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Regular perturbation theory (RPT) for the ground and excited states of two-electron atoms or ions is
developed. It is shown for the first time that summation of the matrix elements from the electron–
electron interaction operator over all intermediate states can be calculated in a closed form by means of
the two-particle Coulomb Green’s function constructed in the Letter. It is shown that the second order
approximation of RPT includes the main part of the correlation energy both for the ground and excited
states. This approach can be also useful for description of two-electron atoms in external fields.
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1. Introduction

In spite of the long history of the two-electron atom in non-
relativistic quantum mechanics the problem of developing the
most effective and universal method for the solution of the
Schrödinger equation for such systems is still active (for example,
[1]). This problem is of interest because it could be generalized as
well for multi-electron atoms because of the two-particle character
of the Coulomb potential.

At present the best accuracy for calculating the energy lev-
els of two-electron atoms is achieved by means of the variational
approach based on the special form of a many parameter trial
wave function (for example, [2]). However, this method is diffi-
cult to apply for multi-electron atoms. Therefore a less accurate
variational approach with a trial wave function in the form of a
product of the one particle wave functions, the Hartree–Fock (HF)
method, is commonly used in this case (cf., [3]). For example, the
energy for the He atom (the 11 S ground state) calculated numer-
ically via the HF method is EHF

0 = −2.86168 [3], which differs
from the more accurate variational result of E R

0 = −2.90372 [2] on
the value of the correlation energy �Ec = E R

0 − EHF
0 = −0.04204

(the Coulomb system of units is used in this Letter). At the same
time a very simple analytical approximation of the Coulomb po-
tential with an equal effective charge for each electron leads to
Eeff

0 = −2.84766 [4]. This means that the correlation energy essen-
tially is more important than the effect of the self-consistent field
�Escf = EHF

0 − Eeff
0 = −0.01402 taken into account in the HF ap-

proximation.

* Corresponding author.
E-mail address: fer@open.by (I.D. Feranchuk).

One can suppose that regular perturbation theory (RPT) on the
basis of the independent Coulomb wave functions for each electron
will prove to be very effective for taking into account the electron
correlation. However, the realization of this approach is connected
with the calculation of the slowly convergent sums of the two-
particle potential matrix elements over the whole spectrum of the
intermediate states. Therefore at present only the variational per-
turbation theory is used for the estimation of these sums by means
of a trial function [5]. Unfortunately it is also difficult to generalize
this method for multi-electron atoms.

In the present Letter it is shown for the first time that the sum
over the intermediate states in the second order RPT can be cal-
culated in closed form through the two-particle Coulomb Green’s
function represented below analytically. This method is applied to
both the ground and excited states of the two-electron atom. It is
shown that the larger part of the correlation energy proves to be
taken into account just in the second order approximation of RPT.
Actually our purpose is not only the two-electron atom itself but
also development of the approach that could be generalized for
calculation of the correlation energy in multi-electron atoms and
their interaction with external fields. This approach is expected
to be effective because the RPT zeroth order approximation al-
lowed us to calculate characteristics of the multi-electron atoms
with rather good accuracy [6].

It should be also noted that the eigenfunction decomposition
of the two-particle Coulomb Green’s function was used earlier in
the paper [7] where the relativistic QED-perturbation theory for
two-electron atoms has been considered in details. However the
sums over the intermediate states were calculated by means of the
numerical solutions of the single-particle Dirac equation instead
of the convolution of the analytical one-particle Coulomb Green’s
functions as it will be considered below in the present Letter.

0375-9601/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
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2. Ground state energy

Let us consider the application of RPT to the two-electron atom
with the following Hamiltonian:

Ĥ =
∑

i=1,2

[
−�i

2
− Z

ri

]
+ 1

|�r1 −�r2| . (1)

Potentials with effective charge Ze can be used in order to separate
the zeroth-order Hamiltonian:

Ĥ0 = p̂2
1

2
− Ze

r1
+ p̂2

2

2
− Ze

r2
;

E(0)
mn = − Z 2

e

2

[
1

(n + 1)2
+ 1

(m + 1)2

]
, n,m = 0,1,2, . . . (2)

and the perturbation operator

V̂ = − Z − Ze

r1
− Z − Ze

r2
+ 1

|�r1 −�r2| . (3)

If the ground state is considered, the results for the energy in the
zeroth and first-order approximations are well known:

E(0)
0 = −Z 2

e ; E(1)
0 = −2Ze(Z − Ze) + 5

8
Ze. (4)

Let us consider the second-order correction for the same state,

E(2)
0 =

∑
λ=0

∑
μ=0

′ |〈λμ|V̂ |00〉|2
−Z 2

e − E(0)
λ − E(0)

μ

. (5)

Here λ,μ are the set of quantum numbers for electrons in the
intermediate states defined by the vectors |λμ〉 that are repre-
sented as the product of the Coulomb wave functions including
the continuous spectrum. The term corresponding to the ground
state |00〉 = ψ0(�r1)ψ0(�r2) should be omitted in the sum.

Expression (5) can be divided into two terms:

E(2)
0 = 2

∑
λ �=0

|〈λ0|V̂ |00〉|2
− Z 2

e
2 − Eλ

+
∑
λ �=0

∑
μ �=0

|〈λμ|V̂ |00〉|2
−Z 2

e − E(0)
λ − E(0)

μ

≡ Σ1 + Σ2. (6)

The first term can be calculated on the basis of the approach of [8]
that was used in the problem of the interaction of hydrogen-like
atoms with external fields. In this method, the sum over interme-
diate states is expressed analytically through the Coulomb Green’s
function (CGF). In this case it leads to the following result:

Σ1 = −2
∫

ψ∗
0 (�r1)ψ

∗
0 (�r2)V̂ (�r1,�r2)ψ

∗
0 (�r2)G̃ −Z2

e
2

(�r1,�r′
1

)

× ψ∗
0

(�r′
2

)
V̂

(�r′
1,�r′

2

)
ψ0

(�r′
1

)
ψ0

(�r′
2

)
d�r1 d�r2 d�r′

1 d�r′
2. (7)

Here G̃ E (�r1,�r′
1) is the reduced CGF

G̃ E
(�r1,�r′

1

) = G E
(�r1,�r′

1

) − ψ∗
0 (�r1)ψ0(�r′

1)

E − E0
, (8)

which was calculated analytically in [9]. The total CGF is defined
as the sum of the series over the spherical harmonics Yl,ml (Ω) (for
example, [10]),

G E
(�r,�r′) =

∑
l,ml

1

rr′ G E,l
(
r, r′)Y ∗

l,ml
(Ω)Yl,ml

(
Ω ′);

G E,l
(
r, r′) = ν

Z

Γ (l + 1 − ν)

Γ (2l + 2)
Mν,l+ 1

2

(
2Z

ν
r<

)
Wν,l+ 1

2

(
2Z

ν
r>

)
,

(9)

with ν = Z√−2E
; M , W are the Whittaker functions, r< and r> are

the minimal and maximal values from r and r′ accordingly.
Taking into account that ψ0(�r) = ψ∗

0 (�r) = R1,0(r)Y0,0(θ,φ) (here

R1,0(r) = 2Z
3
2 e−r Z is the radial part, and Y0,0(θ,φ) = 1√

4π
is the

angular part), one finds as the result of integration over the angu-
lar variables

Σ1 = −2
∫

R1,0(r1)R2
1,0(r2)V̂ 0(r1, r2)G̃ −Z2

e
2 ,0

(
r1, r′

1

)
R1,0

(
r′

1

)

× R2
1,0

(
r′

2

)
V̂ 0

(
r′

1, r′
2

)
dr1 dr2 dr′

1 dr′
2, (10)

with V 0(r1, r2) = −(Z − Ze)(
1
r1

+ 1
r2

) + 1
r>

; and r> is the maximal
value from r1, r2.

In order to calculate the second term in Eq. (6) let us use the
identity:

∞∫
−∞

dχ

(a + iχ)(b − iχ)
= − 2π

a + b
, a < 0, b < 0. (11)

This allows us to separate the summations over the quantum num-
bers of different electrons in Σ2:

−
∞∫

−∞

dχ

2π

∑
λ,μ �=0

〈λμ|V̂ |00〉〈00|V̂ |λμ〉
(− Z 2

e
2 − E(0)

λ + iχ)(− Z 2
e

2 − E(0)
μ − iχ)

. (12)

Each of the summations can then be calculated by means of
CGF’s after their analytical continuations to the complex values

E = −Z 2
e

2 ± iχ :

Σ2 = −
∞∫

−∞

dχ

2π

∫
ψ0(�r1)ψ0(�r2)ψ0

(�r′
1

)
ψ0

(�r′
2

)

× V̂ (�r1,�r2)G̃ −Z2
e

2 +iχ

(�r1,�r′
1

)
G̃ −Z2

e
2−iχ

(�r2,�r′
2

)

× V̂
(�r′

1,�r′
2

)
d�r1 d�r2 d�r′

1 d�r′
2. (13)

The function

∑
λ,μ �=0

|λμ〉〈λμ|
E − Eλ − Eμ

= 2G̃ E
2

(�r1,�r′
1

)
ψ0(�r2)ψ0

(�r′
2

)

− 1

2π

∞∫
−∞

G̃ E
2 +iχ

(�r1,�r′
1

)
G̃ E

2 −iχ

(�r2,�r′
2

)
dχ (14)

is the two-particle reduced CGF and

∑
λ,μ

|λμ〉〈λμ|
E − Eλ − Eμ

= − 1

2π

∞∫
−∞

G E
2 +iχ

(�r1,�r′
1

)
G E

2 −iχ

(�r2,�r′
2

)
dχ

(15)

is the total two-particle CGF that is the result of convolution of
two one-particle CGF’s [11].

The one-particle part −(Z−Ze)
r1

− (Z−Ze)
r2

of the perturbation op-
erator doesn’t contribute to (13) because of the orthogonality of
the wave functions. Then Eq. (13) has the following form after in-
tegration over the angular variables:

Σ2 = −
∞∑

l=0

1

2l + 1

∞∫
−∞

dχ

2π

∞∫
0

dr1 dr2 dr′
1 dr′

2
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× R1,0(r1)R1,0(r2)R1,0
(
r′

1

)
R1,0

(
r′

2

) rl
<

rl+1
>

r′l
<

r′l+1
>

× G̃ ′
−Z2

e
2 +iχ,l

(
r1, r′

1

)
G̃ ′

−Z2
e

2 −iχ,l

(
r2, r′

2

)
r2

1r2
2r′2

1r′2
2. (16)

Here the radial part of the reduced CGF is calculated as follows:

G̃ ′
−Z2

e
2 ±iχ,l

(
r, r′) =

⎧⎨
⎩

G −Z2
e

2 ±iχ,0
(r, r′) ± rr′ ψ0(r)ψ0(r′)

iχ , l = 0,

G −Z2
e

2 ±iχ,l
(r, r′), l > 0.

(17)

The second order correction depends on the effective charge in an
analytical way. The denominator in Eq. (5) can be represented in
the form E(0)

0 − E(0)
n = Z 2

e (ε0 − εn), where ε0 and εn are the values
corresponding to Ze = 1. The perturbation operator can be written
in the form

V̂ (�r1,�r2) = −(Z − Ze)V 1(r1, r2)V 2(�r1,�r2),

V 1 =
(

1

r1
+ 1/r2

)
, V 2 = 1

|�r1 −�r2| . (18)

If the scale variables �x1,2 = Ze�r1,2 are used for integration in ma-
trix elements, we find that

E(2)
0 = −a(Z − Ze)

2 + b(Z − Ze) − c. (19)

So, one should calculate numerically only the parameters a, b, c
which don’t depend on Z and Ze . When calculating a and b, the
integration over r2 and r′

2 in Eq. (10) can be performed analytically
and numerical integration is only necessary over two variables:

a = −8
∫

e−x1−x′
1 G̃− 1

2 ,0

(
x1, x′

1

)
dx1 dx′

1; (20)

b = 16
∫

e−x1−3x′
1
(
e2x′

1 − 1 − x′
1

)
G̃− 1

2 ,0

(
x1, x′

1

)
dx1 dx′

1; (21)

c = −8
∫ (

e2x1 − 1 − x1
)(

e2x′
1 − 1 − x′

1

)
e−3x1−3x′

1

× G̃− 1
2 ,0

(
x1, x′

1

)
dx1 dx′

1 − 1

2π

∞∑
l=0

1

2l + 1

×
∞∫

−∞
dχ

∫
16e−x1−x2−x′

1−x′
2 G̃ ′

−1
2 +iχ,l

(
x1, x′

1

)

× G̃ ′
−1
2 −iχ,l

(
x2, x′

2

) xl
<

xl+1
>

x′l
<

x′l+1
>

x1x2x′
1x′

2

{
d4x

}
,

{
d4x

} = dx1 dx2 dx′
1 dx′

2. (22)

One finds a = 1 and b = 5
8 with an accuracy of 10−8. The most

complicated task is the calculation of the expression in Eq. (16)
that leads to the coefficient c in Eq. (19). It was found that the
sum over l converges better than

∑∞
l=0

1
l3

and c was calculated as

0.15759 with an accuracy ∼ 3 · 10−5.
Thus, the first three terms of RPT lead to the following result

for the ground state energy:

E(0)
0 + E(1)

0 + E(2)
0 = −Z 2 + 5

8
Z − 0.15759. (23)

This doesn’t depend on the effective charge and it coincides with
the result of the variational PT with considerable accuracy [12]. In
the case of helium this leads to

ERPT
0 ≈ −2.90759; �E = E R

0 − ERPT
0 ≈ 0.00387. (24)

This means that RPT converges rather quickly and about 90% of
the correlation energy is taken into account in the second order
approximation.

3. Energies of the excited states

Let us now apply RPT to the low excited states (21 S and 23 S)
of He-like system with configuration (1s)1(2s)1. If the Hamilto-
nian Ĥ0 is chosen in the form (1) with the same effective charge
for both electrons the degeneracy of states with permutation of
electrons should be taken into account in the zeroth order approx-
imation:

∣∣ψ(0)
±

〉 = 1√
2

[
ψ0(�r1)ψ1(�r2) ± ψ1(�r1)ψ0(�r2)

] = 1√
2

[|01〉 ± |10〉],
(25)

where |ψ±〉 are the para- and orthosymmetric states correspond-
ingly.

Zeroth order approximations for both states are defined by the
following formula that coincides with the result in [4]

E(0)
± = −5

8
Z 2±; Z± = Z − 4

5
(K ± I);

Z+ = 1.8145, Z− = 1.8497,

E(0)
+ = −2.0578, E(0)

− = −2.1383. (26)

Here, the effective charges were calculated from the condition that
the RPT first order correction E(1)

± = 〈ψ(0)
± |V̂ |ψ(0)

± 〉 should be equal
to zero [13] and the Coulomb integrals are calculated in the usual
way:

K =
∫

ψ∗
0 (�x1)ψ

∗
1 (�x2)ψ0(�x1)ψ1(�x2)d�x1 d�x2

|�x2 − �x1| = 17

81
;

I =
∫

ψ∗
0 (�x1)ψ

∗
1 (�x2)ψ0(�x2)ψ1(�x1)d�x1 d�x2

|�x2 − �x1| = 16

729
. (27)

Following the same ideas as for the ground state, one can write
the APT second order correction in the following form:

E(2)
± = (Z − Z±)2 A + (Z − Z±)(B ± �B) + (C ± �C). (28)

After integration over the angular variables, one has

A = −
∫ [

4e−x1−x′
1 G̃− 1

2 ,0

(
x1, x′

1

)

+ 1

8
e− 1

2 x1− 1
2 x′

1(x1 − 2)
(
x′

1 − 2
)
G̃− 1

8 ,0

(
x1, x′

1

)]
dx1 dx′

1; (29)

B =
∫

e−x1−2x′
1
(−8 − 8ex′

1 − 6x′
1 − 2x′2

1 − x′3
1

)

× G̃ −1
2 ,0

(
x1, x′

1

)
dx1 dx′

1 + 1

4

∫
e− 1

2 x2− 5
2 x′

2(x2 − 2)

× (
x′

2 − 2
)(

e2x′
2 − x′

2 − 1
)
G̃ −1

8 ,0

(
x2, x′

2

)
dx2 dx′

2;

�B = − 4

27

∫
e−x1−2x′

1
(
3x′3

1 − 4x2
1 − 4x′

1

)
G̃ −1

2 ,0

(
x1, x′

1

)
dx1 dx′

1

− 4

27

∫
e− 1

2 x2− 5
2 x′

2(x2 − 2)
(
2x′

2 + 3x′2
2

)

× G̃ −1
8 ,0

(
x2, x′

2

)
dx2 dx′

2; (30)

C = −C|00〉 −
∫

e− 5
2 x1− 5

2 x′
1

[
1

8
(x1 − 2)

(
x′

1 − 2
)(

e2x1 − 1 − x1
)

× (
e2x′

1 − 1 − x′
1

) − 32

729
x1x′

1(2 + 3x1)
(
2 + 3x′

1

)]

× G̃− 1
8 ,0

(
x1, x′

1

)
dx1 dx′

1 − 1

2π

∞∑
l=0

1

2l + 1

∞∫
−∞

dχ
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×
∫

1

2
e−x1−x′

1− x2
2 − x′2

2 (x2 − 2)
(
x′

2 − 2
) xl

<

xl+1
>

x′l
<

x′l+1
>

× G̃ ′
− 5

16 +iχ,l

(
x1, x′

1

)
G̃ ′

− 5
16 −iχ,l

(
x2, x′

2

)
x1x2x′

1x′
2

{
d4x

};
�C = −C|00〉 − 4

27

∫
e− 5

2 x1− 5
2 x′

1 G̃− 1
8 ,0

(
x1, x′

1

)(
2x′

1 + 3x′2
1

)

× (
e2x1 − x1 − 1

)
(x1 − 2)dx1 dx′

1 − 1

2π

∞∑
l=0

1

2l + 1

∞∫
−∞

dχ

×
∫

1

2
e−x1− x′1

2 − x2
2 −x′

2(x2 − 2)
(
x′

1 − 2
) xl

<

xl+1
>

x′l
<

x′l+1
>

× G̃ ′
− 5

16 +iχ,l

(
x1, x′

1

)
G̃ ′

− 5
16 −iχ,l

(
x2, x′

2

)
x1x2x′

1x′
2

{
d4x

};

G̃ ′
−5
16 ±iχ,l

(
x, x′) =

⎧⎨
⎩

G −5
16 ±iχ,0(x, x′) ± xx′ ψ0(x)ψ0(x′)

− 3
16 ∓iχ

, l = 0,

G −5
16 ±iχ,l(x, x′), l > 0;

C|00〉 = 8

3

∣∣∣∣〈00| 1

|�x2 − �x1| |01〉
∣∣∣∣
2

. (31)

After numerical integration we get A ≈ − 5
8 , B ≈ 17

81 , �B ≈ 16
729 , C =

−0.08095, and �C = −0.03354. Consequently, the second order
RPT energy for these states can be written as

E21 S = −5

8
Z 2 + 169

729
− 0.11449, (32)

E23 S = −5

8
Z 2 + 137

729
− 0.04741. (33)

The dependence on the effective charge Z± vanishes in this case,
just as for the ground state. For helium we get −2.1716 for the
23 S state and −2.1508 for 21 S , which can be compared with the
variational results [14] −2.175229 and −2.145973. It means that
the correlation energies for the excited states are taken into ac-
count with the same accuracy as for the ground state.

Eqs. (32), (33) can also be compared with the known [15] Z−1

perturbation theory expansions:

E21 S = −5

8
Z 2 + 169

729
− 0.114510 + · · · ,

E23 S = −5

8
Z 2 + 137

729
− 0.047409 − · · · .

4. Concluding remarks

So, the two-particle Coulomb Green’s function is found in the
Letter. It allows one to fulfil in the closed form the summation
of transition matrix elements from the electron–electron interac-
tion operator over all intermediate states and to develop RPT on
this basis. Efficiency of this approach is analyzed when calculating
the second order approximation for the energies of two-electron
atoms. In this particular case the low level energies were calcu-
lated by other methods with essentially higher accuracy. Therefore
applications of RPT for higher order approximations, multi-electron
systems and analysis of the interaction between atom and external
fields are more interesting. Let us consider briefly several examples
in order to show qualitatively how to extend the method for these
cases. We suppose to discuss corresponding numerical results in a
separate paper.

If standard formulas of the perturbation theory [4] are used
with the operator (3) the third order correction to the ground state
energy can be represented in the form analogous to (19) with the
same scaling transformation

E(3)
0 = a1 Ze + (b1 − 2a1 Z) + a1 Z 2 − b1 Z − c1

Ze
. (34)

Here the coefficients a1, b1, c1 are expressed in a closed form by
means of the two-particle Coulomb Green’s functions with the ef-
fective charge Ze = 1 and should be calculated numerically. The
value E(3)

0 can be minimized relatively to Ze that leads to the fol-
lowing expression

E(3)
0 = 2

√
a2

1 Z 2 − a1b1 Z − a1c1 + b1 − 2a1 Z . (35)

It shows that the RPT successive terms are not reduced to the se-
ries over Z−1 and it can be useful for analysis of the singularity of
the function E0(Z) [5].

Hamiltonian of a three-electron atom can be divided on the ze-
roth order Hamiltonian Ĥ0 and the perturbation operator V̂ by the
following way

Ĥ0 =
3∑

i=1

p̂2
i

2
− Z (1)

e

(
1

r1
+ 1

r2

)
− Z (2)

e

r3
;

V̂ = −(
Z − Z (1)

e
)( 1

r1
+ 1

r2

)
− Z − Z (2)

e

r3
+

3∑
i=1, j �=i

1

|�ri −�r j| , (36)

with different effective charges Z (1,2)
e for internal and external

shells. In the zeroth order approximation electrons are considered
as distinguishable particles without taking into account the ex-
change corrections. It was shown recently [6] that this approach
allows one to calculate physical characteristics of multi-electron
atoms and ions with rather good accuracy if the effective charges
are chosen in accordance with some analytical formula.

In order to take into account the permutation symmetry of the
wave function let us use the projection operators [13]

T̂ (s)
i j = 1√

2
(1 + s P̂ i j), s = (−1)Si j , (37)

where P̂ i j is the permutation operator and Sij is the spin of the
electron pair.

The following equation for the wave function Ψ0(�r1,�r2,�r3) of
the three electron atom ground state can be considered instead of
the Schrödinger equation [13]

{Ĥ − E0}(1 − P13)(1 + P23)ψ0(�r1,�r2,�r3) = 0;
Ψ0(�r1,�r2,�r3) = 1

2
(1 − P13)(1 + P23)ψ0(�r1,�r2,�r3). (38)

The wave function ψ0(�r1,�r2,�r3) is calculated by means of RPT with
the transformed perturbation operator but without additional sym-
metrization

V̂ R(E0) = V̂ (1 + P̂ ) + (Ĥ0 − E0) P̂ ; P̂ = P23 − P13 − P13 P23.

(39)

It can be shown that in this representation the exchange and cor-
relation corrections are taken into account in the RPT series simul-
taneously and all sums over the intermediate states are reduced to
the two-particle Coulomb Green’s functions.

RPT can be also useful for analysis of the Rydberg states of he-
lium in order to take into account the polarization effects [16]. In
this case Hamiltonian of the system in the scaled variables has the
following form [16]

Ĥ0(r) = −
(

∇2
r + 4

r

)
; Ĥ0(x) = −

(
∇2

x + 2

x

)
;

V̂ (�x,�r) = 2

|�x −�r| − 2

x
− 2m

MHe + m
�∇r �∇x. (40)



Author's personal copy

2554 I.D. Feranchuk, V.V. Triguk / Physics Letters A 375 (2011) 2550–2554

In the RPT second order the energy shift � of the Rydberg level
E(1sN L) is represented in a closed form in terms of the reduced
Coulomb Green’s functions

� = −
∞∫

−∞

dχ

2π

∫
ψ0(�r)Ψ ∗

N LM(�x)V̂ (�r, �x)G̃−4+iχ
(�r,�r′)

× G̃ −1
N2 −iχ

(�x, �x′)V̂
(�r′, �x′)ψ0

(�r′)ΨN LM
(�r′

2

)
d�r d�x d�r′ d�x′. (41)

It can be calculated numerically without the expansion of the in-

tegrand in a formal power series over Ĥ0(x)
Ĥ0(r)

as in the paper [16].
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