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�'()$%.%( �/ 0( �) &1! '(11(2 %""'�*�#0%+## )$/ !'%&1(1#2 � 3%� 140# "'�#5&�)140# 6 1�&42 0( �)
"'#7$#8(11�.� '(9(1#/ *'%(&4: 5%)%3 � 5%&#�/;#0# � &'(0(1# .'%1#3140# !�$�&#/0# 1% "'#0('( �0(9%11�2
5%)%3# � *�$(7%1#/: � ('81/�� '!14� < #0 0( �)�0  %*8( 0�81� )�*%54&% = 1(  �$=*� �!;(� &�&%1#(> 1� #
()#1� &(11�� = '(9(1#2 *'%(&4: 5%)%3� ?#7$� ��

@@A�ABCA

D( �) &1! '(11(2 %""'�*�#0%+## 
D@EF
 "'#7$#8(11�.� '(9(1#/ 5%)%3# ��9# )$/ "%'%7�$#3(�*#:
)#GG('(1+#%$=1���"('% �'14: !'%&1(1#2 
�H�
 "('&�.� "�'/)*% � "('(0(1140# �7$%� /0# �"'()($(1#/ 74$
"'()$�8(1 & I�J "'# "'()"�$�8(1#/: 1% (.� �"('% �'14( *�KGG#+#(1 4> "'# *� �'4: �"'%&()$#&%  (�'(0%
�!;(� &�&%1#/ # ()#1� &(11�� # ((  �314: �#$=14: '(9(1#2� @ �$!3%( �$%74: '(9(1#2 .#"('7�$#3(�*#: �H�
& �'�.� "�'/)*% � "('(0(1140# �7$%� /0# �"'()($(1#/ %1%$�.#31�2  (�'(04 1( � ��K �0! & 1%� �/;(2 '%7� (
0( �)�0 D@EF &"('&4( "'#7$#8(11� '(9%( �/ �0(9%11%/ 5%)%3% � *�$(7%1#/: � ('81/�� '!14 # "�"! 1�
)�*%54&%( �/ (( *�''(* 1%/ '%5'(9#0�� = & *$%��( �$%74: '(9(1#2� D( �) D@EF 1( !� !"%( 0( �)%0 L%$('�
*#1%> M� (> *�1(314: '%51�� (2 # )'!.#0 "'#7$#8(1140 0( �)%0> *� �'40# 0�81� !� %1%&$#&% = �!;(� &��
&%1#( �$%74: '(9(1#2 I�J� ?�$((  �.�> & 1%� �/;(2 '%7� ( 0( �)�0 D@EF )�*%54&%( �/ ()#1� &(11�� = �$%74:
'(9(1#2 .#"('7�$#3(�*#: !'%&1(1#2> 3(.� '%1(( 1( !)%&%$��= �)($% = )'!.#0# "'#7$#8(1140# 0( �)%0#� N!�
;(� &(11�( � $#3#( 0( �)% D@EF � *�1(31��'%51�� 14: # #5&(� 14: "'�(*+#�114: 0( �)�& "'#7$#8(11�.�
'(9(1#/ )#GG('(1+#%$=14: !'%&1(1#2 � 3%� 140# "'�#5&�)140# 
��O�
 ��� �# & #�"�$=5�&%1## �' �.��
1%$=14: "'�(* �'�& 1% 7(�*�1(31�0('14( G!1*+#�1%$=14( "'�� '%1� &%�

@&()(0 "�1/ #/ &1! '(11(2 # &1(91(2 %""'�*�#0%+#2 )$/ �H� # ��O�� F""'�*�#0%+## 1(*� �'�.�
1(�.'%1#3(11�.� �"('% �'%> "'# *� �'4: �1 "'#7$#8%( �/ 1(�.'%1#3(1140# 
�.'%1#3(1140#
 �"('% �'%0#
1%5�&(0 ���������� ��������� ������������ �� K �.� �"('% �'%� @ ��� &( � &## � K #0 �"'()($(1#(0 %"�
"'�*�#0%+## �H� #> & 3%� 1�� #> ��O� � *'%(&40# !�$�&#/0#> "'# *� �'4: &�( #$# 3%� = �"('% �'14:
*�KGG#+#(1 �& !'%&1(1#/ #> & 3%� 1�� #> )#GG('(1+#%$=14: �"('% �'�& !'%&1(1#/ � ��� &( � &!,;#0# *'%�
(&40# !�$�&#/0# "'#7$#8%, �/ 1(�.'%1#3(1140# 
�.'%1#3(1140#
 �"('% �'%0# 7!)(0 1%54&% = ����������
��������� ������������ �� #�:�)1�.� !'%&1(1#/� �%* )%11�( "�1/ #( &1! '(11(2 %""'�*�#0%+## 1%"�$1/( �/
*�1*'( 140 ��)('8%1#(0 & *�1*'( 14: *'%(&4: 5%)%3%: )$/ ��O� & *�1*'( 14: G!1*+#�1%$=14: "'�� '%1�
� &%: 04 !&#)#0 1#8( 1% "'#0('( "'#7$#8(11� '(9%(0�2 5%)%3# � *�$(7%1#/: � ('81/�� '!14�

�� �HNEFBH@�F PF�FOC

M(9#0 "'#7$#8(11� �$()!,;!, *'%(&!, 5%)%3!> *� �'�2 0�)($#'!, �/ "�"('(314( 0%$4( *�$(7%1#/  �1�
*#: !"'!.#: � ('81(2 � 9%'1#'1� �"(' 40 $(&40 *�1+�0 # !"'!.#0 
"� "�"('(31�2 �#$( � 1��# ($=1� 1% /�
8(1#/ &)�$= �$�/ # "� !.$! "�&�'� % � 1��# ($=1� "'�.#7%
 "'%&40 *�1+�0  �.)%> *�.)% &  (3(1#( 1(*� �'�.�
&'(0(1# ��"'� #&$(1#( �(3(1#2 � ('81/ #5.#7! ��$%7(&%( 
1%"'#0('> "��$( 1(*� �'�.� 1%.'(&%1#/
 1% � �$=�
*�> 3 � � 0�0(1 % &'(0(1# t̂ #0 0�81� "'(1(7'(3=� C1%3( .�&�'/> � 0�0(1 % &'(0(1# t̂ *�$(7%1#/ � ('81/
0%$� 3(0 � $#3%, �/ � *�$(7%1#2 � '!14� N ('8(1= �  %*�2 "('(0(11�2 G#5#3(�*�2 :%'%* ('#� #*�2 7!)(0
1%54&% = ����!������������

@ �.'%1#3(11�2 �7$%� # G =]0, T [×]0, l[ 1(5%&#�#04: "('(0(114: t # x #1 (.'#'!, �/ )#GG('(1+#%$=14(
!'%&1(1#/

utt(t, x) + a(t)uxxxx(t, x) = f(t, x), t ∈]0, t̂[, x ∈]0, l[, (1.1)

utt(t, x) − a(t)uxx(t, x) = f(t, x), t ∈]t̂, T [, x ∈]0, l[, (1.2)

"'# 0 ≤ t < t̂ � .'%1#3140# !�$�&#/0#

u(t, 0) = uxx(t, 0) = 0, ux(t, l) + β(t)u(t, l) = 0,
uxxx(t, l) + β(t)uxx(t, l) = 0; |ut(t, l)| ≤ V1 = const, |uxx(t, l)| ≤ F1 = const,

}
(1.3)

�



"'# t̂ < t ≤ T � .'%1#3140# !�$�&#/0#

u(t, 0) = 0, ux(t, l) + β(t)u(t, l) = 0, |ut(t, l)| ≤ V1 = const, (1.4)

# � 1%3%$=140# !�$�&#/0#

u(0, x) = ϕ(x), ut(0, x) = ψ(x), x ∈]0, l[. (1.5)

B#81#0# #1)(*�%0#�"('(0(1140# G!1*+#2 !�$�&#0�/ �7�51%3% = 3%� 14( "'�#5&�)14( K #: G!1*+#2�
�'#1+#"#%$=1�( 5% '!)1(1#( "'# )�*%5% ($=� &( *�''(* 1�� # # '(9(1## K �2 �0(9%11�2 5%)%3# &45&%�

1� 5%&#�#0�� =, *�KGG#+#(1 % β(t) � t� @ )%$=1(29(0 04 7!)(0 �)1�&'(0(11� )�*%54&% = �!;(� &�&%1#(
# ()#1� &(11�� =  �314: # #�*% = "'()� %&$(1#/ "'#7$#8(114: �$%74: '(9(1#2 
�0� �"'()($(1#( �
 5%)%3#

���
�
���
 0( �)�0 D@EF "� �$()!,;(0! �+(1%'#,� N1%3%$% 5%)%3! 
���
�
���
 "'�%""'�*�#0#'!(0 "�$!)#��
*'( 140# 5%)%3%0# 
���
�
���
 # 
���
> 
���
> 
��	
�
���
 # &4&()(0 '%&1�0('1� �.'%1#3(114( "� "%'%0( '%0
)#�*'( #5%+## �+(1*# 
��Q
 # 
���	
 #: '(9(1#2 u(n) # (n) ��� &( � &(11�� B% ��1�&%1## K #: �+(1�* �)($%(0
&4&�) � �!;(� &�&%1## ! "'#7$#8(1#2 u(n) # (n)"�)"��$()�&% ($=1�� (2 ũ(k) # (nk)> �$%7� �:�)/;#:�/ * 1(*� ��
'40  �3140 �$%740 '(9(1#/0 5%)%3# 
���
�
���
� P% (0 )$/ '%51�� # )&!: "'�#5&�$=14: "'#7$#8(1#2  #"% (n)

&4&()(0 %"'#�'1!, �+(1*! 
	��
> #5 *� �'�2 7!)( �$()�&% = ()#1� &(11�� = �$%74: '(9(1#2 5%)%3# 
���
�
���
>
# !� %1�&#0 �#$=1!, �:�)#0�� = (n) # �$%7!, �:�)#0�� = u(n) *  �31�0! �$%7�0! '(9(1#, = u K �2 5%)%3#�
B%*�1(+> 0( �)�0 R!'=( 1%2)(0 "'#7$#8(114( '(9(1#/ u(n) 5%)%3# 
���
�
���
 # !*%8(0 �+(1*! "�.'(91�� #

S���
 "'#7$#8(1#2 (n) (( '(9(1#2�

�($')(*+' ,! M%1(( *�$(7%1#/ � ('81/ � !�$�&#/0# 
��	
 1( #5!3%$#�=� E'(7�&%1#( �.'%1#3(11�� # #5�
.#7%,;(.� 0�0(1 % �#$ EJuxx(t, l), t < t̂, .)( EJ6 8(� *�� = �(3(1#/ "'# #5.#7(> #>  (0 �%040> & �#$!
uxxx(t, l) = β(t)uxx(t, l) "�"('(314: 
 %1.(1+#%$=14:
 �#$ 1% "'%&42  �'(+ & 
��	
 &"�$1( (� (� &(1(1 # �7!�$�&�
$(1  #"�0 .'%1#31�.� '(8#0% # (.� 1(� %+#�1%'1�� =, I	J� B%"'#0('> "'# !"'!.�0 5%*'("$(1## � 1��# ($=1�
"�"('(314: "('(0(;(1#2 uxxx(t, l) = β(t)u(t, l)  '(7�&%1#( �.'%1#3(11�� # "� &'(0(1# "�"('(314: �#$ 1% "'%�
&42  �'(+ &4"�$1/( �/ �%0� "� �(7( # 1( 1!8)%( �/ & )�"�$1# ($=1�0 5%)%1##� �%8( "'# 0%$4: "'�.#7%:
�*�'�� = *�$(7%1#2  (�'( #3(�*# 0�8( 74 = 7�$=9�2� ��K �0! & 
��	
 1!81% �.'%1#3(11�� = �*�'�� # ut(t, l)
&#7'%+#2 "'%&�.�  �'+% "� &'(0(1#� �'# β(t) = const K #  '(7�&%1#/ �.'%1#3(11�� # uxx(t, l) # ut(t, l) "� t 1(
1!814�

�� N�TANE@H@FBCA MAUABCV

N1%3%$% "'�&()(0 3%� #31!, )#�*'( #5%+#, 5%)%3# 
���
�
���
 "� t� �!� = {Ii}> i = 0, n> 6 '%57#(1#( #1�
 ('&%$% ]0, T [ 1% &5%#01� 1("('(�(*%,;#(�/ "�)#1 ('&%$4 Ii =]ti, ti+1[> t0 = 0> tn+1 = T >  %*> 3 �74  �3*%
t̂ = t̂i &�(.)% 74$% �)1�2 #5  �3(* '%57#(1#/ # *%8)�( "��$()!,;(( '%57#(1#( "�$!3%( �/ #5 "'()4)!;(.�
)�7%&$(1#(0  �3(* '%57#(1#/� @($#3#1! h(n) = max

0≤i≤n
hi> .)( hi = |ti+1 − ti|> 1%5�&(0 ��"�� K �2 1('%&1�0('1�2

)#�*'( #5%+##� �!� = &�( '%57#(1#/ !)�&$( &�'/, �$()!,;(0! !�$�&#, *�''($/+## 3#�$% n  �3(* )#�*'( #�
5%+## ti # &($#3#1 hi K �2 )#�*'( #5%+## � 1��# ($=1� t̂� �!;(� &!, "�� �/114( ĉ1 , ĉ2 > 0> 3 �

îhi ≤ ĉ1 t̂, i < î; (n+ 1 − î)hi ≤ ĉ2(T − t̂), i ≥ î; ∀n ≥ 1. (2.0)

��) #����#��� $�������%����� "� t & 0( �)( D@EF "�1#0%( �/ *�1(31�( '%57#(1#( #1 ('&%$% ]0, T [ # )#�*'(�
 #5%+#/ &�(: #$# 3%� # *�KGG#+#(1 �& !'%&1(1#/ # .'%1#314: !�$�&#2 "'# �7/5% ($=1�0 ��:'%1(1## )#GG(�
'(1+#'�&%1#/ "� t�

N0(9%11%/ 5%)%3% 
���
�
���
 %""'�*�#0#'!( �/ 3%� #31� )#�*'( 140# �0(9%1140# 5%)%3%0#� )#GG('(1�
+#%$=140# !'%&1(1#/0#

utt(t, x) + a(ti)uxxxx(t, x) = f
(n)
i (t, x), t ∈ Ii, i = 0, î− 1> x ∈]0, l[, (2.1)

utt(t, x) − a(ti)uxx(t, x) = f
(n)
i (t, x), t ∈ Ii, i = î, n> x ∈]0, l[, (2.2)

"'# 0 ≤ t < t̂ � .'%1#3140# !�$�&#/0#

u(t, 0) = uxx(t, 0) = 0, ux(t, l) + β(ti)u(t, l) = 0,
uxxx(t, l) + β(ti)uxx(t, l) = 0; |ut(t, l)| ≤ V1, |uxx(t, l)| ≤ F1, i < î,

}
(2.3)

"'# t̂ < t ≤ T � .'%1#3140# !�$�&#/0#

u(t, 0) = 0, ux(t, l) + β(ti)u(t, l) = 0, |ut(t, l)| ≤ V1, i ≥ î, (2.4)

� 1%3%$=140# !�$�&#/0#

u(0, x) = ϕ(n)(x), ut(0, x) = ψ(n)(x), x ∈]0, l[, (2.5)

�



# )�"�$1# ($=140# !�$�&#/0# 1("'('4&1�� #

u(ti − 0, x) = u(ti + 0, x), ut(ti − 0, x) = ut(ti + 0, x), x ∈]0, l[, i = 1, n, n = 1, 2, ... . (2.6)

@ �#$! "$� 1�� (2 ��� &( � &!,;#: "'�� '%1� & )$/ $,74: {f, ϕ, ψ} ∈ L2(G) × W 2
2,�(0)(0, l) × L2(0, l) #

δ
(n)
f , δ

(n)
ϕ , δ

(n)
ψ > 0 �!;(� &!, f (n)(t, x) =

{
f

(n)
1 (t, x), ..., f (n)

n (t, x)
}
> f (n)

i ∈ L2(Ii,W
m(t)
2,�(ti)

(0, l)) ∩ W 1,0
2 (Ii×]0, l[)>

ϕ(n)(x) ∈ W 4
2,�(0)(0, l)> ψ

(n)(x) ∈ W 2
2,�(0)(0, l)  %*#(> 3 �

∫ T
0

∥∥f − f (n)
∥∥2

0
dt ≤

(
δ
(n)
f

)2

>
∥∥ϕ− ϕ(n)

∥∥
2

≤ δ
(n)
ϕ >∥∥ψ − ψ(n)

∥∥
0
≤ δ

(n)
ψ > .)( m(t) = 2 "'# t < t̂> m(t) = 1 "'# t > t̂ # ‖·‖p6 1�'0% "'�� '%1� &% N�7�$(&% W p

2 (0, l)�

L#$=7(' �&4 "'�� '%1� &% Wm(t)
2,�(ti)

(0, l) # W
2m(t)
2,�(ti)

(0, l)6 "�"�$1(1#/ 01�8(� &% &�(: G!1*+#2 #5 W 2m(t)
2 (0, l)>

!)�&$( &�'/,;#: !�$�&#/0 
��	
 #$# 
��S
> "� 1�'0%0 ‖·‖m(t) # ‖·‖2m(t) "'# t ∈ Ii, i = 0, n> ��� &( � &(11�� B%:��

)/ 1% Ii )$/ #�:�)14: f (n)
i , ϕ(n), ψ(n) "��$()�&% ($=1� "� i .$%)*#( "�  (�'(0( � #5 ISJ '(9(1#/ 1%3%$=1��*'%(&4:

5%)%3 
���
�
���
> 04 "�$!3#0 1(*� �'4( "'#7$#8(1#/ u(n)(t, x) =
{
u

(n)
0 (t, x), ..., u(n)

n (t, x)
}
∈ W

2,2m(t)
2 (G) '(�

9(1#2 #�:�)1�2 5%)%3# 
���
�
���
� H7�51%3#0 #: %1%$�.#314( "'#7$#8(1#/ 6 '(9(1#/ 1%3%$=1��*'%(&4: 5%)%3


���
>
���
>
��	
�
���
 �#0&�$%0#
�
u

(n)
=

{
�
u

(n)

0 (t, x), ...,
�
u

(n)

n (t, x)
}

∈ W
2,2m(t)
2 (G)� �%)#0 �"'()($(1#( �$%74: '(�

9(1#2 �0(9%11�2 5%)%3# 
���
�
���
 #5 W 1,m(t)
2 (G)�

�-.'/'0'*+' ,! R!1*+#/
�
u ∈ W

1,m(t)
2,�(t) (G) 1%54&%( �/ �&�'
� �������� �0(9%11�2 5%)%3# 
���
�
���
 )$/

{f, ϕ, ψ} ∈ L2(G) × W 2
2,�(0)(0, l) × L2(0, l)> (�$# )$/ $,7�.� '%57#(1#/ {Ii}n0 �!;(� &!, "��$()�&% ($=1�� #

�

f
(n)

(t, x),
�
ϕ

(n)
(x),

�

ψ
(n)

(x)  %*#(> 3 �

{
�

f
(n)

,
�
ϕ

(n)
,
�

ψ
(n)

}
→ {f, ϕ, ψ} & L2(G) ×W 2

2 (0, l)× L2(0, l) # ��� &( � &!�

,;#( #0 '(9(1#/
�
u

(n) ∈ W
2,2m(t)
2,�(ti)

(G) 5%)%3 
���
>
���
> 
��	
�
���
 �:�)/ �/ *
�
u & W

1,m(t)
2 (G) "'# h(n) → 0>

�
u(0, x) = ϕ(x) & L2(0, l) # K %

�
u !)�&$( &�'/(  �8)(� &!

−
∫ T

0

∫ l

0

�
u

t
(t, x)vt(t, x)dxdt +

∫ T

0

∫ l

0

a(t)
(
∂m(t)�u(t, x)/∂xm(t)

)(
∂m(t)v(t, x)/∂xm(t)

)
dxdt +

∫ T

0

a(t)β(t) (2 −m(t))
�
u(t, l)v(t, l)dt =

∫ T

0

∫ l

0

f(t, x)v(t, x)dxdt +
∫ l

0

ψ(x)v(0, x)dx (2.7)

"'# $,74: v ∈ W
1,m(t)
2,�(t),T (G)� P)(�= .#$=7(' �&� "'�� '%1� &� W 1,m(t)

2,�(t) (G)6 "�"�$1(1#( 01�8(� &% &�(: G!1*�

+#2 #5 W 2,2m(t)
2 (G)> !)�&$( &�'/,;#: !�$�&#/0 
��	
�
��S
> "� 1�'0( "'�� '%1� &% W 1,m(t)

2 (G)> W 1,m(t)
2,�(t),T (G) 6

01�8(� &� &�(: G!1*+#2 #5 W 1,m(t)
2,�(t) (G)> '%&14: 1!$, "'# t = T > # W 2,2m(t)

2,�(ti)
(G) 6 01�8(� &� &�(: G!1*+#2 #5

W
2,2m(t)
2 (G)> !)�&$( &�'/,;#: 
��	
�
��S
�
N1%3%$% &4&()(0 '%&1�0('1� �.'%1#3(11!, "�  �3*%0 '%57#(1#/ ti # #: *�$#3(� &! n %"'#�'1!, �+(1*!

"'#7$#8(1#2 u(n)�
�'#.'$( ,! (�&� ��)�������� a(t) ≥ a0 > 0, a(t) ∈ C[0, t̂[∩C]t̂, T ]� �"����#�� � ����� �"����#����*

����%��$��* a′(t) "� t� ����� '
�+ ��!�� t = t̂� � ��)�������� β(t) ≥ 0, β(t) ∈ C[0, T ] � ����� �"����#����*
����%��$��* β′(t) "� t� ����� '
�+ ��!�� t = t̂,  �

1
2
c∗ sup

[0,T ]

N (t;u(n)) ≤
(

1 + 2
c1
c∗1

)
ec0T

⎛⎝ T∫
0

∥∥∥f (n)(t, x)
∥∥∥2

0
dt+ a(0)

∥∥∥ϕ(n)
xx (x)

∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)(x)
∥∥∥2

0
+
∥∥∥ψ(n)(x)

∥∥∥2

0

⎞⎠ ,

(2.6)
.)( N (t;w) ≡ ‖wt‖2

0 + a(t)
{∥∥∂m(t)w/∂xm(t)

∥∥2

0
+ (2 −m(t))β(t) |w(t, l)|2 + ‖w‖2

0

}
> c∗ = min {c∗1, c∗2}> c∗1 =

exp
{−ĉ1 t̂M1/a0

}
> c∗2 = exp

{
−ĉ2(T − t̂)[M1 + (M1M̃ +MM̃1)l]/a0

}
> M = sup

[0,T ]

|a(t)|> M1 = sup
[0,T ]

|a′(t)|> M̃ =

sup
[0,T ]

|β(t)| , M̃1 = sup
[0,T ]

|β′(t)|> c0 = max{1 +M, 1 +M1/a0} # c16 �% ������ �,	-.��

�#1(2(3'0453%#! �01�8%(0 �*%$/'1� & L2(0, l) �!00! !'%&1(1#/ 
���
 # a(0)u(n) 1% 2u(n)
t # #1 (.'#'!(0

"� 3%� /0 �)#1 '%5 "� t # )&%8)4 "� x � !3( �0 
��	
 1% I0∫ l

0

(∣∣∣u(n)
t

∣∣∣2 + a(t)
∣∣∣u(n)
xx

∣∣∣2 + a(t)
∣∣∣u(n)

∣∣∣2) dx ∣∣∣∣∣t=τ = 2
∫ τ

0

∫ l

0

ec(τ−t)
(
f (n) + a(0)u(n)

)
u

(n)
t dxdt−

c

∫ τ

0

∫ l

0

ec(τ−t)
(∣∣∣u(n)

t

∣∣∣2 + a(0)
∣∣∣u(n)
xx

∣∣∣2 + a(0)
∣∣∣u(n)

∣∣∣2) dxdt + ecτ
∫ l

0

(∣∣∣u(n)
t

∣∣∣2 + a(0)
∣∣∣u(n)
xx

∣∣∣2 + a(0)
∣∣∣u(n)

∣∣∣2) dx |t=0 +

	



(a(τ) − a(0))
∫ l

0

(∣∣∣u(n)
xx

∣∣∣2 +
∣∣∣u(n)

∣∣∣2) dx |t=τ , 0 < τ ≤ t1 .

H+(1#0 "'%&!, 3%� = K �.� '%&(1� &% �&(':!> � 7'��#0 1("�$�8# ($=14( �$%.%(04( "'# c = c0> & "��$()1(0
�$%.%(0�0 "'#0(1#0 & �#$! 
���
 �+(1*#

|a(τ) − a(0)| ≤ sup
[0,t1]

|a′(t)| τ ≤ (M1/a0)hia(τ) ≤ δ
(1)

î
a(τ), δ(1)

î
= ĉ1 t̂M1/a0̂i,

&�5=0(0  �31!, &(':1,, .'%1= "� τ ∈ [0, t1] # "'# &�(: )�� % �31� 7�$=9#: î "�$!3#0

(
1 − δ

(1)

î

)
sup
[0,t1]

N1(t;u(n)) ≤
∫ t1

0

ec0(t1−t)
∥∥∥f (n)

∥∥∥2

0
dt+ ec0t1

(∥∥∥ψ(n)
∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
xx

∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
∥∥∥2

0

)
, δ

(1)

î
< 1,

(2.9)
.)( N1(s;w) ≡

(
‖wt‖2

0 + a(t) ‖wxx‖2
0 + a(t) ‖w‖2

0

)
|t=s � �$/ I1 %1%$�.#31� &4&�)# �/(

1 − δ
(1)

î

)
sup

[t1,t2]

N1(t;u(n)) ≤
∫ t2

t1

ec0(t2−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(t2−t1)N1(t1;u(n)). (2.10)

N$�8#0 "�3$(11� 1('%&(1� &% 
���
 # 
����
> &��"�$=5!(0�/ �+(1*�2

g(t1) + sup
[0,t2]

g(t) ≤ sup
[0,t1]

g(t) + sup
[t1,t2]

g(t),

*� �'%/ �"'%&()$#&% )$/ &�(: G!1*+#2 g> 1("'('4&14: "'# t = t1> "'#&()(0 "�)�714( 3$(14> �� % �* "��$()�
1(.� �$%.%(0�.� "'%&�2 3%� # 1('%&(1� &% 
����
 1% ��1�&%1## 
���
 �+(1#0 "'%&�2 3%� =, 1('%&(1� &% 
���


(1 − δ
(1)

î
) sup

[0,t2]

N1(t;u(n)) ≤ (1 − δ
(1)

î
)−1

{∫ t2

0

ec0(t2−t)
∥∥∥f (n)

∥∥∥2

0
dt+ ec0t2

(∥∥∥ψ(n)
∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
xx

∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
∥∥∥2

0

)}
.

(2.11)
�$/ I2 %1%$�.#31� &4&�)# �/ 1('%&(1� &�(

1 − δ
(1)

î

)
sup

[t2,t3]

N1(t;u(n)) ≤
∫ t3

t2

ec0(t3−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(t3−t2)N1(t2;u(n)). (2.12)

N*$%)4&%/ 1('%&(1� &% 
����
 # 
����
  %*8( *%* 1('%&(1� &% 
���
 # 
����
> 1%:�)#0

(
1 − δ

(1)

î

)
sup
[0,t3]

N1(t;u(n)) ≤
(
1 − δ

(1)

î

)−2
{∫ t3

0

ec0(t3−t)
∥∥∥f (n)

∥∥∥2

0
dt+ ec0t3

(∥∥∥ψ(n)
∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
xx

∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
∥∥∥2

0

)}
.

N!00#'!/  %*#0 8( �7'%5�0 $�*%$=14( %"'#�'14( �+(1*# "� &�(0 �� %&9#0�/ Ii, i = 3, î− 1>

(
1 − δ

(1)

î

)î
sup
[0,t̂]

N1(t;u(n)) ≤
∫ t̂

0

ec0(t̂−t)
∥∥∥f (n)

∥∥∥2

0
dt+ ec0t̂

(∥∥∥ψ(n)
∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
xx

∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
∥∥∥2

0

)
.

N!;(� &!( c∗1 = lim
î→∞

(1 − δ
(1)

î
)̂i #> 51%3# > )$/ ε = c∗1/2 > 0 ∃N1> 3 �

(
1 − δ

(1)

î

)̂i
≥ c∗1/2 ∀̂i ≥ N1 #

1
2
c∗1 sup

[0,t̂]
N1(t;u(n)) ≤

∫ t̂

0

ec0(t̂−t)
∥∥∥f (n)

∥∥∥2

0
dt+ ec0t̂

(∥∥∥ψ(n)
∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
xx

∥∥∥2

0
+ a(0)

∥∥∥ϕ(n)
∥∥∥2

0

)
. (2.13)

E("('= !01�8%/ �*%$/'1� & L2(0, l) �!00! !'%&1(1#/ 
���
 # a(t̂)u(n) 1% 2u(n)
t # #1 (.'#'!/ �)#1 '%5 "� t #

x � !3( �0 
��S
 1% Îi> "�$!3%(0 '%&(1� &�

∫ l

0

(∣∣∣u(n)
t

∣∣∣2 + a(t)
∣∣∣u(n)
x

∣∣∣2 + a(t)
∣∣∣u(n)

∣∣∣2) dx ∣∣∣∣∣t=τ + a(τ)β(τ)
∣∣∣u(n)(τ, l)

∣∣∣2 = 2
∫ τ

t̂

∫ l

0

ec(τ−t)
(
f (n) + a(t̂)u(n)

)
u

(n)
t dxdt−

c

∫ τ

t̂

∫ l

0

ec(τ−t)
(∣∣∣u(n)

t

∣∣∣2 + a(t̂)
∣∣∣u(n)
x

∣∣∣2 + a(t̂)
∣∣∣u(n)

∣∣∣2) dxdt + ec(τ−t̂){
∫ l

0

(∣∣∣u(n)
t

∣∣∣2 + a(t)
∣∣∣u(n)
x

∣∣∣2 + a(t)
∣∣∣u(n)

∣∣∣2) dx +

S



a(t)β(t)
∣∣∣u(n)(t, l)

∣∣∣2} ∣∣∣∣∣t=t̂+0 +
(
a(τ) − a(t̂)

) ∫ l

0

(∣∣∣u(n)
x

∣∣∣2 +
∣∣∣u(n)

∣∣∣2) dx ∣∣∣∣t=τ +
(
a(τ)β(τ) − a(t̂)β(t̂)

) ∣∣∣u(n)(τ, l)
∣∣∣2 .

A�$# K � '%&(1� &� �+(1# = *%* # &49( # & "��$()1(0 �$%.%(0�0 & �#$! 
���
 "'#0(1# = �+(1*#

∣∣a(τ)β(τ) − a(t̂)β(t̂)
∣∣ ∣∣∣u(n)(τ, l)

∣∣∣2 ≤
⎛⎝ sup

[t̂,tî+1]
|a′(t)β(t)| + sup

[t̂,tî+1]
|a(t)β′(t)|

⎞⎠ (τ − t̂)
∣∣∣u(n)(τ, l)

∣∣∣2 ≤

(
M1M̃ +MM̃1

)
hil

∥∥∥u(n)
x (τ, x)

∥∥∥2

0
≤ ĉ2(T − t̂)

(
M1M̃ +MM̃1

)
l/a0(n+ 1 − î),

 � "'# c = c0 # &�(: )�� % �31� 7�$=9#: n 7!)(0 #0( =

(
1 − δ(2)n

)
sup

[t̂,tî+1]
N2(t;u(n)) ≤

∫ tî+1

t̂

ec0(tî+1−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(tî+1−t̂)N2(t̂+ 0;u(n)), δ(2)n < 1, (2.14)

.)( N2(s;w) ≡
(
‖wt‖2

0 + a(t) ‖wx‖2
0 + a(t) ‖w‖2

0 + a(t)β(t) |w(t, l)|2
)
|t=s > δ

(2)
n = ĉ2(T − t̂)[M1 + (M1M̃+

MM̃1)l]/a0(n+ 1 − î)� �$/ Îi+1 %1%$�.#31� &4&�)# �/ 1('%&(1� &�(
1 − δ(2)n

)
sup

[tî+1,tî+2]
N2(t;u(n)) ≤

∫ tî+2

tî+1

ec0(tî+2−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(tî+2−tî+1)N2(t̂i+1;u

(n)). (2.15)

N*$%)4&%/ 1('%&(1� &% 
���S
 # 
����
  %*8( *%* 1('%&(1� &% 
���
 # 
����
> 1%:�)#0

(
1 − δ(2)n

)
sup

[t̂,tî+2]
N2(t;u(n)) ≤

(
1 − δ(2)n

)−1

{
∫ tî+2

t̂

ec0(tî+2−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(tî+2−t̂)N2(t̂+ 0;u(n))}.

N!00#'!/ $�*%$=14( %"'#�'14( �+(1*# "� &�(0 �� %&9#0�/ Ii, i = î+ 2, n> %1%$�.#31� &4&�)#0(
1 − δ(2)n

)n+1−î
sup
[t̂,T ]

N2(t;u(n)) �
∫ T

t̂

ec0(T−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(T−t̂)N2(t̂+ 0;u(n)).

N!;(� &!( c∗2 = lim
n→∞(1 − δ

(2)
n )n+1−î #> 51%3# > )$/ ε = c∗2/2 > 0 ∃N2> 3 �

(
1 − δ

(2)
n

)n+1−î
� c∗1/2 ∀n � N2 #

(1/2)c∗2 sup
[t̂,T ]

N2(t;u(n)) �
∫ T

t̂

ec0(T−t)
∥∥∥f (n)

∥∥∥2

0
dt + ec0(T−t̂)N2(t̂+ 0;u(n)). (2.16)

��*%5% ($= m(t) '%5'4&(1 &  �3*( t̂ #> �$()�&% ($=1�> 1($=5/ �!00#'�&% = 
���	
 # 
���
  %*8( *%* 
���

# 
����
� ��K �0! "'�3$(11� �$�8#0 
���	
 # 
���
> "'()&%'# ($=1� �+(1#& & �'�( �$%.%(0�( & 
���
 �1%3%$% �
"�0�;=, �+(1*#(

‖ux‖2
0 + ‖u‖2

0 + β(t) |u(t, l)|2
) ∣∣∣t=t̂+0 � c1

(
‖uxx‖2

0 + ‖u‖2
0

) ∣∣
t=t̂−0 ∀u ∈W 2

2 (0, l), c1 � 1 , (2.17)

# 5% (0 "'%&�2 3%� =, 1('%&(1� &% 
���	
> # "'# &�(: î � N1 # n � N2 7!)(0 #0( = %"'#�'1!, �+(1*! 
��Q
�
E(�'(0% � )�*%5%1%�

M%&1�0('1%/ �+(1*% "'#7$#8(114: '(9(1#2> *� �'%/ &4 (*%( #5 1('%&(1� &% 
��Q
 
1('%&(1� &% 
���	

 "�5�
&�$/( �7��1�&% = �!;(� &�&%1#( G!1*+#2> !)�&$( &�'/,;#:  �8)(� &! 
��-
 
�"'()($(1#, �
 ��� &( � &(11��

�'#.'$( �! /���+ �
��&� *�� ���$��&�!��� ������
 - � ��)�������� β(t) ����� �"����#����*
�����* ����%��$��* β′′(t)t� ����� '
�+ ��!�� t = t̂	 0& ��!$
� {f, ϕ, ψ} ∈ L2(G)×W 2

2,�(0)(0, l)×L2(0, l) �%
�����������*1�� �� ���'&�!���
� ������� u(n) ��!�� �%�&�#+ ��$���&�$�����&+����+ ũ(k), ������ ���

k → ∞ ���$��� �&�'� � W
1,m(t)
2 (G) � ��&+�� � L2(G) � ��������� ������� ũ ∈ W

1,m(t)
2,�(t) (G)� �$��&����� *1��

��!$����� �,	.�	
�#1(2(3'0453%#! �� "�� '�(1#, "'%&%/ 3%� = 1('%&(1� &% 
��Q
 "'# &�(: )�� % �31� 7�$=9#: n 1( "'(&���

:�)# 

2 (1 + 2(c1/c∗1)) e
c0T

{∫ T

0

‖f‖2
0 dt+ δ2f + a(0)

(
‖ϕxx‖2

0 + ‖ϕ‖2
0 + δ2ϕ

)
+ ‖ψ‖2

0 + δ2ψ

}
.

�



H �,)% &#)1�> 3 � u(n) �.'%1#3(14 & W 1,m(t)
2 (G) '%&1�0('1� "� ti # n #> �$()�&% ($=1�> �!;(� &!( (( "�)�

"��$()�&% ($=1�� = ũ(k)> �$%7� �:�)/;%/�/ * 1(*� �'�2 ũ ∈ W
1,m(t)
2 (G) & W

1,m(t)
2 (G) "'# k → ∞� N�.$%�1�

 (�'(0( M($$#:% � *�0"%* 1�� # �.'%1#3(114: 01�8(� & #5 W 1
2 (G) & L2(G) "��$()�&% ($=1�� = ũ(k) �:�)# �/

* ũ �#$=1� & L2(G) "'# k → ∞�
�$/ )�*%5% ($=� &%  �.�> 3 � K % "'()($=1%/ G!1*+#/ !)�&$( &�'/(  �8)(� &! 
��-
 '%��0� '#0 �' �.��

1%$=14( "'�(* �'4

P (t) : Wm(t)
2 (0, l) →W

m(t)
2,�(t)(0, l), t ∈ [0, T ] \{t̂},

.)( .#$=7(' �&4 "'�� '%1� &% Wm(t)
2,�(t)(0, l) 6 "�"�$1(1#/ 01�8(� & &�(: G!1*+#2 #5 W 2m(t)

2 (0, l)> !)�&$( &�'/�

,;#: 
��	
 #$# 
��S
> "� 1�'0%0 ‖·‖m(t)> t ∈ [0, T ] \{t̂}� H 0( #0> 3 � u ∈ W
m(t)
2,�(t)(0, l) !)�&$( &�'/, 
"'# t > t̂

& 1#8( !*%5%11�0 �04�$(
 .'%1#3140 !�$�&#/0

u |x=0 = 0, [ux + β(t)u] |x=l = 0, t ∈ [0, T ] \{t̂}. (2.18)

�$/ &�(: t > t̂> .)( β(t) �= 0> G!1*+## u ∈ W 1
2,�(t)(0, l) #0(, �$()4 ux |x=l & �7�7;(11�0 �04�$(> *%* "'()($4

lim
n→∞(un)x

∣∣∣x=l = −β(t) lim
n→∞un |x=l = β(t)u(l) ∈ C [0, T ] "��$()�&% ($=1�� (2 un ∈ C1 [0, l] , un → u> & W 1

2 (0, l)

"'# n→ ∞� �$/  (: t > t̂> .)( β(t) = 0> G!1*+## u ∈ W 1
2,�(t)(0, l) W ('/, W !�$�&#( ux |x=l = 0�

�-.'/'0'*+' �! �$/ u ∈ W
m(t)
2 (0, l) P (t)u(x) = g(t, x)  �.)% 
#  �$=*�  �.)%
> *�.)% g ∈ () #

inf
v
‖u− v‖m(t) = ‖u− g‖m(t) "� &�(0 v ∈W

m(t)
2,�(t)(0, l)> t ∈ [0, T ] \{t̂}�

M%5$�8#0 W
m(t)
2 (0, l) & "'/0!, �!00! W

m(t)
2 (0, l) =

◦
W

m(t)

2 (0, l) ⊕ Wm(t)
2 (0, l)� ��  (�'(0( 	�� #5 I�> �� �-J

$#1(21�( � �7'%8(1#( γ = {γ0, ..., γm(t)−1}, γj = ∂j/∂xj > ��!;(� &$/( #5�0�'G#50 .#$=7(' �&% "'�� '%1� &%

Wm(t)
2 (0, l) 1% "'�#5&()(1#( .#$=7(' �&4: "'�� '%1� &

m(t)−1∏
j=0

W
m(t)−j−1/2
2 (S)> .)( S ��� �# #5 x = 0 # x = l�

�(2� &#( �' �"'�(* �'�& P (t) �"#�4&%( 
�'$$( ,! A�$# β(t) ∈ C [0, T ]� �� $& ��!$�� u ∈W

m(t)
2 (0, l) ��1������� �$��������� g ∈ Wm(t)

2 (0, l) �
"����#�
�� %��#��� ��

γ0g|x=0 = 0, γ1g|x=l = −β(t)u|x=l, γ0g|x=l = u|x=l, γ1g|x=0 = ux|x=0, m(t) = 2, t < t̂, (2.191)

γ0g|x=0 = 0; γ0g|x=l = −β−1(t)ux|x=l, (�$# β(t) �= 0; γ0g|x=l = u|x=l, (�$# β(t) = 0; m(t) = 1, t > t̂, (2.192)

#5 Wm(t)−j−1/2
2 (S), 0 � j � m(t) − 1, P (t)u(x) = g(t, x) & Wm(t)

2 (0, l)> t ∈ [0, T ] \{t̂}�
�#1(2(3'0453%#! �'# m(t) = 2> t < t̂> �7'% 1�( � �7'%8(1#( W−1 * γ .'%1#3140 51%3(1#/0 
����1
 � %&# 

& ��� &( � &#( ()#1� &(11!, g ∈ Wm(t)
2 (0, l) ∩W 2

2,�(t)(0, l)� �'# ∀t < t̂ # ∀ v ∈ W 2
2,�(t)(0, l) '%�� �/1#( ‖u− v‖2

K*&#&%$(1 1� '%�� �/1#,
∑1

j=0 |[γj(u− v)]|2−j−1/2> .)( |[·]|q6 1�'0% "'�� '%1� &% W q
2 (S)> 0#1#0!0 *� �'�.�

)�� #.%( �/ "'# v = g� < � �51%3%( > 3 � P (t)u = g & W 2
2 (0, l) )$/ t < t̂� �'# m(t) = 1> t > t̂> )�*%5% ($=� &�

%1%$�.#31�� X(00% � )�*%5%1%�
�'�(* �'4 P (t) 0�81� )#GG('(1+#'�&% = "� t�
�'$$( �! (�&� β(t) ∈ C [0, T ] � ��1������� �"����#���� ����� ����%��$�� β′(t) "� t� ����� '
�+

��!�� t = t̂� �� $& ��!$�� u ∈ W
m(t)
2 (0, l) ��1������� �$��������� w(t, x) ∈ Wm(t)

2 (0, l) � "����#�
��
%��#��� ��

γ0g
′|x=0 = 0, γ1g

′|x=l = −β′(t)u|x=l, γ1g
′|x=0 = γ0g

′|x=l = 0, m(t) = 2, t < t̂, (2.201)

γ0g
′|x=0 = 0; γ0g

′|x=l =
β′(t)
β2(t)

ux|x=l, (�$# β(t) �= 0; γ0g
′|x=l = 0, (�$# β(t) = 0;m(t) = 1, t > t̂, (2.202)

#5 Wm(t)−j−1/2
2 (S), 0 ≤ j ≤ m(t) − 1, P ′(t)u(x) = w(t, x) W

m(t)
2 (0, l)> t ∈ [0, T ] \{t̂}�

�#1(2(3'0453%#! �('(2)(0 * "'()($%0 & τ−1 (g(t+ τ) − g(t)) )$/ .'%1#314: )%114: 
����1) # 
����2) & "'��
� '%1� &%:Wm(t)−j−1/2

2 (S), 0 ≤ j ≤ m(t)−1, "'# τ → 0 # "�$!3#0 .'%1#314( )%114( 
����1) # 
����2)> *� �'40
� �7'%8(1#( γ−1 � %&# & ��� &( � &#( ()#1� &(11!, w(t, x) ∈ Wm(t)

2 (0, l)> t ∈ [0, T ] \{t̂}� ���*�$=*! #5�0�'�

G#50 γ−1 "('(&�)# �:�)/;#(�/ "��$()�&% ($=1�� # #5
m(t)−1∏
j=0

W
m(t)−j−1/2
2 (S) & �:�)/;#(�/ "��$()�&% ($=1�� #

#5 Wm(t)
2 (0, l) # 1%�7�'� >  � P ′(t)u = w & Wm(t)

2 (0, l)> t ∈ [0, T ] \{t̂}� X(00% � )�*%5%1%�

�



N!;(� &�&%1#( �$%74: '(9(1#2 1%0 "�5&�$/( )�*%5% =
�'$$( �! /���+ β(t) ∈ C [0, T ] � ��1�����*� �"����#���
� ����
� $�� ����%��$�
� β′(t) # β′′(t) "� t� �����

'
�+ ��!�� t = t̂	 2�"$� $& ��!$�� v ∈W
1,m(t)
2,�(t),T (G) ��1������� ���&�$�����&+����+ v(k) = {v(k)

0 , ..., v
(k)
k } ∈

W
1,m(t)
2 (G) &#)%

v
(k)
i (t, x) = P (ti)v(t, x) +

t− ti
ti+1 − ti

[P (ti+1) − P (ti)] v(t, x), t ∈ Ii, i = 0, k, (2.21)

���� � #�� v(k) |t=T = 0 # v(k) → v ��&+�� � W
1,m(t)
2 (G) "'# k → ∞.

�#1(2(3'0453%#! N1%3%$% "!� = v ∈ W
1,m(t)
2,(t),T (G) # m(t) = 2> t < t̂� @&#)! v(t) = P (t)v(t)> #5�0�'G#50% γ �

1�'0�2> '%&1�2 c2 > 0, # 51%3(1#2 
����1) #0((0∫
Ii

∥∥∥v(k) − v
∥∥∥2

2
dt ≤ 2

∫
Ii

‖[P (ti) − P (t)] v‖2
2 dt + 2

∫
Ii

t− ti
ti+1 − ti

‖[P (ti+1) − P (ti)] v‖2
2 dt ≤

2c22

∫
Ii

|[(β(ti) − β(t)) v]|21/2 dt+ 2c22

∫
Ii

|[(β(ti+1) − β(ti)) v]|21/2 dt ≤ 4c22M̃
2
1

(
h(k)

)2
∫
Ii

|[v]|21/2 dt.

N!00#'!/ K # 1('%&(1� &% "� &�(0 i = 0, î− 1, "�$!3%(0> 3 � "'# h(k) → 0(∫ t̂

0

∥∥∥v(k) − v
∥∥∥2

2
dt

)1/2

≤ 2c2M̃1h
(k)

(∫ t̂

0

|[v]|21/2 dt
)1/2

→ 0.

@&#)! vt = P ′(t)v + P (t)vt> #5�0�'G#50% γ # 51%3(1#2 
����1
 %1%$�.#31� #0((0∫
Ii

∥∥∥v(k)
t − vt

∥∥∥2

0
dt ≤ 4c21{

∫
Ii

‖[P (ti) − P (t)] vt‖2
2 dt +

∫
Ii

∥∥∥∥ [P (ti+1) − P (ti)] v
ti+1 − ti

− P ′(ti)v
∥∥∥∥2

2

dt +

∫
Ii

∥∥∥∥ t− ti
ti+1 − ti

[P (ti+1) − P (ti)] vt

∥∥∥∥2

2

dt +
∫
Ii

‖[P ′(ti) − P ′(t)] v‖2
2 dt} ≤ 4c21{

∫
Ii

|[(β(ti) − β(t)) vt]|21/2 dt +

∫
Ii

∣∣∣∣[(β(ti+1) − β(ti)
ti+1 − ti

− β′(ti)
)
v

]∣∣∣∣2
1/2

dt+
∫
Ii

|[(β(ti+1) − β(ti)) vt]|21/2 dt+
∫
Ii

|[(β′(ti) − β′(t)) v]|21/2 dt} ≤

8c21M̃
2
1

(
h(k)

)2
∫
Ii

|[vt]|21/2 dt + 5c21M̃
2
2

(
h(k)

)2
∫
Ii

|[v]|21/2 dt, M̃2 = sup
[0,T ]

|β′′(t)|.

P)(�= 04 &��"�$=5�&%$#�= '%5$�8(1#(0 E(2$�'% [(β(ti+1) − β(ti)) / (ti+1 − ti)]− β′(ti) = (1/2)β′′(t∗i ) (ti+1 − ti)>
t∗i ∈ [ti, ti+1]� N!00#'!/ "��$()1#( 1('%&(1� &% "� i = 0, î− 1, "'# h(k) → 0 #0((0(∫ t̂

0

∥∥∥v(k)
t − vt

∥∥∥2

0
dt

)1/2

≤
√

8c1M̃1h
(k)

(∫ t̂

0

|[vt]|21/2 dt
)1/2

+
√

5c1M̃2h
(k)

(∫ t̂

0

|[v]|21/2 dt
)1/2

→ 0.

P% (0 )$/ v ∈W
1,m(t)
2,�(t),T (G) "'# m(t) = 1, t > t̂> )�*%5% ($=� &� "'�&�)# �/ %1%$�.#31�> #�"�$=5!/ .'%1#314(

51%3(1#/ 
����2) # 
����2) #5 $(00 � # �� X(00% 	 )�*%5%1%�
�01�8#0 �*%$/'1� & L2(0, l) !'%&1(1#/ 
���
 # 
���
 1% G!1*+## v(k) &#)% 
����
> "'�#1 (.'#'!(0 "� 3%� /0

��.$%�1� 
��	
 # 
��S
 m(t) '%5 "� x> 1% *%8)�0 Ii "'�#1 (.'#'!(0 "� 3%� /0 �)#1 '%5 "� t # '(5!$= % 4
"'��!00#'!(0 "� i = 0, k ��.$%�1� 
���


−
∫ T

0

∫ l

0

ũ
(k)
t v

(k)
t dxdt +

∫ T

0

∫ l

0

a(k)(t)
∂m(t)ũ(k)

∂xm(t)

∂m(t)v(k)

∂xm(t)
dxdt+

∫ T

0

a(k)(t)β(k)(t) (2 −m(t)) ũ(k)(t, l)v(k)(t, l)dt =

∫ T

0

∫ l

0

f (k)v(k)dxdt +
∫ l

0

ψ(k)(x)v(k)(0, x)dx +
∑k

i=1

∫ l

0

ũ
(k)
t (ti)

[
v
(k)
i (ti) − v

(k)
i−1(ti)

]
dx +

k∑
i=0

∫
Ii

t− ti
ti+1 − ti

a(ti)
∫ l

0

{
∂m(t)ũ

(k)
i

∂xm(t)

∂m(t)(P (ti+1)v)
∂xm(t)

− (−1)m(t)∂
2m(t)ũ

(k)
i

∂x2m(t)
P (ti+1)v

}
dxdt +

-



k∑
i=0

∫
Ii

t− ti
ti+1 − ti

a(ti)β(ti) (2 −m(t)) ũ(k)
i (t, l)P (ti+1)v(t, l)dt, k = 1, 2, ..., (2.22)

.)( a(k)(t) = a(ti) # β(k)(t) = β(ti), t ∈ Ii, i = 0, k� ��)� %&#& 
����
 & "('&!, �!00! & 
����
> !7(8)%(0�/> 3 �
*%8)�( (( �$%.%(0�( '%&1� 1!$,� �7()#0�/ (;( &  �0> 3 � )&( "��$()1#( �!004 & 
����
 � '(0/ �/ * 1!$, "'#
k → ∞� N1%3%$% "!� = m(t) = 2� N "�0�;=, 
��	
 # 
����1) #1 (.'#'!(0 "� 3%� /0∫ l

0

ũ
(k)
ixxxP (ti+1)vdx = [β(ti+1) − β(ti)] ũ

(k)
ixxv

∣∣∣∣∣x=l +
∫ l

0

ũ
(k)
ixx(P (ti+1)v)xxdx, i < î .

N !3( �0 K �.� 5%0(3%(0> 3 � "��$()1#( )&( �!004 & 
����
 "'# i < î '%&14

−
î−1∑
i=0

∫
Ii

t− ti
ti+1 − ti

a(ti) [β(ti+1) − β(ti)] ũ
(k)
ixxvdt

∣∣∣∣∣x=l ≤MM̃1h
(k)

∫ t̂

0

∣∣∣ũ(k)
xx (t, l)v(t, l)

∣∣∣ dt ≤
MM̃1h

(k)

(∫ t̂

0

∣∣∣ũ(k)
xx (t, l)

∣∣∣2 dt)1/2 (∫ t̂

0

|v(t, l)|2 dt
)1/2

≤MM̃1h
(k)

(∫ t̂

0

∣∣∣ũ(k)
xx (t, l)

∣∣∣2 dt)1/2 (
l

∫ t̂

0

‖vx(t, x)‖2
0 dt

)1/2

→ 0

"'# h(k) → 0� P% (0 5%0(3%(0> 3 � "'# m(t) = 1 & �#$! 
��S
 # 
����2)"��$()1#( )&( �!004 & 
����
 "'# i ≥ î
'%&14 1!$,� B% K �0 ��1�&%1## ��.$%�1� &49( )�*%5%11�2 �$%7�2 �:�)#0�� # ũ(k) → ũ # "� $(00( 	 �#$=1�2
�:�)#0�� # v(k) → v & W

1,m(t)
2 (G) "'# k → ∞ & 
����
 "('(:�)#0 * "'()($! "'# k → ∞ # &#)#0> 3 � ũ

!)�&$( &�'/(  �8)(� &! 
��-
� E� G%* > 3 � ũ ∈W
1,m(t)
2,�(t) (G) "�) &('8)%( 

�'$$( 6! 3 ���$��&�!��� � ������
 , $& ��!$
� {f, ϕ, ψ} ∈ L2(G) ×W 2
2,�(0)(0, l) × L2(0, l) ���$�&��

�&�'� ���$ 1��� � W
1,m(t)
2 (G) ���'&�!���� ũ(k) ∈ W

2,2m(t)
2,�(ti)

(G)  �& ��� ũ ∈ W
1,m(t)
2,�(t) (G).

�#1(2(3'0453%#! ���*�$=*! ũ(k) = P (ti)ũ(k) 1% Ii, i = 0, k>  � )$/ (( )�*%5% ($=� &% )�� % �31� "'#
∀v ∈ W

1,m(t)
2 (G) '%&(1� &%

∫
Ii

(ũ− P (t)ũ, v)m(t) dt =
∫
Ii

(
ũ− ũ(k), v

)
m(t)

dt+
∫
Ii

(
[P (ti) − P (t)] ũ(k), v

)
m(t)

dt+
∫
Ii

(
ũ(k) − ũ, P (t)v

)
m(t)

dt,

.)( (·, ·)m(t)6 �*%$/'14( "'�#5&()(1#/ &Wm(t)
2 (0, l)> "'��!00#'�&% = "� &�(0 i = 0, k> �+(1# = 0�)!$= '(5!$= % %

# "'# h(k) → 0 "�$!3# =

∣∣∣∣∣∣
T∫

0

(ũ− P (t)ũ, v)m(t) dt

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣
T∫

0

(
ũ− ũ(k), v

)
m(t)

dt

∣∣∣∣∣∣+c2M̃1h
(k)

T∫
0

∥∥∥ũ(k)
∥∥∥
m(t)

‖v‖m(t) dt+

∣∣∣∣∣∣
T∫

0

(
ũ(k) − ũ, P (t)v

)
m(t)

dt

∣∣∣∣∣∣ → 0.

X(00% S )�*%5%1% #>  (0 �%040> )�*%5% ($=� &�  (�'(04 � 5%&('9(1��
�($')(*+7! �! A�$# & *�KGG#+#(1 ( a(t) !'%&1(1#2 
���
�
���
 1% *%8)�0 Ii "'�&(� # (;( )�"�$1# ($=1!,

)#�*'( #5%+#, m  �3*%0# t
(j)
i , j = 0,m, t(0)i = ti, i = 0, n>  � "'#  (: 8( )%114: f (n), ϕ(n) # ψ(n) "��$()��

&% ($=140# "� i # j '(9(1#/0# "�$!3(114: 5%)%3 
���
�
���
 /&$/, �/ 1(*� �'4( ŭ(n,m) ∈ W
2,2m(t)
2 (G)� �$/

"'#7$#8(1#2 ŭ(n,m) &4&�)# �/ %"'#�'1%/ �+(1*%> %1%$�.#31%/ �+(1*( 
��Q
> 7$%.�)%'/ *� �'�2 ! &('8)(1#/
 (�'(04 � $(.*� '%�"'�� '%1/, �/ 1% ŭ(n,m)�

�! �'# )�*%5% ($=� &( ()#1� &(11�� # �$%74: '(9(1#2 "�1%)�7/ �/ (;( "'#7$#8(1#/
�
u

(n)
6 '(9(1#/ 5%)%3


���
>
���
>
��	
�
���
> )$/ *� �'4: %1%$�.#31� "'()4)!;(0! &4&�)# �/ %"'#�'1%/ �+(1*%

(1/2)c∗3 sup
[0,T ]

N (t;
�
u

(n)
) ≤ (1 + c1)ec0T

{∫ T

0

∥∥∥∥�f (n)

(t, x)
∥∥∥∥2

0

dt+ a(0)
∥∥∥∥�ϕ(n)

xx

�
ϕ(x)

∥∥∥∥2

0

+ a(0)
∥∥∥∥�ϕ(n)

(x)
∥∥∥∥2

0

+
∥∥∥∥�ψ (n)

(x)
∥∥∥∥2

0

}
,

(2.23)

.)( c∗3 = exp{−ĉ2(T − t̂)M̃1 l} # "��$()�&% ($=1�� # 
�  (0# 8( �&�2� &%0#
 {
�

f
(n)

,
�
ϕ

(n)
,
�

ψ
(n)

} → {f, ϕ, ψ} &

L2(G) × W 2
2 (0, l) × L2(0, l) "'# n → ∞� N "�0�;=, 
���	
 %1%$�.#31�  (�'(0( � )�*%54&%( �/> 3 � #5

�
u

(n)

0�81� #5&$(3= "�)"��$()�&% ($=1�� =
�
u

(nk)
> *� �'%/ �:�)# �/ �$%7� & W 1,m(t)

2 (G) # �#$=1� & L2(G) 
# )%8(
'%&1�0('1� "� t & L2(0, l)) * 1(*� �'�0! �$%7�0! '(9(1#,

�
u ∈ W

1,m(t)
2,(t) (G) 5%)%3# 
���
�
���
 "'# k → ∞� ��$�&#(

�
u(0, x) = ϕ(x) &4"�$1/( �/ & �#$!  �.�> 3 �

�
u

(nk)
(0, x) �:�)/ �/ �)1�&'(0(11� *

�
u(0, x) # ϕ(x) & L2(0, l) "'#

k → ∞�

Q



	� EAHMADF A�CBNE@ABBHNEC

X%)48(1�*%/ H�F� &4&�)#$% ()#1� &(11�� = �$%74: '(9(1#2 "('&�2 1%3%$=1��*'%(&�2 5%)%3# )$/ .#"('�
7�$#3(�*#: !'%&1(1#2 & �'�.� "�'/)*% #5 ��� &( � &!,;(2 %"'#�'1�2 �+(1*# �$%74: '(9(1#2 I�> �� 	Q�J� �
��8%$(1#, &4&�) %1%$�.#31�2 �+(1*# )$/ 5%)%3# 
���
�
���
 "'�7$(0% #3(1 #5�5% "('(0(114: !�$�&#2 
��	
�

��S
>  %* *%* "'�#5&�)1%/ ut 0�8( 1( !)�&$( &�'/ = !�$�&#/0 
��	
�
��S
 "'# &�(: t� ��K �0! �1%3%$% 04
&41!8)(14 &4&�)# = %"'#�'1!, �+(1*! '%51�� # $,74: )&!: "'#7$#8(1#2> !*%5%114: & 5%0(3%1## 	�

�'#.'$( �! /���+ �
��&� *�� ���$��&�!��� ������
 ,	 (�&� $& ����$�
� $���
�
{f̃ (n), ϕ̃(n), ψ̃(n)}{f̂ (m), ϕ̂(m), ψ̂(m)} � %�$�#� �-	-���-	,���,	4���,	5� �� ������ ũ(n) # û(m)6 �������
� ��$�

���&�$�����&+����� ���&�$�����&+�����
�
u

(n)
��% %���#��� 4�� ���$ 1��� �&�'� � W

1,m(t)
2 (G) � ��&+�� �

L2(G) � ������ � ũ # û "'# n→ ∞ # m→ ∞ ��������������� ��

(1/2)c∗3 sup
[0,T ]

N (t; ũ(n) − û(m)) ≤ (1 + c1)ec0T {
∫ T

0

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt+ a(0)

∥∥∥ϕ̃(n)
xx − ϕ̂(m)

xx

∥∥∥2

0
+

a(0)
∥∥∥ϕ̃(n) − ϕ̂(m)

∥∥∥2

0
+
∥∥∥ψ̃(n) − ψ̂(m)

∥∥∥2

0
} + Rn.m(ũ(n), û(m)), (3.1)

"$� ��� %�� Rn,m �
��!���� �����&�� �4	-,� � Rn,m → 0 "'# n,m → ∞	 0& ��!$
� {f, ϕ, ψ} ∈
L2(G) ×W 2

2,�(0)(0, l) × L2(0, l) �&�'�� �������
�
u ∈ W

1,m(t)
2,�(t) (G) ��������� %�$�#� �-	-���-	7� �$���������� �� 

���&�$�����&+����+
�
u

(n)
���$��� � )���� ������*

�
u ��&+�� � W

1,m(t)
2 (G) � ���&�$�����&+����+ u(n) ��%

������
 -� ���$��� �
�
u �&�'� � W

1,m(t)
2 (G) � ��&+�� � L2(G) "'# n→ ∞.

�#1(2(3'0453%#! B(  ('// �7;1�� # '%��!8)(1#2 0�81� �3# % => 3 � n > m # & �'�( '%57#(1#( {ti}n1
#1 ('&%$% ]0, T [ "�$!3%( �/ #5 "('&�.� '%57#(1#/ {t̂

k
}m1 #1 ('&%$% ]0, T [ )�7%&$(1#(0 1% *%8)�0 Jt̂

k−1 , t̂k I 1(*��

 �'4: '%5$#314: nk  �3(* t
(k)
i , i = 1, nk, k = 1,m+ 1� H7;#(  �3*# K #: )&!: '%57#(1#2 7!)(0 �7�51%3% =

 �$=*� �#0&�$%0# t̂
k
"('&�.� '%57#(1#/� Y�1�> 3 � n1 + ...+ nm+1 = n−m� �!� = ĥ(m) = max

0≤k≤m
∣∣t̂

k+1 − t̂
k

∣∣ .
N1%3%$% &4&()(0 �+(1*! '%51�� (2 "'#7$#8(1#2 1% #1 ('&%$( I�>t̂1 I� ���*�$=*! 1% I�>t(1)1 I "��$()�&% ($=1��

� # ũ(n) # û(m) !)�&$( &�'/, �)1#0 #  (0 8( !�$�&#/0 
��	
>  � 
�0�
���



sup[
0,t

(1)
1

] N1(t; ũ(n) − û(m)) ≤
t
(1)
1∫

0

ec0(t
(1)
1 −t)

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt + ec0t

(1)
1 [

∥∥∥ψ̃(n) − ψ̂(m)
∥∥∥2

0
+

a(0)
∥∥∥ϕ̃(n)

xx − ϕ̂(m)
xx

∥∥∥2

0
+ a(0)

∥∥∥ϕ̃(n) − ϕ̂(m)
∥∥∥2

0
]. (3.2)

B% It(1)1 , t
(1)
2 I "��$()�&% ($=1�� # ũ(n) # û(m) !)�&$( &�'/, '%5$#3140 !�$�&#/0 
��	
 # "�K �0!> #1 (.'#'!/

"� 3%� /0 �)#1 '%5 "� t # 3( 4'(8)4 "� x �*%$/'1�( "'�#5&()(1#( & L2(0, l) �!004 !'%&1(1#/ ũ
(n)
tt − û

(m)
tt +

a(t)(ũ(n)
xxxx − û

(m)
xxxx) = f̃ (n) − f̂ (m) # a(t)(ũ(n) − û(m)) 1% 2(ũ(n)

t − û
(m)
t ), & 3%� 1�� #> #0((0

2

τ∫
t
(1)
1

l∫
0

ec0(τ−t)a(t)
(
ũ(n)
xxxx − û(m)

xxxx

)(
ũ

(n)
t − û

(m)
t

)
dxdt = ec0(τ−t)a(t)

∥∥∥ũ(n)
xx − û(m)

xx

∥∥∥2

0

∣∣∣t=τ
t=t

(1)
1

−

τ∫
t
(1)
1

(
ec0(τ−t)a(t)

)
t

∥∥∥ũ(n)
xx − û(m)

xx

∥∥∥2

0
dt +Φ1(ũ(n), û(m)) + Φ2(ũ(n), û(m)), t(1)1 < τ ≤ t

(1)
2 ,

.)(

Φ1(ũ(n), û(m)) = 2ec0(τ−t)a(t)
l∫
0

ũ
(n)
xx û

(m)
xx dx

∣∣∣∣∣∣t=τt=t
(1)
1

− 2
τ∫

t
(1)
1

(
ec0(τ−t)a(t)

)
t

l∫
0

ũ
(n)
xx û

(m)
xx dxdt −

τ∫
t
(1)
1

ec0(τ−t)a(t)

l∫
0

(
ũ

(n)
t û(m)

xxxx + û
(m)
t ũ(n)

xxxx

)
dxdt,

Φ2(ũ(n), û(m)) = −ec0(τ−t)a(t)
l∫
0

(
ũ

(n)
xxxxû(m) + û

(m)
xxxxũ(n)

)
dx

∣∣∣∣t=τt=t
(1)
1

+

τ∫
t
(1)
1

ec0(τ−t)a(t)

l∫
0

(
ũ

(n)
txxxxû

(m) + û
(m)
txxxxũ

(n)
)
dxdt +

τ∫
t
(1)
1

(
ec0(τ−t)a(t)

)
t

l∫
0

(
ũ(n)
xxxxû

(m) + û(m)
xxxxũ

(n)
)
dxdt.

�



�%$(( #1 (.'#'!(0 "� 3%� /0 & Φ2(ũ(n), û(m))  �$=*� "� x # #�"�$=5!(0 !�$�&#/ 
��	


Φ2(ũ(n), û(m)) = ec0(τ−t)a(t)
[
β(t(1)1 ) − β(0)

] (
ũ(n)
xx û

(m) − û(m)
xx ũ

(n)
) ∣∣∣t=τ

t=t
(1)
1

|x=l −
τ∫

t
(1)
1

ec0(τ−t)a(t)[β(t(1)1 ) − β(0)](ũ(n)
txxû

(m) − û
(m)
txx ũ

(n))dt |x=l+
τ∫

t
(1)
1

ec0(τ−t)a(t)[β(t(1)1 ) − β(0)](ũ(n)
xx û

(m)
t − û

(m)
xx ũ

(n)
t )dt |x=l

−
τ∫

t
(1)
1

(
ec0(τ−t)a(t)

)
t
[β(t(1)1 ) − β(0)](ũ(n)

xx û
(m) − û(m)

xx ũ
(n))dt |x=l − Φ1(ũ(n), û(m)).

�'()� %&#0 5)(�= "('&�( �$%.%(0�( & &#)( #1 (.'%$% # "�$!3#0> 3 �

Φ1(ũ(n), û(m)) + Φ2(ũ(n), û(m)) = 2
τ∫

t
(1)
1

ec0(τ−t)a(t)[β(t(1)1 ) − β(0)](ũ(n)
xx û

(m)
t − û

(m)
xx ũ

(n)
t )dt |x=l �

?(5 "'�7$(0 #1 (.'#'!(0 "� 3%� /0 �)#1 '%5 "� t

2

τ∫
t
(1)
1

ec0(τ−t)
l∫

0

(ũ(n)
tt − û

(m)
tt )(ũ(n)

t − û
(m)
t )dxdt = ec0(τ−t)

∥∥∥ũ(n)
t − û

(m)
t

∥∥∥2

0

∣∣∣∣∣∣∣∣
t=τ

t=t
(1)
1

+ c0

τ∫
t
(1)
1

ec0(τ−t)
∥∥∥ũ(n)

t − û
(m)
t

∥∥∥2

0
dt ,

2

τ∫
t
(1)
1

ec0(τ−t)a(t)

l∫
0

(ũ(n) − û(m))(ũt(n) − ût(m))dxdt = ec0(τ−t)a(t)
∥∥∥ũ(n) − û(m)

∥∥∥2

0

∣∣∣∣∣∣∣∣
t=τ

t=t
(1)
1

−
τ∫

t
(1)
1

(ec0(τ−t)a(t))t
∥∥∥ũ(n) − û(m)

∥∥∥2

0
dt.

@ # �.(> � 7'%�4&%/ 1("�$�8# ($=14( �$%.%(04( 5% �3( &47�'% c0> )$/ It(1)1 , t
(1)
2 I 1%:�)#0

sup
[t

(1)
1 ,t

(1)
2 ]

N1(t; ũ(n) − û(m)) ≤
t
(1)
2∫

t
(1)
1

ec0(t
(1)
2 −t)

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt + ec0(t

(1)
2 −t(1)1 )N1(t

(1)
1 ; ũ(n) − û(m)) +

2M̃1 ĥ
(m)

t
(1)
2∫

t
(1)
1

ec0(t
(1)
2 −t)a(t)|ũ(n)

xx û
(m)
t − û(m)

xx ũ
(n)
t |dt |x=l . (3.3)

N*$%)4&%/ 1('%&(1� &% 
	��
 # 
	�	
  %*8(> *%* 1('%&(1� &% 
���
 # 
����
> !� %1%&$#&%(0

sup
[0,t

(1)
2 ]

N1(t; ũ(n) − û(m)) ≤
t
(1)
2∫

0

ec0(t
(1)
2 −t)

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt + ec0t

(1)
2 [

∥∥∥ψ̃(n) − ψ̂(m)
∥∥∥2

0
+ a(0)

∥∥∥ϕ̃(n)
xx − ϕ̂(m)

xx

∥∥∥2

0
+

a(0)
∥∥∥ϕ̃(n) − ϕ̂(m)

∥∥∥2

0
] + 2M̃1 ĥ

(m)

t
(1)
2∫

t
(1)
1

ec0(t
(1)
2 −t)a(t)|ũ(n)

xx û
(m)
t − û(m)

xx ũ
(n)
t |dt |x=l

#  � )� %1%$�.#31� )$/ &�(: n1  �3(* t(1)i & �'�.� '%57#(1#/ #1 ('&%$% J�>t̂1 I

sup
[0,t̂1 ]

N1(t; ũ(n) − û(m)) ≤
t̂1∫
0

ec0(t̂1−t)
∥∥∥f̃ (n) − f̂ (m)

∥∥∥2

0
dt + ec0t̂1 [

∥∥∥ψ̃(n) − ψ̂(m)
∥∥∥2

0
+ a(0)

∥∥∥ϕ̃(n)
xx − ϕ̂(m)

xx

∥∥∥2

0
+

a(0)
∥∥∥ϕ̃(n) − ϕ̂(m)

∥∥∥2

0
] + 2M̃1ĥ

(m)

t̂1∫
0

ec0(t̂1−t)a(t)|ũ(n)
xx û

(m)
t − û(m)

xx ũ
(n)
t |dt |x=l . (3.4)

�� �0  �31�  %*8( )$/ #1 ('&%$% Jt̂1 , t̂2 I � n2  �3*%0# t(2)i & �'�.� '%57#(1#/

��



sup
[t̂1 ,t̂2 ]

N1(t; ũ(n) − û(m)) ≤
t̂2∫
t̂1

ec0(t̂2−t)
∥∥∥f̃ (n) − f̂ (m)

∥∥∥2

0
dt + ec0(t̂2−t̂1 )N1(t̂1 ; ũ

(n) − û(m)) +

2M̃1 ĥ
(m)

t̂2∫
t̂1

ec0(t̂2−t)a(t)|ũ(n)
xx û

(m)
t − û(m)

xx ũ
(n)
t |dt |x=l . (3.5)

N*$%)4&%/ 1('%&(1� &% 
	�S
 # 
	��
  %*8( *%* 1('%&(1� &% 
���
 # 
����
> #0((0

sup
[0,t̂2 ]

N1(t; ũ(n) − û(m)) ≤
t̂2∫
0

ec0(t̂2−t)
∥∥∥f̃ (n) − f̂ (m)

∥∥∥2

0
dt + ec0t̂2 [

∥∥∥ψ̃(n) − ψ̂(m)
∥∥∥2

0
+ a(0)

∥∥∥ϕ̃(n)
xx − ϕ̂(m)

xx

∥∥∥2

0
+

a(0)
∥∥∥ϕ̃(n) − ϕ̂(m)

∥∥∥2

0
] + 2M̃1 ĥ

(m)

t̂2∫
0

ec0(t̂2−t)a(t)|ũ(n)
xx û

(m)
t − û(m)

xx ũ
(n)
t |dt |x=l

#  � )� %1%$�.#31� )$/ &�(: �� %&9#:�/  �3(* t̂
k
"('&�.� '%57#(1#/

sup
[0,t̂]

N1(t; ũ(n) − û(m)) ≤
t̂∫

0

ec0(t̂−t)
∥∥∥f̃ (n) − f̂ (m)

∥∥∥2

0
dt + ec0t̂[

∥∥∥ψ̃(n) − ψ̂(m)
∥∥∥2

0
+ a(0)

∥∥∥ϕ̃(n)
xx − ϕ̂(m)

xx

∥∥∥2

0
+

a(0)
∥∥∥ϕ̃(n) − ϕ̂(m)

∥∥∥2

0
] + 2M̃1 ĥ

(m)

t̂∫
0

ec0(t̂−t)a(t)|ũ(n)
xx û

(m)
t − û(m)

xx ũ
(n)
t |dt |x=l . (3.6)

�'#� !"#0 * &4&�)! %"'#�'1�2 �+(1*# )$/ '%51�� # "'#7$#8(1#2 1% � '(5*( [t̂, T ]� ���*�$=*! 1%

[t̂, t(̂i+1)
1 [, t̂ = t̂i> "��$()�&% ($=1�� # ũ(n) # û(m) !)�&$( &�'/, �)1#0 #  (0 8( !�$�&#/0 
��S
>  � ��.$%�1�


���S


(1 − δ(3)n ) sup
[t̂,t

(î+1)
1 ]

N2(t; ũ(n) − û(m)) ≤
t
(î+1)
1∫
t̂

ec0(t
(î+1)
1 −t)

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt + ec0(t

(î+1)
1 −t̂)N2(t̂+ 0; ũ(n) − û(m)), (3.7)

.)( δ(3)n = ĉ2(T − t̂)M̃1 l/(n + 1 − î)� B% #1 ('&%$( [t(̂i+1)
1 , t

(̂i+1)
2 [ "��$()�&% ($=1�� # ũ(n) # û(m) !)�&$( &�'/, 

'%5$#3140 !�$�&#/0 
��S
 # "�K �0! #1 (.'#'!(0 "� 3%� /0 �)#1 '%5 "� t # )&%8)4 "� x '(5!$= % �*%$/'1�.�
"'�#5&()(1#/ & L2(0, l) �!004 !'%&1(1#/ ũ

(n)
tt − û

(m)
tt − a(t)(ũ(n)

xx − û
(m)
xx ) = f̃ (n) − f̂ (m) # a(t)(ũ(n) − û(m)) 1%

2(ũ(n)
t − û

(m)
t )� @ 3%� 1�� #> "�$!3%(0

−2

τ∫
t
(î+1)
1

l∫
0

ec0(τ−t)a(t)
(
ũ(n)
xx − û(m)

xx

)(
ũ

(n)
t − û

(m)
t

)
dxdt = ec0(τ−t)a(t)

∥∥∥ũ(n)
x − û(m)

x

∥∥∥2

0

∣∣∣∣t=τt=t
(î+1)
1

−

τ∫
t
(î+1)
1

(
ec0(τ−t)a(t)

)
t

∥∥∥ũ(n)
x − û(m)

x

∥∥∥2

0
dt − 2

τ∫
t
(î+1)
1

ec0(τ−t)a(t)(ũ(n)
t − û

(m)
t )(ũ(n)

x − û(m)
x )dt |x=l , t

(̂i+1)
1 < τ ≤ t

(̂i+1)
2 .

�%$(( "�$=5!(0�/ !�$�&#/0# 
��S
> #1 (.'#'!(0 "� 3%� /0 �)#1 '%5 "� t # 1%:�)#0 '%&(1� &�

−2

τ∫
t
(î+1)
1

ec0(τ−t)a(t)(ũ(n)
t − û

(m)
t )(ũ(n)

x − û(m)
x )dt

∣∣∣x=l = ec0(τ−t)a(t)β(t(̂i+1)
1 ) |ũ(n)(t, l) − û(m)(t, l)|2

∣∣∣∣t=τt=t
(î+1)
1

−

��



−
τ∫

t
(î+1)
1

(ec0(τ−t)a(t))tβ(t(̂i+1)
1 )|ũ(n) − û(m)|2dt |x=l + ec0(τ−t)a(t)[β(t(̂i+1)

1 ) − β(t̂)]û(m)(ũ(n) − û(m))
∣∣∣∣t=τt=t

(î+1)
1

|x=l−

τ∫
t
(î+1)
1

(ec0(τ−t)a(t))t[β(t(̂i+1)
1 ) − β(t̂)]û(m)(t, l)(ũ(n)(t, l) − û(m)(t, l))dt +

τ∫
t
(î+1)
1

ec0(τ−t)a(t)[β(t(̂i+1)
1 )ũ(n)

t û(m) − β(t(̂i+1)
1 )ũ(n)û

(m)
t + β(t̂)û(m)

t ũ(n) − β(t̂)û(m)ũ
(n)
t ]dt |x=l .

�'()� %&#0  '( =( �$%.%(0�( "'%&�2 3%� # "��$()1(.� '%&(1� &% & &#)( #1 (.'%$% # !7()#0�/ &  �0> 3 � �!00%
"��$()1#:  '(: �$%.%(04: K �.� '%&(1� &% '%&1%

2

τ∫
t
(î+1)
1

ec0(τ−t)a(t)[β(t(̂i+1)
1 ) − β(t̂)]û(m)(t, l)(ũ(n)

t (t, l) − û
(m)
t (t, l))dt .
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(1 − δ(3)n ) sup
[t

(î+1)
1 ,t

(î+1)
2 ]

N2(t; ũ(n) − û(m)) ≤
t
(î+1)
2∫

t
(î+1)
1

ec0(t
(î+1)
2 −t)

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt+ ec0(t

(î+1)
2 −t(î+1)

1 )N2(t
(̃i+1)
1 ; ũ(n) − û(m))+

2M̃1ĥ
(m)

t
(î+1)
2∫

t
(î+1)
1

ec0(t
(î+1)
2 −t)a(t)|û(m)||ũ(n)

t − û
(m)
t |dt |x=l . (3.8)

N*$%)4&%/ 1('%&(1� &% 
	�-
 # 
	�Q
  %*8( *%* 1('%&(1� &% 
���S
 # 
����
> "�$!3%(0

(1 − δ(3)n ) sup
[t̂,t

(î+1)
2 ]

N2(t; ũ(n) − û(m)) ≤ (1 − δ(3)n )−1{
t
(î+1)
2∫
t̂

ec0(t
(î+1)
2 −t)

∥∥∥f̃ (n) − f̂ (m)
∥∥∥2

0
dt +

ec0(t
(î+1)
2 −t̂)N2(t̂+ 0; ũ(n) − û(m)) + 2M̃1ĥ

(m)

t
(î+1)
2∫
t̂

ec0(t
(î+1)
2 −t)a(t)|û(m)||ũ(n)

t − û
(m)
t |dt |x=l }

#  � )� %1%$�.#31� )$/ &�(: nî+1  �3(* t(̂i+1)
i & �'�.� '%57#(1#/ #1 ('&%$% ]t̂, t̂

î+1
[

(1 − δ(3)n ) sup
[t̂,t̂

î+1
]

N2(t; ũ(n) − û(m)) ≤ (1 − δ(3)n )−nî+1{
t̂
î+1∫
t̂

e
c0(t̂

î+1
−t) ∥∥∥f̃ (n) − f̂ (m)

∥∥∥2

0
dt +

e
c0(t̂

î+1
−t̂)N2(t̂+ 0; ũ(n) − û(m)) + 2M̃1 ĥ

(m)

t̂
î+1∫
t̂

e
c0(t̂

î+1
−t)
a(t)|û(m)||ũ(n)

t − û
(m)
t |dt |x=l }. (3.9)

P% (0  �31�  %*8( )$/ ]t̂
î+1
, t̂

t̂+2
[ � nî+2  �3*%0# t(̂i+2)

i & �'�.� '%57#(1#/ &4&�)#0

(1 − δ(3)n ) sup
[t̂
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(m)

t̂
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t − û
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t − û(m)

xx ũ
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(m)
t |dt |x=l , (3.12)
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(n) − ǔ(n,m)) ≤ (1 + c1)ec0TM1h
(m)

∫ T

0
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u

(n)
�#$=1� & W

1,m(t)
2 (G) "'# m → ∞>  %*

*%* !01�8%/ �*%$/'1� & L2(0, l) �!00! !'%&1(1#/ ŭ
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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X(.*� )�*%54&%( �/> 3 � K # ��7� &(114( G!1*+##> ��� &( � &!,;#( '%5$#3140 ��7� &(1140 51%3(1#/0> "��

"%'1� �' �.�1%$=14 & L2(0, l)� C: "�$1� % & "'�� '%1� &%: L2(0, l) # W 4
2,�(ti)
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√
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