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Consider the Cauchy problem

(‘Dy, u)(x, 1) = NAu(x,1), xe R,
A>0,

ey

t>0, o>0,

o' u
—(x,0+) = , k=0,1,....n-1,
o (x, 0+) = fi(x) n 2

n=-[-a], xeR".

Here, ("Dgt . W)(x, 1) is the otth-order Caputo derivative

of u(x, ) with respect to the second argument (¢ > 0)
[1, Section 2.4.1],

("D, ) (x, 1)
n-1 k~k
Tdu
l;_k(x’ 0)
(0 97 dr,
(t_T)OL—n+1

3 | Lu(x,T) -
- (&E) r(n—oc)g

n = _[_(X] s

3)

and A, is the Laplacian with respect to the first argu-

m 2
ment x = (x;, Xy, ..., x,,) € R A, = 2—1; .Fora=1
;219x;
and o = 2, Eq. (1) coincides with the heat (diffusion)
equation and the wave equation, respectively. That is
why Eq. (1) is known as the diffusion-wave equation

[1, p. 146].

A function u(x, ) (x € R™, t > 0) is a classical solu-
tion to Cauchy problem (1), (2) if (i) u(x, f) is twice con-
tinuously differentiable with respect to x for every ¢ > 0;

Faculty of Mechanics and Mathematics, Belarusian State
University, pr. Nezavisimosti 4, Minsk, 220050 Belarus

e-mail: kilbas@bsu.by

(ii) for every x € R™, u(x, f) is a continuous function of
t and has a continuous partial derivative of order o with
respect to #; and (iii) Egs. (1) and (2) hold true.

We examine the existence conditions for a classical
solution to problem (1), (2) when 0 < o < 2. Specifi-
cally, our study is based on the scheme proposed in [2]
for analyzing the Cauchy problem with a regularized
fractional derivative of order O < o < 1.

It was shown in [3] that problem (1), (2) withO< o < 1
and 1 < o < 2 has the explicit solutions

u(x, 1) = j”G?(x—r,z)fo(r)dr, O<os<l, (4
o

u(x,t)

= [ICla-unf+ G-t nfi(Dlde (5)
-
l<a<?2,

respectively. Here,

2—m|x| 1-m/2

7\’1 +m/2n(m— 1)/2

k—1-o(m+2)/4

‘Gi(x, 1) =

% H§2[|x| —a/2

an|(ml4,172), (k= o(m +2)/4, 0/2)
7 |

(m/2—=1,1), (172 —m/4, 1/2)
k=12,

(6)

and H,'/(z) is the so-called H-function (see, e.g.,

[4, Section 1.1]).

For integers m, n, p, and g such that 0 <m<gand 0 <
n<p; for a;, b;e C;and for oy, B; € R, = (0, ) (i =1,

2, ..., pij=1,2, ..., ), the H-function H} / (2) is
defined by the Mellin—Barns integral
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m, n _ m, n
Hﬁ,q(z) =Hp,q{z

(a 0‘:‘)1,,7}
(bj’ Bj)l,q

Hr(bj + Bjs)Hra —a,—o,s)

N i -
= 5l ‘ ’ dsi7)
L Tlai+as) JT T(1=b;—Bs)
i=n+1 j=m+1
Here,
7" = exp[-s{In|z| +iargz}], z#0;
the poles
-b;—-1
b = ﬁ , i=1,2,...m; [=0,1,2,..(@)
j

of the gamma functions I'(b; + 3;5) do not coincide with
the poles

l-a;+k
a, = % i=1,2,..,n k=012..(0

of the gamma functions I'(1 — a; — ok):
o(b;+)#B(a;—k-1), i=12,..mn
j=12,...m; kI1=0,1,2,..;

L in (7) is a special infinite contour such that all b, and
ay lie on the left and right of it, respectively.
By using the properties of H-functions [4, Section 2.1],

‘G (x, t) and “Gj (x, 1) can be simplified to

‘Gi(x, 1)
2 k, o
_ |x|—mn—m/2tk—lH?:(2) i ( ) . (10)
AN |(m/2, 1), (1, 1)
k=1,2.

To analyze the asymptotics of solutions (4) and (5)
at large x, we estimate CGZ (x, 1) (k =1, 2) and their
derivatives with respect to x.

Below is an asymptotic estimate for the H ?(2) -func-
tions in (10).

Lemmal.letme N,0<a<2,k=1forO<a<l;
andk=1,2for1 <o <2.

Then, for any fixed t > 0, we have the asymptotic
estimates

2
2,0
I { 1o

(k, o) }
S LAt

(m/2,1),(1,1)
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/(200 |x|2 1/(2-a)
= Akexp[—(2—a)oc (—) }

40"
|x|2 (mi2+1-k)(2-a) PANLERD
() () )l aw
x| >0, k=12,

where A, are constants.

Proof. Formula (11) follows from the exponential
behavior at infinity of the more general HZ’,Z -function
as shown in Theorem 1.10 in [4, p. 17].

Formula (11) yields the following asymptotic esti-
mates for ‘G} (x, ) and ‘G, (x, £) in (4) and (5) for fixed
t>0as |x| - oe:

‘Gy(x, 1)
we-of |x* VT ek
= Bexp|-(2-a)o e x| ™
2 (mi2+1-k)/(2- o) o \1/(2-0)
() o) e
t X
x| — o,
where
B, = n"A (13)

k=1forO<o<l;andk=1,2forl <o<?2.

Since 0 < o < 2, it follows from (12) that, for any
fixed ¢ > 0, the functions ‘G} (x, 1) and ‘G, (x, f) tend to
zero as |x| — O:

lim G} (x,1) = ‘l‘im ‘Gy(x,1) = 0. (14)

[x] = oo
Let us estimate G}, (x,7) (k=1,2) for jPro<1,x#0.

According to Theorem 1.12 in [4, p. 20], the asymp-
totic expansion of the H-function

2,0 (k, o)
H“[Z (m/2, 1), (1, 1)}

at zero is given by the formula

m, n ' bj/lsj bj/Bj
H,,(2) = Z[hfz +o(z” )]
J

), 20,

+ 3 1EE " + o P ling]
j (15)

where the sums in z' and z" are taken overj (j =1,
2, ..., m) such that the gamma functions I'(b; + B;s) in
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(7) have simple poles and poles of order N7, respec-
tively, at the points b; = b, defined by (8).

Using formula (15), we derive the following esti-
mates at z — 0:

2,0[ (k, o) }
1,2| %
(m/2,1), (1,1)
= W 4 o) + hiz 4 0(2) (16)
for odd m;
k, o
Hf:g[z (k, o) } = Hizlnz+o0(zlnz) (17)
(m/2, 1)7 (1’ 1)

for m =2; and

2,0 (k, o)
”[Z (m/2, 1), (1, 1)}

mi2

= H*7"’Inz+ 0(z""Inz) + h¥z + 0(2) (18)

for even m > 2, where hi, h¥,and H are constants.

Formulas (16)—(18) yield estimates of CG,(: (x, t) for
IxPr*<1,x#0:

Gix, | <Crf T, ko= 1,2,

(19)
xe R", m>2,
Gl(x, 0| < (I () + 1, 0
k=12, xeR’,
C ~O0 k—1-0/2
GY(x. )| <Ct , k=12, xeR. ()

Inequalities (19)-(21) imply that |G} (x, 1| and

ng (x, 1)] are integrable with respect to x € R™ at zero
for any ¢ > 0.

Taking into account asymptotics (12) of these func-
tions at infinity, we infer the following assertion.

Lemma2.letme N,0<oa<2;k=1forO<a<1;
andk=1,2for1 <o<2.

Then ‘G, (x, 1) € L,(R™) for any t,> 0.
The result below follows from Lemmas 1 and 2.
Theorem 1. Let O <o <2, me N, and A > 0.

(@) If 0 < o< 1 and f(x) is bounded and absolutely

integrable on R™, then solution (4) to Cauchy prob-
lem (1), (2) exists and tends to zero as |x| = oo for any
fixed t > 0.

(b) If 1 < <2 and if fi(x) and f,(x) are bounded and

absolutely integrable on R™, then solution (5) to
Cauchy problem (1), (2) exists and tends to zero as
|x| — oo for any fixed t > 0.
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Proof. Since ‘G (x, 1) is absolutely integrable with

respect to x € R™ for every ¢ > 0 and f,(x) is bounded

on R™, the assertion in [5, p. 532] implies that convo-
lution (4) exists. The rest of the proof is based on
direct estimates.

An asymptotic expansion of CG? (x,1) as |x]*r* — oo
and |x[>r* — 0 is given by formulas (12) and (19)—(21),
respectively. The derivatives of these functions can be
found as follows. Introducing p = [x| and using for-
mula (2.2.2) from [4] for the derivatives of H-func-
tions, we obtain

D (‘G (x, 1))

n —-m_-m/2 k—1442,0
= Dp(p T t HI,Z

(k, )
02 (m12, 1), (1, 1)

— (_1 )'1p—m—nn—m/2tk—l

(k, ), (m,2)

3,0 p2 .
XHz,{ (m+n,2),(m/2,1), (1, 1)} =

40"

p>0, >0, n=1,2,3.

According to Theorem 1.10 in [4, p. 17] on the
exponential behavior of an H-function at infinity, it fol-
lows from (22) that

D(‘G;(x, 1))

2 2-a)
= Bkexp[—(Z—oc)oca/(z_a)(—p ) }

40"
i1 p2 (ml2+n—k+1)/(2-a)
—m k-
xp ™"t ( M)
40\t

tot 1/2-a)
X [1 + 0((-—2) H P = oo,
p

The asymptotics of Dg(CGg (p, ) as p = 0 can
be found as follows. According to (15) and (22), for
p2t*<1,p>0,t>0,and n > 1, we have

(23)

DG (x| s el
k=1,2, m=22, C>O0.

(24)

To derive an estimate at m = 1, we use the properties

of H-functions to transform ‘G, (x, f) into

“Gx, 1) = %Ltk—l—a/ZH{:?[ | x|

(k—a/2,a/2)
E ’

(0, 1)
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According to formula (2.2.2) in [4],

DI(Gl(x, 1)) = Sl ety

—1

2A
a2t Ll |(k=a/2002), (0. 1)
2O (1), (0, 1)

_ (_l)ntk_l_a/zlxl_nHt? |x|
(n, 1)

(k—a/2,0/2)
20 vz )

Using (15) for [x]’r*<1,x#0, n > 1, we obtain
k—1—(n+1)os2

|DY(G(x. 1)) < C1 (25)
Combining estimates (12), (19)—(21), and (23)—(25)
yields the following result.
Theorem 2. (a) Suppose that fy(x) is continuous on
R™; increases exponentially at infinity,

|fo(x)] < Cexp(hlx"), C>0, h>0, u<%€;(26)

and, additionally, is locally Holder for m > 1. Let
CG(Ix (x, t) be defined by formula (10) with k= 1.

Then function (4) is a classical solution to prob-
lem (1), (2) with 0 < o0 £ 1; moreover, u(x, t) € C[0, o)
for any x € R™.

(b) Let fi(x) and fi(x) be continuous on R™, satisfy
estimate (26), and be locally Holder for m > 1; and let

VOROSHILOV, KILBAS

CG(IX (x, 1) and ch (x, t) be defined by formula (10) with
k=1 and k = 2, respectively.

Then function (5) is a classical solution to prob-
lem (1), 2) with 1 < o < 2 and u(x, t) € C[0, =) for
any x € R™,
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