ atom has a spectrum of states with
quasi-energies Enp depending on the quantum number n related to the quantity of photons in
the field, and the quantum number p = ±1 depending on the combined parity operator [13],
which commutes with the Hamiltonian of the two-level system in the quantum field

P̂ |�np〉 ≡ σ3eiπa+a|�np〉 = p|�np〉. (5)

The RWA has been mainly used to obtain the solution of equation (4) and it results in quite
simple analytical formulae for the quasi-energies and the states of the ‘dressed’ atom. However,
according to our results [13], the RWA is actually suitable in the range of small values f

√
n/�.

Thus, the corrections to the quasi-energy states determined by the ‘anti-rotating’ terms in
equation (4) can be comparable with the RW of the excited states. Therefore, we use the exact
representation for the solutions of equations (4), (5) in the following form [13]:

|�np〉 =
∞∑

k=0

∑
q=±

Cnp
kq |k, f 〉|χq〉. (6)

Here the coefficients Cnp
kq of the series are calculated for any quantum numbers and the entire

range of the coupling constant f by using the quickly convergent recurrent procedure described
in [13]. The state vectors in the series are

|n, f 〉 = (a+ + f/�)n

√
n!

∞∑
k=0

f k

k!
(a+)k |0a〉e− f 2/2;

a|0a〉 = 0; |χ±〉 = 1√
2
(|χ↑〉 ± |χ↓〉).

(7)

Then the RW for the ‘dressed’ atom in the excited state with quantum numbers (n, p) can be
calculated by perturbation theory with respect to the interaction operator between the atom
and VEF V̂r using quantum electrodynamics [14]. The zeroth approximation for the solution
of the Schrödinger equation (1) for the whole system is

|ψ(0)
np 〉 = |�np〉|0b〉; bks |0b〉 = 0. (8)

The lifetime of the excited state is defined by the transition of the atom to the ground state
with the emission of the photon ks corresponding to the excitation of VEF. We can neglect
the interaction between ELF and the atom in the ground state due to the inequality � 	 E0.
This means that the ELF turns to one of its stationary states with a definite number of photons
m when the atom transfers to the ground state. In the first approximation on the radiative
interaction V̂r , the wavefunction of the system is defined by the linear combination

|ψ(1)
np 〉 = |ψ(0)

np 〉 +
∑
mks

Bmks |ψmks〉;

|ψmks〉 = |χ0, m〉b+
ks |0b〉;

|χ0, m〉 = |χ0〉 1√
m!

(a+)m |0a〉.
(9)

Under the same conditions, the coefficients Bmks are calculated straightforwardly from
equation (1):

Bmks = − 1

m� + ωk − E0 − Enp − i0
〈χ0, m|dkse

−ikr|�np〉;

dks = − e

m

(
2π

V ωk

)1/2

(ek,s p̂),

(10)
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and the non-zeroth correction to the energy of the excited state arises in second-order
perturbation theory:

E (2)
np = δEnp − i


np

2
= −

∑
mks

|〈χ0, ma|dkse−ikr|�n p〉|2
m� + ωk − E0 − Enp − i0

. (11)

Then the formula for RW of the quasi-energy state of the ‘dressed’ atom is


np = 2π
∑
mks

|〈χ0, ma|dkse−ikr|�n p〉|2δ(m� + ωk − E0 − Enp). (12)

When we use definition (6) for the wavefunction, the matrix element of the operator of the
interaction between the ‘dressed’ atom and VEF can be rewritten with the matrix elements for
transitions of the real atom:

〈χ0|dkse−ikr|�np〉 =
∑

lq

Cnp
lq 〈χ0|dkse−ikr|χq〉〈m|l, f 〉, (13)

where the overlap integral 〈m|l, f 〉 between the various representations of the ELF states can
be found analytically.

To express the matrix elements for the interaction of the atom with VEF, the dipole
approximation is used. The exponents in matrix elements can be omitted, and the vectors
proportional to the dipole moments are defined for the transitions which take a part in the
radiative relaxation:

d↑,↓ = e

m
〈χ0|p̂|χ↑,↓〉. (14)

After standard summation over the polarizations and integration over the impulses of the
emitted photons in formula (12), we obtain the following result:


np = 2
3

∑
m�<(Enp+E0)

(Enp + E0 − m�)

∣∣∣∣∑
l

〈l, f |m〉[Cnp
l+ (d↑ + d↓) + Cnp

l− (d↑ − d↓)]
∣∣∣∣
2

.

(15)

Formula (15) is obtained within the limits of usual approximations used for the calculation of
the radiative lifetime in the nonrelativistic approximation. In general form, the following fact
should be taken into account: despite the fact that the level width is presented by the sum of
positive definite terms, it does not come to the simple sum of the widths of the excited levels
of a free atom. The width of the level also holds the contribution defined by interference of
matrix elements of both transitions. The expression structure for RW allows one to determine
the conditions under which the atom lifetime increases. Here we use the following chain of
inequalities to quantify the value 
np:

0 � 
np � 2
3 (Enp + E0)

∑
m<(Enp−E0)

∣∣∣∣∑
l

〈l, f |m〉[Cnp
l+ (d↑ + d↓) + Cnp

l− (d↑ − d↓)]

∣∣∣∣
2

� 2
3 (Enp + E0)

∞∑
m=0

∣∣∣∣∑
l

〈l, f |m〉[Cnp
l+ (d↑ + d↓) + Cnp

l− (d↑ − d↓)]
∣∣∣∣
2

. (16)

In the latter expression, we perform both summations over m and one of the summations over
l using the fact that the set |m〉 is complete and the vectors |l, f 〉 are orthonormal. As a result,
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the upper bound for the width of the considered level of the ‘dressed’ atom can be represented
in the following form:

0 � 
np � 
(0)
np ≡ 2

3 (Enp + E0)[|d↑|2 Dnp
↑ + |d↓|2 Dnp

↓ + 2Re(d↑d∗
↓)Dnp

± ;

↑,↓ = 2

3 (E0 ± �/2)|d↑,↓|2;
Dnp

↑,↓ =
∑

l

|Cnp
l+ ± Cnp

l−|2; Dnp
± =

∑
l

[|Cnp
l+ |2 − |Cnp

l− |2.
(17)

Evidently the introduced definitions of 
↑,↓ coincide with the width of the excited levels of the
free atom. The other quantities depend on the renormalized dipole moment of the ‘dressed’
atom due to the interference in the superposition state caused by the interaction of the atom
with the external field.

3. Calculation of the upper bound for radiation width

The coefficients Cnp
lq derived in the previous section along with equation (17) define the

conditions under which the effective control of the atom’s lifetime in the excited state is possible
using ELF. For every value of quantum numbers (n, p), these coefficients can be obtained
numerically [13], but the analytical analysis of the control conditions is also of great interest.
The analytical approximation for solutions of equation (4) was obtained [13] along with the
exact numerical solution on the basis of the operator method (OM). This approximation remains
valid both within the limit of low coupling f/� 	 1 RWA and for f

√
n/� � 1 (classical

intensive external field) and also in the intermediate parameter range. Such a uniformly suitable
approximation for quasi-energies has the following form [13]:

Enp �
(

n +
1

2
q

)
� − f 2

�
+

1

4
p�(Snn + Sn+q,n+q) − 1

2
q M; q = p(−1)n;

M = {[� − 1
2 �(−1)n(Snn − Sn+q,n+q)]2 + �2S2

n,n+q}1/2;

Skm = (−1)m exp

(
−2

f 2

�2

)(
2 f

�

)k−m
√

m!

k!
Lk−m

m

(
4 f 2

�2

)
; m � k; Skm = Smk ,

(18)

where Lk
m(x) are the Laguerre polynomials. The symmetric matrix Smk arises as a result of

the exact integral of motion (5) in calculation of the quasi-energies of the ‘dressed’ atom. In
the zeroth-order approximation of OM, the coefficients of the wavefunction expansion (6) are
determined by the following relationships:

Cnp
l+ = Aδln + Bδl,n+q;

Cnp
l− = p[(ASnn + BSn,n+q)δln + (ASn+q,n + BSn+q,n+q)δl,n+q]; A = γ B;

γ = − p�Sn,n+q

2� − 2 f 2/� + p�Snn − Enp
= − p�Sn,n+q

p�

2 (Snn − Sn+q,n+q) − q� + q M
,

(19)

where δkl is the Kronecker symbol. Finally, we obtain the expression for the upper bound of
the ‘quasi-energy’ level width:


(0)
np = 2

3 (Enp + E0)|B|2[|d↑|2 Dnp
↑ + |d↓|2 Dnp

↓ + 2Re(d↑d∗
↓)Dnp

± ;
Dnp

↑,↓ = [γ ± p(γ Snn + Sn,n+q)]2 + [1 ± p(γ Sn+q,n + Sn+q,n+q)]2;
Dnp

± = γ 2 + 1 − (γ Snn + Sn,n+q)
2 − (γ Sn+q,n + Sn+q,n+q)

2.

(20)

Despite the relatively cumbersome form, this expression allows one to analytically obtain
the conditions for the parameters of the low-frequency field when 
(0)

np = 0. Because of
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inequalities (16), the width estimation becomes exact in this case. This means that the given
quasi-energy state is long-lived even for short-lived excited sublevels of the ‘dressed’ atom, at
least within the dipole approximation. In what follows, we present the mentioned stationarity
conditions in an explicit form for two limiting cases: (a) weak coupling f/� 	 1, but n � 1;
f
√

n/� � 1 and (b) strong coupling f
√

n/� � 1.
(a) In the case of weak coupling one can find [13]

Snn � (−1)n; Sn+q,n+q � (−1)n+q = −(−1)n;
Sn,n+q = Sn+q,n � (−1)n+(1+q)/2T ; T = 2 f

�

√
n +

1

2
(1 + q);

γ � − (−1)(1+q)/2T�

(� − �) +
√

(� − �)2 + �2T 2
;

Dnp
↑,↓ � (γ 2 + 1)(2 + T 2) ± 2q(γ 2 − 1) ± 4γ qT (−1)(1+q)/2; Dnp

± � −(γ 2 + 1)T 2.

(21)

Depending on ratio dipole moments, all the quasi-energy states are divided into two groups,
so the width 
(0)

np vanishes in one of them only. For d↑ > d↓ this group is composed of the
states with q = −1 and for d↑ < d↓, the group is conditioned by q = 1. Since the parameter

(0)

np is positively defined, its tendency to zero for the stationary state results in the following
relationships (for q = −1):

d↑ = γ 2d↓; T = − 2γ

1 − ξ
; ξ ≡ d↓

d↑
< 1, (22)

which lead to the following conditions for the external field parameters:

f 2n

�2
= ξ

(1 − ξ)2
; � = 2�. (23)

The conditions obtained depend on the quantum number of the quasi-energy state. Therefore,
the ‘freezing’ efficiency of the decay of the atomic excited state is determined by the quasi-
energy-level weight in expansion of the system state vector over the wavefunctions (6). The
most important case is when the external field can be considered as a semi-classical one with
the average number of photons n0 � 1, which is proportional to the field amplitude [15].
In this case, the quasi-energy states n � n0 are mostly populated and the first formula in
equation (23) can be considered as a condition for the low-frequency field amplitude.

As an example of a concrete system for the proposed lifetime control technique in the
considered weak coupling limit, here we examine the 3d and 3s states of a hydrogen-like atom
with nuclear charge Z . In the dipole approximation, these states decay [14] only to the level
2p, with ξ � 0.31. The distance between excited sublevels is determined by the fine splitting,
therefore conditions (22) result in the following relations (α is the fine structure constant):

� = 2(Zα)2

34
Z 2α; f 2n0 � 0.65�.

(b) In the case of strong coupling the asymptotic formula [13] can be used:

Skn � (−1)n�1/2√
2π f

√
n

cos

[
4 f

√
n

�
− π(k − n)

2
− π

4

]
; n � 1; (k − n) 	 1,

and using equation (19), we obtain

γ ∼
√

2π f
√

n

�
� 1; A � B,
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which means the equal population of excited sublevels of the atom in the intense field. In this
case formula (20) for 
(0)

np becomes appreciably simpler:


(0)
np = 2

3 (Enp + E0)|A|2[|d↑ + d↓|2]. (24)

Thus, in the case of strong coupling the condition of freezing decay is reduced to the following
relation:

d↑ � −d↓. (25)

Such a condition can be fulfilled, for example, for sublevels of the 2p3/2 state of a hydrogen-like
atom. These sublevels correspond to the projection of the total moment of electron m ± 1, and
consequently the distance � between these sublevels is specified by the hyperfine interaction.
The analogous limit case can be realized for Zeeman sublevels of the excited state of some
Mössbauer nuclei [12].

4. Discussion

The Borrmann effect during x-ray and gamma-ray diffraction in crystals [5] is a well known
example of how the quantum state interference influences the inelastic relaxation processes.
The essential suppression of the radiation absorption in the medium in this case is due to its
spatial periodicity. Similar effects can be created by time periodicity in a quantum system and
system relaxation parameters can be controlled by means of external conditions.

Despite the fact that all the calculations have been carried out for a simple three-level
model, the physical principles of analysis can be generalized for a similar effect in more
complex systems and for other mechanisms of relaxation. The phenomenon of interference
of states, modulated by means of a low-frequency field, can influence not only the processes
of radiative decay of excited states but other decay processes in quantum systems as well.
The important practical application of the reported effect is a possible solution to the so-
called gamma laser dilemma [11] in the production of coherent radiation by Mössbauer nuclei
transitions. The artificial decay ‘freezing’ of excited states is a necessary condition for creation
of inverted population in gamma lasers based on long-lived isomers and the proposed method
can essentially extend the ability to build a gamma laser [11].
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