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INTRODUCTION

Intense investigations aimed at developing mid-IR
semiconductor lasers have been carried out in view of
great possibilities of their practical application. Mass
production of compact reliable light sources (which can
be used in high-precision chemical analysis aimed at
finding contamination regions in atmosphere and in
open optical communication in telecommunication and
location) is possible on the basis of IR lasers. Such
lasers are ideal for spectroscopic applications. Long-
wavelength lasers are widely used in medicine and
medical diagnostics.

Studies on development of semiconductor IR lasers
are carried out in the following main directions: inves-
tigation of physics of intraband transitions in unipolar
superlattice quantum-cascade lasers [1–9], attainment
of generation at the difference frequency in semicon-
ductor quantum-confined heterostructures emitting
simultaneously at two wavelengths [10, 11], analysis of
interband generation in narrow-gap heterostructures,
and study of the physics of bipolar superlattice quan-
tum-cascade structures [12, 13].

In 1972, Kazarinov and Suris [1] proposed for the
first time the concept of unipolar quantum-cascade
lasers based on optical transitions between subbands
within one energy (conduction) band. It was theoreti-
cally predicted that, as a result of cascade arrangement
of active layers, after reaching the threshold, each
injected electron can form 

 

N

 

 laser photons upon trans-
mission through 

 

N

 

 structure cascades. The first quan-
tum-cascade lasers were developed in 1994 by
Capasso’s team [2]. These lasers operated on radiative
transitions between the states in double quantum wells
(QWs), and the pumping mechanism was resonant tun-

neling of electrons. The population inversion between
the states involved in induced transitions was obtained
by decreasing the lifetime of the final state with the use
of resonant emission of optical phonons and increasing
the lifetime of the initial states through suppression of
tunneling from these levels with the use of an electron
Bragg reflector. In 1997, superlattice quantum-cascade
lasers with radiative transitions between energy mini-
bands were developed [3]. A significant increase in
power and a decrease in the threshold current of quan-
tum-cascade lasers is obtained using an active region
with a set of QWs and barrier layers with a gradually
changing period (chirped superlattices) [6], as well as
by introducing additional doped 

 

n

 

–

 

i

 

–

 

p

 

–

 

i

 

 layers [8].
Room temperature cw quantum-cascade lasers with
level–miniband (bound-to-continuum) transitions have
been developed on the basis of superlattices [9].

Modern quantum-cascade lasers are based on com-
plex structures with several tens of repeating cascades
(periods), grown by molecular-beam epitaxy. Each cas-
cade is, in turn, a set of potential wells and barriers.
Currently, quantum-cascade lasers operate in the range
of 3–160 

 

µ

 

m. The lasing range is mainly determined by
the thicknesses of quantum-confinement layers, doping
level, and potential-barrier height 

 

∆

 

E

 

c

 

 in the conduction
band. The compounds used for quantum-cascade lasers
(that are known to date) and the structures of active
regions are shown in Fig. 1.

The emission spectra of quantum-cascade lasers
based on AlInAs/GaInAs and Si/SiGe heterostructures
lie, respectively, in the ranges 3.6–83 

 

µ

 

m [2–8, 14] and
7.5–9.5 

 

µ

 

m [15–17]. The emission range of
GaAs/AlGaAs-based quantum-cascade lasers ranges
from 8 

 

µ

 

m to several terahertz (

 

~88

 

 

 

µ

 

m) [18–21]. The
use of a sequence of narrow- and wide-gap InAs/AlSb-
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based compounds allows one to increase the potential-
barrier height to 

 

∆

 

E

 

c

 

 ≈ 

 

2

 

 eV in the conduction band;
such an increase is promising for developing short-
wavelength quantum-cascade lasers in the range 2–5

 

µ

 

m [22]. The structures based on InGaAs/InGaP layers
grown on GaAs [23] and InGaAs/AlAs [24] substrates
are also alternative compounds for short-wavelength
quantum-cascade lasers.

Precise control of such design parameters as the
thickness and doping level of layers and the use of new
semiconductor compounds make it possible to develop
quantum-cascade lasers with new functional possibili-
ties and improved characteristics. However, high tech-
nological cost makes necessary preliminary theoretical
investigations of the parameters of such lasers. To date,
in the theory of amplification and emission of light in
heterostructures with quantum-confinement layers, the
questions related to the choice of the spectral-line
broadening profile remain unsolved [25–27]. Gener-
ally, the Lorentzian emission-line shape is used in cal-
culation of gain spectra [28, 29]. A theory for calculat-
ing luminescence spectra in quantum-cascade struc-
tures is absent. Theoretical estimates are reduced to
integration of the strength of an oscillator with a
Lorentzian emission-line shape [30]. This study is
devoted to more detailed consideration of the above-
mentioned questions.

ENERGY-BAND DIAGRAM, ENERGY LEVELS, 
AND WAVE FUNCTIONS

The potential profile for electrons in quantum-cas-
cade heterostructures composed of materials with dif-
ferent arrangement and width of energy bands is a set
of potential wells and barriers in the direction trans-
verse to the layer plane; the electron energies and

momenta are quantized in potential wells. As a result,
in the case of transverse motion of electrons through the
system of wells and barriers, resonant-current effects
are observed due to the interference of the electron
waves reflecting from the interfaces of neighboring lay-
ers [31, 32]. For the electrons with transverse energies
coinciding with the energies of some resonant levels,
the barrier penetrability greatly increases, and barriers
almost do not affect a particle passing through them.
The energies and wave functions for a system of poten-
tial wells and barriers of an arbitrary shape were deter-
mined by solving the stationary Schrödinger equation
[33]

 

(1)

 

where 

 

E

 

n

 

 are quantum-confinement levels, 

 

ψ

 

n

 

(

 

z

 

)

 

 are the
wave function envelopes, and 

 

E

 

c

 

(

 

z

 

)

 

 is the potential
energy profile for the conductivity band in an electric
field.

Figure 2 show the results of numerical calculations
of the energy-band diagram of the conduction band

 

E

 

c

 

(

 

z

 

)

 

 and the squared moduli of the electron wave func-
tions for two periods of an 

 

Al

 

0.48

 

In

 

0.52

 

As–Ga

 

0.47

 

In

 

0.53

 

As

 

superlattice structure in the electric field 

 

E

 

 = 3.5 

 

×

 

10

 

6

 

 V m

 

–1

 

. The calculations were performed on the
basis of the transfer-matrix method [33, 34] within the
extended Bastard model, taking into account the coor-
dinate and energy dependences of the electron effective
mass 

 

m

 

*(

 

z

 

, 

 

E

 

c

 

(

 

z

 

))

 

 [33]. In this case, the potential-barrier
height in the conduction band was assumed to be 

 

∆

 

E

 

c

 

 =
0.51 eV, and the calculated (according to [33]) effective
masses of charge carriers were 

 

m

 

* = 0.073

 

m

 

0

 

 for

–
�

2

2
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Fig. 1.

 

 Classification of quantum-cascade lasers.
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Al

 

0.48

 

In

 

0.52

 

As

 

 barrier layers and 

 

m

 

* = 0.041

 

m

 

0

 

 for

 

Ga

 

0.47

 

In

 

0.53

 

As

 

 QWs. It can be seen in Fig. 2 that, upon
transition from one period to another, the wave func-
tions are repeated and may lie within several periods of
the quantum-cascade structure. Two successive periods
of the structure (for example, 

 

N

 

 – 1 and 

 

N

 

) are generally
sufficient to calculate the spectral characteristics of
quantum-cascade lasers. We will arbitrarily enumerate
the energy levels so that to cover all nonrepeating wave
functions belonging to one period. Such enumeration is
convenient for further calculations of level populations
in subbands, as well as gain and emission spectra of
quantum-cascade structures.

CALCULATION OF EMISSION 
CHARACTERISTICS

One can obtain an expression for the gain of unipo-
lar quantum-cascade structures, taking into account the
chosen shape of emission line broadening, by integrat-
ing the product of the 

 

δ

 

 function and the broadening
profile. In this case, the expression for the gain 

 

g

 

 in the
case of intrasubband transitions as a function of the
light frequency 

 

ν

 

 in the multilevel approximation can
be written as

 

(2)

g ν( ) gnm ν( )
m

∑
n

∑=

=  e
2
/ �

3ε0cnrd( ) m fm znm
2

E f Ei E f–( )d

E fm

∞

∫
m

∑
n

∑
× F hν Ei E f–( )– γ,[ ] f Ei Fn–( ) f E f Em–( )–( ),

where Ei = (Ef – Efm)mfm/min + Ein, znm =  is

a matrix element of dipole transitions, Fn and Fm are the
quasi-Fermi levels in minibands n and m with the ener-
gies Ein and Efm and the effective masses min and mfm, d
is the thickness of the quantum-cascade structure, nr is
the refractive index, c is the speed of light, and f(E) =
[exp(E/kT) + 1]–1 is the Fermi–Dirac distribution func-
tion. In unipolar quantum-cascade lasers, optical transi-
tions occur between energy levels in each period, as
well as between levels in different periods. Therefore,
all possible transitions for two periods in a quantum-
cascade laser are taken into account in (2), and summa-
tion is over all quantum numbers of the initial (n) and
final (m) states, for which Ein – Efm > 0. The function
F(∆E, γ) with the broadening parameter γ describes the
emission-line profile and is most often used in the form

(3)

According to the experimental observations [25–
27], the broadening profile of the spectral line is asym-
metric. The asymmetry of the spectral broadening pro-
file is related to the non-Markovity of the relaxation
process and dependence of the lifetime on the carrier
energy [25–27]. The simplest mixed model of emission
line broadening was proposed in [36], where an asym-

ψn*zψm zd∫

F ∆E γ,( )

=  

γ L/π ∆E
2 γ L

2
+( )    Lorentzian,

1/ πγ G( ) ∆E
2
/γ G

2
–( )exp    Gaussian,

πγ U ∆E/ 2γ U( )[ ]cosh( ) 1–
    exponential 35[ ],

4γ E ∆E/ 2γ E( )[ ]cosh
2( )

1–
   exponential 27[ ].⎩

⎪
⎪
⎪
⎨
⎪
⎪
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Fig. 2. Energy diagram of the conduction band Ec(z) and the squared moduli of the electron wave functions calculated for two cas-

cades of the Al0.48In0.52As–Ga0.47In0.53As superlattice structure in the electric field E = 3.5 × 106 V m–1. The layer thicknesses
from left to right are 3.9, 2.2, 0.8, 6.0, 0.9, 5.9, 1.0, 5.2, 1.3, 4.3, 1.4, 3.8, 1.5, 3.6, 1.6, 3.4, 1.9, 3.3, 2.3, 3.2, 2.5, 3.2, 2.9, and 3.1 nm.
In the entire sequence of layers, Ga0.47In0.53As QWs are indicated in bold. The enumeration of the energy levels is shown on the
right.
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metric broadening profile (whose portions at ∆E < 0
and ∆E > 0 are described by the Lorentzian and Gauss-
ian curves, respectively) was investigated.

It is known that, upon interband (conduction band –
valence band) transitions in semiconductors, the spon-
taneous recombination rate rsp(hν) and the gain g(ν) are
related by a universal relation [37]. By analogy with
[37] and with allowance for the intrasubband character
of optical transitions, we obtain the following universal
relation between the gain g(ν) and spontaneous recom-
bination rate rsp(hν) for unipolar quantum-cascade
lasers:

(4)

where ρ(hν) = (hν)2 /(π2c2�3vg) is the density of elec-
tromagnetic modes and vg is the speed of light in the
crystal. Previously, a similar expression was obtained
[34] for a simpler two-level scheme of transitions in
quantum-cascade lasers.

RESULTS AND DISCUSSION

Calculations of the emission characteristics of
superlattice quantum-cascade structures were per-
formed within different models of emission line broad-
ening. The broadening parameter γG was set for the
Gaussian emission line, and the other broadening
parameters were found from the equality of all broad-
ening functions F(∆E, γ) in the maximum. Calculation

rsp hν( ) v gρ hν( )=

×
gnm ν( )

1 En Em–( ) Fn Fm–( )–[ ]/kT{ }exp–
-------------------------------------------------------------------------------------------,

m

∑
n

∑

nr
2

of the populations of the energy levels and the corre-
sponding quasi-Fermi levels was performed on the
basis of numerical solution of the system of balance
equations [38]. The calculated emission spectra are
shown in Figs. 3 and 4.

The results of the calculations indicate that the fun-
damental transitions for the structure studied lie in the
energy range 120–130 meV and correspond to two
optical transitions of electrons: the transition from the
first level of period (N – 1) to the 12th level of period N,
i.e., the (1, N – 1)–(12, N) and (2, N – 1)–(12, N) transi-
tions (Figs. 2–4). The dominance of these transitions is
related to the highly inverted level population and the
large matrix elements znm of the dipole transitions. For
example, the surface electron concentrations at the lev-
els (1, N – 1), (2, N – 1), and (12, N) are 8.0 × 1010, 3.8 ×
1010, and 4.3 × 109 cm–2, respectively, and the matrix
elements of the (1, N – 1)–(12, N) and (2, N – 1)–(12,
N) dipole transitions are 1.1 and 1.4 nm, respectively.
Note that, with an increase in the excitation level of
quantum-cascade lasers (which is determined by the
emitter doping), the gain maximum increases, whereas
the wavelength in the maximum almost does not
change and is equal to ~9.5 µm.

To establish the applicability of the theoretical
model for describing the emission spectra of quantum-
cascade lasers, we will perform comparison with the
electroluminescence spectra measured at T = 300 K
[30]. As can be seen in Fig. 4, the Gaussian, mixed, and
exponential models of emission line broadening
describe in the best way the experimental spectra. The
Lorentzian model of emission line broadening is least
appropriate to describe the emission spectra. The rea-

0.150.10

25

0

–25

g(ν), cm–1

hν, eV

1
2
3
4
5

Fig. 3. Gain spectra of the superlattice quantum-cascade
structure, calculated within the model of Gaussian line
broadening with the broadening parameter γG = 15 meV.
The numbers at curves correspond to different total surface
electron concentrations in a cascade: nstot = (1) 1011, (2) 2 ×
1011, (3) 3 × 1011, (4) 4 × 1011, and (5) 5 × 1011 cm–2.

0.20.1 hν, eV

0.8

0.4

0

rsp(hν), rel. units

Fig. 4. Electroluminescence spectra reported in [30] (bold
line) in comparison with the spontaneous emission spectra
of the superlattice quantum-cascade structure, calculated
within the Gaussian (�), Lorentzian (�), mixed (�), and
exponential [27] (+) and [35] (�) models of broadening line
profiles with the broadening parameter γG = 15 meV.
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son is that the spontaneous recombination rate rsp lin-
early increases with an increase in the photon energy hν
at high frequencies. Therefore, the total recombination

rate cannot be found, since the integral (hν)d(hν)

diverges. To make the integral of rsp(hν) convergent,
according to expressions (2)–(4), the broadening func-
tion F(∆E) of the emission line at high photon energies
should decrease faster than (hν)–3. As follows from for-
mulas (2)–(4), this condition is satisfied for the Gauss-
ian, mixed, and exponential models of line broadening.

CONCLUSIONS

A complex analysis of the spontaneous emission
and gain spectra of superlattice quantum-cascade struc-
tures has been performed. Analytical expressions for
the gain and spontaneous recombination rate have been
obtained with regard to the emission line broadening.
Good agreement between the result of numerical calcu-
lations of the emission spectra and the experimental
data is demonstrated.
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