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In this paper we present a number of characterizations of piecewise affine and piecewise linear functions
defined on finite dimensional normed vector spaces. In particular we prove that a real-vatued function is
piecewise affine [resp., piecewise linear] if both its epigraph and its hypograph are (nonconvex) polyhedral
sets [resp., polyhedral cones]. Also, we show that the collection of all piecewise affine [ resp., piecewise linear]
functions coincides with the smallest vector lattice containing the vector space of affine [resp., linear]
functions. Furthermore, we prove that a function is piecewise affine [resp., piecewise linear] if it can be
represented as a difference of two convex [resp., sublinear] polyhedral functions.
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1. INTRODUCTION

Piccewise affine functions and polyhedral sets are mainly studied in piecewise linear
topology [17,20,23]. We are interested in piecewise affine functions and mappings due
to their possible applications in nonsmooth analysis (see, e.g., [1,5,8,16] and the
references therein) and, in particular, in the quasidifferentiation theory [6—11, 18, 19].
In our preceding paper [ 11] we have already used piecewise linear functions as local
approximations for defining the notion of polyhedral quasidifferentiability. In that
paper we have also announced some results concerning properties of piecewise linear
functions. Here we shall present different qualitative and analytical characterizations of
piecewise affine and piecewise linear functions in detail.

In Section 1 of this paper, we give the definitions of piecewise affine and piecewise
linear functions and prove that both the collection of all piecewise affine functions and
the collection of all piecewise linear functions form vector lattices, the second of which
is a sublattice of the first one. Section 2 deals with polyhedral sets. We say that a setofa
finite dimensional normed space is polyhedral if it is the result of unions and
intersections of finitely many closed halfspaces. A convex set turns out to be polyhedral
in the above sense if and only if it is the intersection of a finite family of closed
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halfspaces. Thus the above definition extends the notion of a convex polyhedral set,
which is well-known in convex analysis (see, e.g., [ 3, 14, 21, 22]) to the nonconvex case.
Some properties of polyhedral sets are also studied in Section 2. In Section 3 we prove
the main results of this paper. So a real-valued function is proved to be piecewise affine
(respectively, piecewise linear) if and only if both its epigraph and its hypograph are
polyhedral sets (respectively, polyhedral cones). Using this criterion we obtain a
number of analytical representations characterizing piecewise affine and piecewise
linear functions. In particular, we show that the vector sublattice of piecewise affine
(respectively, piecewise linear) functions consists exactly of those functions which are
represented as a difference of two convex (respectively, sublinear) polyhedral functions.
Thus, piecewise affine (respectively, piecewise linear) functions form a sublattice in the
lattice of difference convex (respectively, difference sublinear) functions. Section 4 is
devoted to approximating arbitrary compact sets by polyhedral sets and continuous
functions by piecewise affine functions. Also we prove that the sublattice of piecewise
linear functions is dense in the Banach lattice of all positively homogeneous continuous
functions.

2. PIECEWISE AFFINE FUNCTIONS

Let X be a real normed vector space and let X* be its dual vector space consisting
of all linear continuous real-valued functions defined on X. The canonical bilinear form
on X x X* will be denoted by {-,-). Throughout this paper we shall assume, without
any special mention, that X is finite dimensional. So we could identify X and X* with
R", where n = dim X, and (-, -, with the inner product on R". However, we find it more
convenient to use different notations for the primal space X and its dual X*.

We recall (see, e.g., [3,14,22]) that a convex set Q@ = X is said to be polyhedral if it
can be represented as the intersection of a finite family of closed halfspaces, i.e., if
Q= Yo1 H_(a%, ), where H_(a*,0):= {xe X|(x,a%) <}, a*e X*, a* #0, ¢,eR,
i=1,...,k(R is the set of real numbers).

A finite family o:= {Q,Q,,...,Q,} of convex polyhedral sets is called a polyhedral
partition of X if

() int Q;#¢,i=1,2,...,k;
(i) int @;nint Q;=¢,i,j=1,2,...,k,i #J;
(i) X =Ji-, 0.

If, in addition, all subsets Q,,Q,,...,Q, of the polyhedral partition ¢ are convex
polyhedral cones we say that o is a conically polyhedral partition of X.

A functionf: X — Ris said to be piecewise affine (respectively, piecewise linear) on X
[13,15,23] if one can associate with f a polyhedral (respectively, conically polyhedral)
partition ¢,:={0,,0Q,,...,Q,} of X such that the restriction of f to each set Q,
i=1,2,...,k, is affine (respectively, linear).

Proposition 1.1: The collection PA(X) of all piecewise affine functions defined on X is a
vector lattice with respect to the standard algebraic operations and pointwise maximum
and pointwise minimum as lattice operations.
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For the proof we need the following

Lemma 1.1: For any polyhedral partitions o;:=1{01,Q,,....,Q0,} and o=
{81,8,,...,8,,} of X their intersection defined by o, na,;={Q;n §;| int(Q;nS)) # ¢,
i=1,...,k,j=1,...,m}isalso a polyhedral partition of X.

Proof: It follows from properties of ¢, and ¢, that X = J5_, (J7_, (Q;nS)), with
all 9;nS,i=1,...,kj=1,...,m, being closed because they are convex polyhedral
sets. In as much as the union of a finite family of nowhere dense sets is also nowhere
dense (see, e.g., [4]), at least one of the sets ;N S; has a nonempty interior. Hence the
family o, no, is nonvoid. Now we have to show that o, N, satisfies the conditions
(1)—(i11) from the definition of a polyhedral partition. Condition (i) is true due to the
definition of ¢, N ¢,. As for condition (ii) the family ¢, N o, satisfies it because both o,
and ¢, satisfy this condition. To prove condition (iii) we consider the set Gi=
X\U{0:nS|Q:nS;e6,na,}. We note that G is open and ¢l G = U {Q;nS;|Q,NS ¢, N0}
Since int(Q;NS;) = ¢ for any Q;nS;¢0,na, we have int G = ¢ and, consequently,
G#¢. Hence, X=u0{0,nS;|Q;nS;€ea,na,}. This completes the proof of
Lemmat.l. W

Remark 1.1: If o, and o, are conically polyhedral partitions of X, then their
intersection o, Mo, is also a conically polyhedral partition.

Proof of Proposition 1.1: First of all we note that if f is a piecewise affine function
then o fis also a piecewise affine function for all real «. Now we consider two arbitrary
piecewise affine functions f and g. Let o, and o, be polyhedral partitions associated
with f and ¢ respectively. The functions f and ¢ are evidently affine on every subset of
theintersection o, no = {Q,,0Q,,...,Q,} and therefore the function f+ ¢ is also affine
onevery Q,,i=1,...,r. Thus PA(X) is a vector space.

To prove that the functions max( f, g) and min( f, ¢) are pieccewise affine we construct
the refinement of the family o, no: = {Q ..., Q,} in the following way. Together with
every subset Q;e0,0n0,i=1,2,...,r, we consider affine functions a; and b, such that
f(x)=aqx) and g(x) = b{x) for all xeQ,. If the hyperplane H, = {xe X|a(x) = b(x)}
doesnot 1ntersect int @, then the set Q, belongs to one of the closed halfspaces generated
by the hyperplane H, Let Q, < {xeX|a(x)<b;(x)}. Then max(f(x), g(x))= bix),
min{ f(x), g(x)) = ax)for all x e Q,. Therefore in the case when H; nint Q, = ¢ we retain
the set Q; without changing In the case when H; nint Q ;é ¢ we rep]ace the set Q, by
two sets Q; == {xeQ,|ax (x)} and Q= {er la(x (x)}, that are polyhed-
ral. It is easily to see that the functlons max( f,g) and min ( f g) are affine on every sub-
set Q@ and Q.. In addition we have i) int Q; # ¢,int Q| # ¢;i)intQ,; n intQ," = ¢;
iii) 0, = 0, UQ,', and therefore the family that is obtained from ¢, N o, by replacing
the set Q; with the subsets @ and Q" is also a polyhedral partition of X. Using this
way for refining the family o ,n o, we construct a polyhedral partition of X such that
the functions max( f,g) and min( f,¢g) are affine on its subsets. Thus the functions
max (f,g) and min ( f,g) are piecewise affine and we have proved the proposition. W

Proposition 1.2: The collection PL(X) of all piecewise linear functions is a vector
sublattice of the lattice of piecewise affine functions PA(X).

The proof is similar to the proof of Proposition 1.1.
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3. POLYHEDRAL SETS

Let X be a finite dimensional normed space and let 9t ( X) be the Boolean lattice [2] of
all subsets of X with the set-theoretic operations of union and intersection as lattice
operations. By the symbol M (X) we shall denote the smallest sublattice in 9t (X)) that
contains all closed halfspaces H _(a*, o): = {xe X|(x, a*) <o), a*e X* a*#0,0eR

Any subset of X that belongs to the sublattice M (X) will be called a polyhedral set.

Note that any affine manifold (in particular, X, ¢ and any singleton) is a polyhedral
set. Besides any convex set that is polyhedral in the sense of convex analysis (see the
preceding section) is also polyhedral in the above sense. Below in Proposition 2.1 we
shall show that the converse is also true.

By the definition any polyhedral set Q is of the form

Q = p(Hg(aTa Cxl)’Hg(a;a O{Z) LERER Hg(a:!:p (Xm)),

where p(Q4,Q,, ..., Q,,) is some lattice polynomial [2] defined over the Boolean lattice
M (X). Since M (X) is distributive then (see, e.g., [2]) any lattice polynomial over M (X)
is equivalent to an union of intersections or an intersection of unions. Thus, we have

Proposition 2.1: Any polyhedral set Q € M(X) can be represented in the form

m k(i)
0= () Hla}. o) 2.1)
i=1j=1
as well as in the form
r s(v}
0= U H.(bk.B,,). 2.2)
v=1pu=1

where a,

b eX* oy B R, j=1, k() i=1,...mpu=1,. . s(),v=1,.,r
From the equalities (2.1) and (2.2) it follows that any polyhedral set is closed.

Proposition 2.2: A polyhedral set Q € M(X) is convex if and only if it can be represted
as the intersection of a finite family of closed halfspaces:

0= O H _(a}, o), (2.3)

where afe X* a,eR,i=1,... k.

Proof: The sufficient part is evident. For proving the necessity let us consider a
convex polyhedral set Q. From equality (2.2) it follows that Q ={ )" Q, where
0, =( V@ H_(a},a;), i=1,2,...,m Since Q is closed and convex then Q=
clcon¥(Q,vQ,u---uQ,)). Now using Theorem 19.6 from [22] we conclude that Q
can be represented in the form (2.3). This completes the proof. W

Proposition2.3: A set Q = X is polyhedralif and only if it can be represented as a union
of a finite family of convex polyhedral sets.

The validity of the proposition follows from representation (2.1) and Proposition 2.2.
It is not difficult to verify that the sublattice M (X)) of polyhedral sets is closed with res-
pect to the main algebraic operations. In particular, the following statements are true.
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A. Let X and Y be finite dimensional normed spaces and let @ and P be polyhedral
sets in X and Y, respectively. Then

(a) the direct product @ x P is also a polyhedral set in the space X x Y;
(b) for any linear operator 4: X — Y the sets

AQ={yeY|y=Ax,xeQ} A 'P={xeX|AxeP}

are also polyhedral sets.
B. If O, and Q, are polyhedral sets in X, then

01+ Qyi=1{x; +x,x,€0Q,,i=1,2}

" is also a polyhedral set.

C. If Q is a polyhedral set in X, then AQ:= {Ax|x e Q} is also a polyhedral set for all
AeR.

D. If Q is a polyhedral set in X, then the closure of its complement cl(X \ Q) is a
polyhedral set in X and, consequently, the boundary of Q is a polyhedral set.

Any maximal (in the sense of inclusion) convex subset of Q will be referred to as a
convex component of the set Q.

The existence of convex components for any nonempty set Q follows from Zorn’s
Lemma [12]. Indeed, the collection w(Q) of all convex subsets of Q is nonvoid since
(Q) contains singletons. Besides, if {Q;,iel} is an increasing chain in w(Q) then
\J;e10:€0(Q). Using Zorn’s Lemma we conclude that for any convex subset of @
there exists a maximal convex subset (a convex component) of Q containing this subset.
Thus the collection @(Q):={S|S is a convex component of Q} is nonvoid and

Q=u{SISen (Q)}.
Preposition 2.4: Any convex component of a polyhedral set is also a polyhedral set.

Proof: Let Q be a polyhedral set in X. It follows from Proposition 2.1 (see equality
(2.2)) that Q can be represented as Q= (");_; Q, where Q.= )i0, H_(b},B,,),
v=1,2,..,r. We note that the complements X\Q,=()i (X\H_ (bvu, B,
Y= 1,2,... ,F, Are OPen convex sets.

Now let us consider an arbitrary convex subset § of Q. It is evident that
Sn(X\Q)=¢forallyv=1,...,r. The Separation Theorem (see, e.g., [22]) point out for
every v=1,...,r a closed halfspace H_(a¥ «,), such that S<H _(a¥ «), and
X\Q, c X\ H_(a¥, o). Since the last inclusion is equivalent to H _(a¥,a,) = Q, we have
Sc (Vo H_(a* )= () _,0,=Q.Inthe case when S is a convex component of Q we
conclude from these inclusions that S = [}/_ H_(a*,«,). Due to Proposition 2.3 this
completes the proof. H '

Remark 2.1: There are simple examples showing that the collection w(Q) of convex
components of a polyhedral set Q is generally infinite. However, it follows from the
representation (2.1) that any polyhedral set can be represented as a union of finitely
many of its convex components. We remark that, in general, minimal (in the sense of
inclusion) finite subcollections of w(Q) covering Q may be different both by the number
and by constituents.

Before closing this section we shall discuss some facts concerning polyhedral cones.
First of all it easily follows from Proposition 2.2 that a polyhedral cone K < X is convex
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if and only if it can be represented in the form

K=

i

D=

H_(a*,0) a*eX*, a*#0, (2.4)

1

ie., if and only if K is an intersection of finitely many positively homogeneous closed
halfspaces.

In the general case we have

Proposition 2.5: A4 set K < X is a polyhedral cone if and only if it can be represented in
the form

m k(i)
K = U 1}’0) (a:’;GX*) (25)
i=1j=1
or, equivalently, in the form
r s(v)
K={) |UH (b%,0), (bEeX™). (2.6)
v=1pu=1

Proof: 1t is easily shown that any set K = X which can be represented in the
form (2.5) or (2.6) is a cone and polyhedral (the last property follows from Proposi-
tion 1.1). For proving the converse assertion let us consider a polyhedral cone K < X.
By Remark 2.1 we can represent K in the form K = () C;, where {Cy,...,C,}
is a finite family of convex components of X. Since K is a cone it follows from
the maximality of C; and Proposition 2.4 that every C,, i=1,...,m, is a convex
polyhedral cone. Representing every C,, i=1,...,m, in the form (2.4) we get equality
(2.5).

Let M,(X) consist of all polyhedral cones in X. It is straight-forward verified that
M (X)is a sublattice in M (X ) (and in M(X)). Besides, from representation (2.5) we see
that M,(X) is the smallest sublattice in M (X)) (in 9(X)) that contains all positively
homogeneous closed halfspaces. Using now arguments based on the equivalence of
lattice polynomials we prove the validity of the representation (2.6). This completes the
proof of the Proposition 2.5. W

It should be noted that all above assertions concerning the lattice M(X) of poly-
hedral sets are true with obvious changing for the sublattice M,(X) of polyhedral
cones. '

4. POLYHEDRAL FUNCTIONS, THEIR ANALYTICAL REPRESENTATIONS
AND EQUIVALENCE TO PIECEWISE AFFINE FUNCTIONS

As before, we consider a finite dimensional normed space X.

We shall say that a function f: X - RU{+ oo} is lower polyhedral if its epigraph
eplf:={(x, ®)e X x R|f(x) <o} is a polyhedral set in X x R.

Similarly, we shall say that a function /1 X - RU{ — o0} is upper polyhedral if its
hypograph hyp f: = {(x,2)eX x R|f(x) >a} is a polyhedral set in X x R.
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Evidently, a function f is lower polyhedral if and only if — f is upper polyhedral and
vice versa.

We shall say that a function f: X — R is polyhedral if it is both lower polyhedral and
upper polyhedral.

Since polyhedral sets are closed we have that alower (respectively, upper) polyhedral
function is lower (respectively, upper) semicontinuous on X and, consequently, a
polyhedral function is continuous. It is easy verified that a lower (respectively, upper)
polyhedral function f: X — R is polyhedral if and only if it is upper (respectively, lower)
semicontinuous on X.

Affine functions a(x):=<{x,a*> +a (a*cX* aecR) are evidently the simplest
examples of polyhedral functions. Really, both the epigraph and the hypograph of any
affine function are “nonvertical” closed halfspaces in X x R. The simplest example of a
lower polyhedral function that is not polyhedral gives the indicator function

0
T Y.

of an arbitrary polyhedral set Q= X, Q # X. Below we shall show that any (lower,
upper) polyhedral function can be obtained from a finite family of affine and indicator
functions by means of pointwise maximum or minimum operations and algebraic
operations of addition or subtraction.

We begin with reformulating the following statement well-known in convex analysis
(see, e.g., [22]).

Proposition 3.1: A function f:X -»RU{+ oo} is lower polyhedral and convex if and
only if there exist affine functions a;: X - R,i=1,2,...,m, and a convex polyhedral set C
in X such that

flx)= max a;(x)+ 6(x|C), xeX. 3.1

If, in addition, the function f is finite on the whole space X then, in fact, C =X and,
consequently, in (3.1) 6 (x| C) =0 for all xeX.

Generalizing this proposition we prove the following

Proposition 3.2: A function f: X -RuU{+ o0} is lower polyhedral if and only if there
exist affine functions a,;;: X »R, j=1,2,...,m;, i=1,2,...,k, and convex polyhedral
subsets Cy,...,C, of X such that

f(x)= min I: max g (x)+5(x|Ci):|, xeX. (3.2)
k

1<i< 1<jsm

Proof: Since the epigraph of a lower polyhedral function /:X - Ru{+ o0} is a
polyhedral set then by Remark 2.1 there exists a finite subfamily {F, ,..., F,} of convex
components of epi f such thatepi f = | J{_ Fi Wenote that F, = F: {(x o+1yeX x
R|(x,x)eF,t >0} cepif. In as much as F is convex and F is a maximal convex
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subset of epi f we have F, = F; and we see that every subset F, is the epigraph of some
lower polyhedral convex function f;:X—>Ru{+ o}. It follows from the equality

epif = {Ji-; epi £, that

f(x)= min fi(x), xeX.
1<isk
Representing the functions f,i=1,...,k, in the form (3.1) we get (3.2) for f. To prove
the converse statement we have to argue in reverse way. W

Proposition 3.3: A function [: X - RuU{— o0} is upper polyhedral if and only if there
exist affine functions a; X-R, j=12,....m, i= 1,2,....k, and convex polyhedral
subsets C1 seees G ofX such that

f(x)= max [ min  a;;(x) — 5(x|Ci):l, xeX. (3.3)

1<ig<k| 1€jsm;

We omit the easy proof.

Now we shall show that in the case when f is a polyhedral function we can put
C,=C,=-=C,=X or equivalently, 6(x|C)=0for all i=1,2,...,k, in (3.2) and
(3.3). To show this we prove first the following important property of polyhedral
functions.

Proposition 3.4: Any polyhedral function f: X — R is Lipschitzian on the whole space
X, i.e., there exists a constant L > 0 such that

lf(x)—fWI<L|x—y| foral x,yeX.

Proof: Represent the function f in the form(3.2) and consider the function
fi(x):=max, j<m; @{x) where the functions g;; are the same as in (3.2). It follows from
Proposition 3.1 that every function f, is convex and lower polyhedral. Besides, it is not
hard to see, that f, is Lipschitzian on the whole space X with the Lipschitz constant
L;=max, ¢, la;ll. Now we shall prove that the function f is also Lipschitzian on
the whole space X w1th _a Lipschitz constant L = max, ¢;¢; L; To this end we
introduce the sets = {x eX|f(x)=f{x)}, i=1,..,k, and note that
0= pry(epi f Nhypf), i= 1 2,...,k, where pry: X xR —>X is the operator of projec-
tion on X. Since the function f 18 lower polyhedral and the function f is polyhedral, the
sets epi f and hypf are polyhedral and, hence, the intersection epi f N hypfis also a
polyhedral set. Consequently, every set Ql i=1,2,...,k, is the projection on X of the
polyhedral set epi f,nhypf and therefore Q, is polyhedral.

New we represent every set Qi as the union of finitely many convex polyhedral sets
Qi S=1,2,...,r; Since | f(x)| < + oo for all xe X, we have X ={ J¥_, 0, and, hence,
X =) U, le Thus the family o:={Q,, s=1,2,...,r, i=1,2,...,k} consisting
of convex polyhedral sets is a finite covering of the space X. It follows from the finitness
of o and the convexity of its subsets that for any points x, y € X one can choose finitely
many points x,=x+1t,(y—x), v=12,...,p(0=t,<t; <t,<--<t,=1), on the
interval [ x, y] in such a way that every subinterval [x,_ ,x,],v=1,2,..., p, will wholly
belong to some (possibly not only) subset Q,,. Since the function f is Lipschitzian on
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every subset @, with the Lipschitz constant L, we have

700 = 100 =| 3 (fs,-1) =)

(ks

<

v

) =)< Y LIy — ]

1

P
=L[x—y| ) (t,—t,-)=Lllx—yl.
v=1
. This does prove that the function f is Lipschitzian on the whole space X. W
Now we are in the position to prove our main

Theorem 3.1: For any functionf: X — R the following statements are equivalent:
(1) fis piecewise affine;
(ii) fis polyhedral,
(iii) f can be represented in the form

f(x)= min max a;(x), xeX, (3.4)
1<i<k 1<jSm
wherea,; X - R, j=1,2,...,m;,i=1,2,..., k, are affine functions,
(1v) f can be represented in the form

f(x)= max min b;(x), xeX, (3.5
Isiskisjsm
whereb,: X - R, j=12,...,m;,i=1,2,..., k, are affine functions;
(v) fcan be represented as a difference of two convex polyhedral functions:

f(x) = max a,(x) — max b;(x), xeX, (3.6)

1sisk 1<jsm
wherea; X »R,i=1,2,....k,and b;: X - R,j=1,2,...,m, are affine functions.
Proof: We shall prove the following chain of implications:

(1) = (i) = (ii1) = (v) = (iv) = (1)

(i) = (i1) Let f: X — R be a piecewise affine function on X. We associate with f both a
polyhedral partition o : = {Q,, ..., Q,} of the space X and a family {a, , ..., q,} of affine
functions such that f (x) = a,(x)forall xe Q, i = 1,2,...,r. It is not difficult to verify that
epif =), (Q; x Rynepia,) and hyp f = | ). ,(Q; x R)nhyp a,). From these equal-
ities we can see that the epigraph and the hypograph of the function f are polyhedral
sets in X x R. Thus the function f is polyhedral on X.

(i1) = (iii) Argueing as in the proof of Proposition 3.2 we can represent the function fin
the form

f(x)= min f(x), xeX, 3.7
1<€i<k

where f;: X >Ru{+o0},i=1,...,k, are lower polyhedral convex functions, with the

epigraphsepif,,i=1,2,..., k, being convex components of the epigraph of f. Since the
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function f is polyhedral, it follows from Proposition 3.4 that f is Lipschitzian on X
with some Lipschitz constant L > 0. This implies that the recession cone of any convex
component of epif contains the epigraph of the function w;:x — L|/x||. Hence, the
epigraph of any function f;,i= 1,2, ..., k, satisfies the inclusion epi f; + epiw; < epi f,
i=1,2,...,k. This inclusion implies that | f;(x) — f;(v)| < L||x — y| for all x,ye X and,
consequently, every function f;, i=1,2,...,k, is finite on X. By the second part of
Proposition 3.1 we conclude that every f; can be represented in the form

fix)= pax a (%), (3.8)

wherea;;: X - R(j=12,....,m;,i=1.2,...,k,arc affine functions. Now it follows from
(3.7) and (3.8) that f can be represented in the form (3.4).

(111) —»(v) Let
f(x)= min max a;(x).
1<isk1<jsm,
Letting f;(x)= max a;(x),i=1,2,...,k, we can represent the function f in the

1<j<m;

following form:

f(x)= min f;(x)= —lmax< ) fs(x)—Zfs(X)>

1<i<k SISk \g=1,s#i

Zf(x)—max Z fo(x

Isisk s=1,52i

Since the functions f,, s=1,...,k, are convex and polyhedral then the functions
g:x—-Yk_ f(x)and h: x—>max1<l< x 2n=1 s2ifs(x) are also convex and polyhedral.
By Proposition 3.1 there exist affine functions ¢;: X - R,i=1,2,...,k, b X =R, j=
1,2,...,m, such that g(x)=max; ¢;<;a;(x), A(x) = max, ¢ ;< J(x), xeX Thus the
function f can be represented as (3.6).
(v)=(@v) Let f be defined by (3.6). Then for the family of affine functions
a; (x):=afx)—bfx),i=1,....k,j=1,2,...,m, one has (3.5).
(iv)— (i) By Proposition 1.1 the collection PA(X) of all piecewise affine functions is a
vector lattice containing affine functions. It implies that any function f taking the form
(3.5) is piecewise affine.
Thus we have proved the equivalence of all statements of Theorem 3.1. M

Now we shall formulate a theorem characterizing piecewise linear functions. The
proof is essentially the same as the preceding one and, therefore, it is omitted.

Theorem 3.2: For any function f: X — R the following statements are equivalent:

(i) f is piecewise linear,;
(ii) f is positively homogeneous (i.e., f(Ax) = Af(x) for all xe X u /. >0) and polyhedral;
(ili) f can be written in the form

JS(x)= min max {(x,af)>, xe€X,
1Si<k1<j<m; J

whereafe X*,j=1,2,...,m,i=1,2,...,k;
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(iv) f can be written in the form

S(x)= max min {x,bf), xeX,
1sisklsjsm
where b;"jeX*, j=12,...,m,i=12.k
(v) f can be written as a difference of two sublinear polyhedral functions:

f(x)= max {(x,a¥f>— max {x,b*>, xeX,
1<i<k 1<jsm J

> wherea¥eX*, i=12,.,k b;"eX*,j=1,2,...,m

. Remark 3.2: The equivalence of the statements (i) and (v) of Theorem 3.2 has been
first proved by Meltzer D. [15]. The proof given here is quite different from his one.

In[13] Kripfganz A. and Schulze R. have proposed two techniques for representing a
piecewise affine function as a difference of two convex piecewise affine functions.

5. POLYHEDRAL AND PIECEWISE AFFINE APPROXIMATIONS

In this section we prove theorems characterizing approximate properties of polyhedral
sets and piecewise affine functions.

Theorem 4.1: For any compact set C = X and any real ¢ >0 there exist compact
polyhedral sets Q,,0, € M(X), such that

(i) 9, =C=Qy
(i) h(Q1,0)<&,h(Q,,0)<e,

where h(Q,, C):=max {sup, cinf,_, [| y —x ||,sup, ., inf, .o |y — x|} is the Hausdorff
distance between the sets Q; and C.

Proof . Since C is a compact set, for any ¢ > 0 there exists a finite ¢-net, i.¢., a finite
subset @, = Csuch thatd(x,Q,):=inf,_, | x —y[l < sfor all xe C. It is not hard to see
that Q, is a compact polyhedral set and hQ,,C) <

For constructing the set 0, we consider the family o(C) consisting of all convex
components of the set C and form the family w,,(C): = {B°(S,¢/2)|Sew(C)} with
B°(S,¢/2) = {xeX|3yeS:d(x,y) <¢/2}.Itis ev1dent1y that w,, (C)is an open covering
of C. Since C is compact we can find a finite subcovering { B%(S, ¢/2),..., B%(S,, £/2)} of
the covering w,,(C). Thus we have Cc|Jm B%S,¢/2) = m, B(Sl,s/2) where
B(S,&/2) =clB°(S, ¢/2)= {xe X|3yeS:d(x, y)<s/2} Every B(S,¢/2) is a convex
compact set and therefore there exists (see, e.g., [14,22]) a convex polyhedral
set @,,c X such that B(S,¢/2) = Q,; and h(Q,, B(S,¢/2)) <¢/2. Thus we have
CelUm, B(S,e/2)c|Jm 0,=:0,. Since Q, is the union of finitely many
convex polyhedral sets, it is compact and by the triangle inequality
1(Q, O <h(C, U B(S,e/2) + h(Ur B(S,6/2,0,) <2 + /2 =

The proof is complete. W
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Theorem 4.2: Let ¢ be an arbitrary positive real. For any continuous functionf: X —» R
and any compact set Q < X there exists a piecewise affine function w: X — R such that

max [f(x) —w(x)| <e.
xeQ

Proof: Let C(Q) be the Banach lattice of continuous (on Q) functions f:Q — R with
the norm | f || =max,_,|f(x)|. It is not hard to verify that the collection PA(Q) of
restrictions of piecewise affine (on X) functions to Q is a normed sublattice of C(Q),
which contains constants and disjoint points on Q (since P A(Q) contains restrictions of
linear functionals). Consequently, by the Stone — Weierstrass theorem (see, e.g., [4]) the
normed sublattice PA(Q) is dense in C(Q). This completes the proof. W

Theorem 4.3: Let ¢ be an arbitrary positive real. For any positively homogeneous
coutinuows function p: X — R there exists a piecewise linear function v: X — R such that

lp(x)—v(x)| <&l x| forall xeX.

Proof: Since any two norms defined on a finite dimensional space are equivalent, the
assertion of Theorem 4.3 does not depend on the norm given on X. Therefore without
loss generality we can consider that the norm given on X is piecewise linear, for
instance, ||x| =max, ¢;<, | {x,e¥>|, where e¥, ... e* is a vector basis in X*. We note
that the restriction of the norm x — | x| to the unit sphere S = {xe X || x| =1} is an
identical unit. Arguing further as in the proof of the preceding theorem we get by the
Stone—Weierstrass theorem that the collection of restrictions of piecewise-linear
functions to S is dense in C(S). The proof is complete. MW
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