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defined on R;. This means that system (3) generates a semi-group dynamical system (X, Ry, 7)
on the space X :=R" xR" x T, where (T7™,R, o) is a dynamical system associated by equation

o = 5(0), @)
(p(t, o, xy,0), ¢ (t, 0, x(,0)) is a unique solution of equation
2" +VF(o(t,0),2) =0 (0 T™) (5)
passing through the point (x¢, () at the initial moment ¢ = 0,

W(t’ (:C(),"L‘é),g)) = (ga(t,xo,x6,0),go/(t,xo,xf),e))

for all (t,z0,2(,0) € Ry x R™ x R™ x T™.

Remark 3. 1. By arguments above autonomous system (3) and non-autonomous equation
(5) (in fact the family of non-autonomous equations depending on parameter § € T™) are
equivalent.

2. If equation (5) admits a trivial solution, then the set {(0,0)} x 7™ C R™ x R™ x J™ is an
invariant subset (invariant torus) of system (3).

Definition. Recall that the trivial solution of equation (5) (or equivalently, the invariant
torus of system (3)) is said to be uniformly (with respect to 6§ € J™) Lyapunov stable, if for
arbitrary ¢ > 0 there exists a positive number & = §(¢) such that |[xo||? + ||z{||> < 62 implies
| (t, zo, 2, O)||? + ||/ (t, xo, 2, 0)||* < €2 for all t € Ry and 6 € T™.

Denote by XK the set of all continuous functions a : Ry +— R4 possessing the following
properties: a(0) = 0; a is monotonically strictly increasing.

Theorem 2. Suppose that following conditions hold:

1) F(0,0)=0 and V F(0,0) =0 for all € T™,;

2) there exists a function a € X such that F(x,0) > a(||z]|) for all x € R™ and 6 € T™;

3) (VgF(z,0),2(0)) <0 forall (z,0) € R™ x J™.

Then the trivial solution of equation (5) is uniformly Lyapunov stable.
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In the finite interval [a,b] we consider the problem

dui
dt

= filt,ur,...,un) (i=1,...,n), (1)
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where f;:[a,b] xR, — R (i =1,...,n) and ¢; : Roy — Roy (i =1,...,n) are continuous
functions, Ro4 =]0,400[ and Rf, = {(z;)", € R": z1 >0,...,z, > 0}. The particular cases
of (2) are the boundary conditions

ui(a) =ui(b) (i=1,...,n), (21)

ui(a) = azui(b) (i=1,...,n). (22)

A solution (u;)i; : [a,b] — R{, of the system (1) satisfying the boundary conditions (2) is
called a positive solution of the problem (1), (2).

For singular in phase variables first and second order differential equations, problems on the
existence of positive solutions, satisfying periodic type boundary conditions, are investigated in
detail (see, e.g., [1, 4, 6]). As for the system (1), for it similar problems are studied only in a
regular case (see, e. g., [2, 5] and the references therein).

Based on the a priori estimates, established in [3], we obtain unimprovable in a certain sense
conditions guaranteeing the existence and uniqueness of a positive solution of the problem (1),
(2). These results cover the case where the system under consideration has singularities in phase
variables, in particular, the case where for arbitrary i,k € {1,...,n} and 2; >0 (j=1,...,n;
j # k) the equality

lim |fi(t,x1,...,xn)‘ = +00
z—0

is fulfilled.
We also use the following notation:

Ry =1[0,400[, R} ={(z5)ju; €eR": 21 20,...,2, >0}
X = (wik)l—q is the n x n matrix with components z;; € R (i,k =1,...,n), and r(X) is

the spectral radius of the matrix X. For any continuous function p: [a,b] — R and number g3,
satisfying the condition

A(p,B) =1 - fexp (/bp<s> ds) £0,

we put
t
A(;vﬂ) eXp(/p(T)dT) for a <s<t<b,
g(p, B)(t,s) = s, t
A(}f,ﬁ) exp <a/p(7')d7'+s/p(7')d7') for a <t <s<b,
and

wlp )0 = 5005 |1~ Beww / ple)ds ) + e /b s ) 1],

In Theorem 1 it is assumed that the functions f; (i = 1,...,n) and ¢; (i = 1,...,n),
respectively, on the sets [a,b] x R, and Ro; satisfy the inequalities

qi(t,z;) < oi(filt, o1, .. 20) — pi(t)w;) <
n
<Zplk(t7$1++$n)xk‘+QO(t7'x1avxn) (Z:]-avn)v (3)
k=1



94 «ITlectore BormanoBckue UTeHUs MO OOBIKHOBEHHBIM UM MEPEHITNATLHBIM YPABHEHUSIM »

and
oi(pi(r) —ix) 20, oi(pi(z) — Biz) < Bo (i=1,...,n). (4)
Here,
o e{-1,1}, a;>0, B3>0, o0i(Bi—)20 (i=1,....n), [y=0, (5)
pi:[a,b] = R (i =1,...,n) are continuous functions, p;; : [a,b] x Rox — Ry and g¢; : [a,b] x
x Roy+ — Ry (i,k =1,...,n) are nonincreasing in the second argument continuous functions,
and qo : [a,b] x Rj, — R is a nonincreasing in the last n arguments continuous function.
Moreover, p; and ¢; (i =1,...,n) satisfy the conditions
b
a¢<ﬁ¢exp(/pi(s)ds> —1) <0 (i=1,...,n), (6)
a
max{q;(t,z): a<t<b}>0 for x>0 (i=1,...,n). (7)

Theorem 1. Let the conditions (3) —(7) hold and there exist continuous functions ¢; : [a,b] —
—Roy (1 =1,...,n) such that the matriz function H(x) = (hiy(x))!,_, with the components

b
1
hik(x) = max{g'(t) / ’g(pi,ﬁi)(t, s)’pik(s,:n)fk(s) ds: a<t< b} (i,k=1,...,n)
satisfies the inequality

lim r(H(z)) < 1.

r—-+00

Then the problem (1), (2) has at least one positive solution.
As an example, we consider the differential systems

d’LLi - .
7 :Ui(zpikuk+f0i(t,u1)--'aun)> (i=1,...,n), (8)
k=1

dui_ ' & |1_ak‘hik ) s
i —m(;(1_ak)(t_a)_I_ak(b_a)Uk+f01(t,u1,---,un)> (i=1,...,n), (9)

where o; € {-1,1} (i =1,...,n), px (i,k=1,...,n) and o; (i =1,...,n) are constants
satisfying the inequalities

a; > 0, UZ'(OZZ'—I) <0 (izl,...,n), (11)
hig. (i,k =1,...,n) are nonnegative constants and fo; : [a,b] x R, — Ry (i =1,...,n) are

continuous functions. Moreover, on the set [a,b] X Rf, the inequalities

qi(t,x;) < foi(t,z1,...,xn) < qolt,x1,...,2) (i=1,...,n) (12)

are fulfilled, where qo : [a,b] x R, — R, is a nonincreasing in the last n arguments continuous
function and ¢; : [a,b] X Ropx — Ry (i = 1,...,n) are nonincreasing in the second argument
continuous functions satisfying the conditions (7).

Corollary 1. Let the conditions (11) and (12) be fulfilled. Then for the existence of at least
one positive solution of the problem (8), (21) it is necessary and sufficient that the real parts of
the eigenvalues of the matriz (pik);szl be megative.
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Corollary 2. Let the conditions (11) and (12) be fulfilled. Then for the existence of at least
one positive solution of the problem (9), (22) it is necessary and sufficient that the matriv H =
= (hik)zkzl satisfy the inequality

r(H) <1. (13)

Remark 1. In the conditions of Corollaries 1 and 2 the functions fo; (i = 1,...,n) may
have singularities of arbitrary order in the least n arguments. For example, in (8) and (9) we may
assume that

n

foi(t, w1, ..., xn) = Z(quk(t)x,:’“““ + qoir(t) exp(z, "**)) (i=1,...,n),
k=1

where pyr > 0, pox > 0 (i,k = 1,...,n) and quk : [a,b] — Roy and qoi : [a,b] — Ry
(i,k=1,...,n) are continuous functions such that ¢ (t) + ¢2:i(t) Z0 (i=1,...,n).

The uniqueness of a positive solution of the problem (1), (2) can be proved only in the case
where each function f; has the singularity in the i-th phase variable only. More precisely, we
consider the case when the system (1) has the following form

dui
dt

= pi(t)u; + oi(foi(t,ur, ... upn) + qi(t,ui)) (E=1,...,n). (14)

The particular cases of (14) are the differential systems

dui - .
= 04 i i\U, Ug =1,...,n), 1
dt a<;pkuk+q<tu>) (i=1.....n) (15)

n

du; |1 — aglhik " (tw i — n
@ ‘“Z(gu—am—awak(b—a) ) G=tem 09

Here 0; € {-1,1} (i=1,...,n), p;i:[a,b] = R and fy; : [a,b] xR} - Ry (i=1,...,n)

are continuous functions, and ¢; : [a,b] X Ropy — R4 (i = 1,...,n) are nonincreasing in the
second argument continuous functions. Moreover, p; and ¢; (i =1,...,n) satisfy the conditions
(6) and (7), pir and «; (i,k=1,...,n) are constants satisfying the inequalities (10) and (11),
and h;, (i,k=1,...,n) are nonnegative constants.

Theorem 2. Let on the sets [a,b] x R! and Ry the conditions

n
O-Z'(f(]i(tvxla cee amn) - fOi(t>yla cee ayn)) sgn (xl - yl) < szk(t)‘xk - yk’ (Z = 17 s 7n)
k=1

and

oi(pi(x) — aix) 2 0, oil(pi(z) — @i(y))sgn (z —y) = Bile —y[] <O (i=1,...,n)
holds, where p; : [a,b] =Ry (i,k=1,...,n) are continuous functions. Let, moreover, there exist
continuous functions ¢; : [a,b] — Roy (i =1,...,n) such that the matriv H = (hiy)})—, with

the components

1
4i(t)

b
hix, = max{ /\g(pi,ﬁi)(t, $)|pik(s)lk(s)ds: a <t < b} (t,k=1,...,n)

satisfies the inequality (13). Then the problem (14), (2) has a unique positive solution.
Theorem 2 results in the following corollaries.
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Corollary 3. For the existence of a unique positive solution of the problem (15), (21) it is
necessary and sufficient that the real parts of the eigenvalues of the matriz (pi)?,_, be negative.

Corollary 4. For the existence of a unique positive solution of the pr‘oblem7(16), (29) it is
necessary and sufficient that the matric H = (hg)l',_, satisfy the inequality (13).

Remark 2. In the conditions of Theorem 2 and its corollaries, the functions ¢; (i =1,...,n)
may have singularities of arbitrary order in the second argument. For example, in (14), (15) and
(16) we may assume that

qi(t; x) = gn(O)x™" + gip(t) exp(z™2) (i =1,...,n),

where pi1 > 0, pig >0 (i =1,...,n), and ¢p : [a,b] = Ry (i =1,...,n; k=1,2) are
continuous functions such that g1 (t) + gi2(t) Z0 (i=1,...,n).
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OF DIFFERENTIAL SYSTEMS

Zx. Zhou

University Yangzhou, Yangzhou, China
zhengxinzhou@hotmail.com

Theorem. Let F(t,x) be Mironenko reflecting function |1, 2| of the differential system i =
= X(t,x) and A(t,z) be a solution of the system Ay + Az X(t,z) — Xz(t,x)A = pA, where
wu(t,x) is a scalar function, for which p(—t,F(t,z)) 4+ u(t,x) = 0. Then for every scalar odd
function «a(t) system &= X(t,x)+ a(t)A(t,z) has the same reflecting function F(t,x).

This theorem generalizes the theorem of V. V. Mironenko [3].
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