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Abstract—We develop a modification of the energy inequality method and use it to prove the
well-posedness of the Goursat problem for linear second-order hyperbolic differential equations
with operator coefficients whose domains depend on the two-dimensional time. An energy
inequality for strong solutions of this Goursat problem is derived with the help of abstract
smoothing operators, and we prove that the range of the problem is dense by using properties
of a regularizing Cauchy problem whose inverse operator is a family of smoothing operators of
a new type. We give an example of a well-posed boundary value problem for a two-dimensional
complete second-order hyperbolic partial differential equation with Goursat conditions and with
a boundary condition depending on the two-dimensional time.
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1. INTRODUCTION. STATEMENT OF THE PROBLEM

The two-dimensional Goursat problem for hyperbolic partial differential equations with station-
ary (time-independent) boundary conditions and for hyperbolic operator-differential equations with
time-independent domains of operator coefficients was studied in [1-3]. Here we study this prob-
lem in the case of nonstationary boundary conditions and domains. In this situation, the method
in [1-3] can no longer be used to analyze well-posedness, and so the present paper develops new
techniques for deriving an a priori estimate with the use of abstract smoothing operators in [4] and
for proving that the range of the Goursat problem is dense with the use of a regularizing Cauchy
problem. This regularizing Cauchy problem is an analog of the Cauchy problem whose solutions
are used in the proof of the uniqueness of weak solutions in [5]. The operators providing the so-
lutions of these problems are smoothing operators of a new type. The existence and uniqueness
of classical solutions of a second-order hyperbolic partial differential equation with degenerating
mixed derivative under Goursat conditions and without boundary conditions were studied in [6].
A nonlocal boundary value problem was solved in [7] for hyperbolic equations whose coefficients
are square matrices of scalar functions.

Let H be a Hilbert space with inner product (-,-) and norm |- |. In the bounded rectangle
T =10,Ty[ x ]0,Ty[ of the plane R? of the variables ¢ = {t,,t,}, consider the hyperbolic operator-
differential equation

9%u(t)
Oty 0ty

Ou(t)
oty

ou(t)
Oty

L(t)u

At + Ay (t) Y A@ ) = f(t), teT, (1)

with the Goursat conditions
Lhu = u(ty,0) = pi(t), lou = u(0,tz) = pa(ta), (2)

where ¢, (t,), t1 € [0,T1], and @o(ts), ty € [0,T3], are functions ranging in H and satisfying the
coordination condition ¢;(0) = ¢2(0). The unknown function w(¢) and the given right-hand side
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f(t) depend on the two-dimensional variable ¢ and range in H. For each t, the coefficient A(t) is
a positive self-adjoint operator on H, and the A;(t), i = 1,2, are linear unbounded operators on H;
their domains D(A(t)) and D(A;(t)) depend on t.

Remark 1. The well-posedness of problem (1), (2) was studied in [1] (respectively, [2]) by the
Fourier method with the use of the representation of the solution via the Riemann function (re-
spectively, by the energy inequality method) for the case in which A(¢) is a stationary (respectively,
nonstationary) elliptic partial differential operator in the space variables with stationary normal
boundary conditions and the A;(t), i = 1,2, are operators of multiplication by scalar functions.
In [2], an a priori estimate was established by inner multiplication by a Leray separating operator
with subsequent integration by parts, and the fact that the range is dense was derived from a dual
Garding type inequality, which was proved with the use of Friedrichs averaging integral operators.
For strong solutions of the abstract problem (1), (2), an a priori estimate was also obtained in
a traditional way in [3], where the domain of the operator A(t) is stationary, and the operators
A;(t), i = 1,2, are bounded in H; but the fact that the range is dense was derived there from an
a priori estimate for the formally adjoint equation on the basis of the representation of its solution
via the operator Riemann function.

2. DEFINITIONS AND STATEMENT OF THE MAIN RESULTS

The Goursat problem (1), (2) defines a linear unbounded operator L = {L(t),l,l,} : E D
D(L) — F from the Banach space E obtained as the closure of the set

D(L) = {u €M =Ly(T,H): uc D(A(t)), du/dt; € D(A,(t)), t €T = [0, T3] x [0, T3]

Ou/Ot:, 0%u)Ot,0t,, As(t)0u/0t:, A(tu € H, i = 1,2}

Jullz = [ / Z ( + |A”2<t>u|2) dt] N

to the space F' = H., x Hy x H, of functions ® = {f, 1, p2} such that ¢;(0) = ¢2(0) with the norm

in the norm

ou |?

1@l = (I3 + lleallF + le2ll3)'2.

Here H, = Ly )(7,H) is the Hilbert space with Hermitian norm || f[|, = [, ~(t)|f(t)]* dt and
weight (t) = Ty — ty + Ty — t1, and the Hilbert spaces H; are the closures of the sets Of traces of
functions w € D(L) at ¢t; = 0 in the norms

T;
s = / Ou
Uil = ot
0

In a standard way, one can show that if the set

+ |A1/2(t)u|2>

1/2
ﬁ) . A4, i=1,2.
t;=0

D*(L) = {v e D(L): v(t) € D(AX(t)), te T, AX(tweH, i= 1,2}

is dense in H, where the A7 () are the adjoint operators of A;(?) in H, then the operator L admits
a strong closure L: E D D(L) — F.

Definition 1. The solutions u € D(L) of the operator equation Lu = ®, ® € F, are referred to
as strong solutions of the Goursat problem (1), (2).

Let us state the main results of the present paper. First, by using abstract smoothing operators

AZ*(t), we derive an energy inequality for strong solutions.
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46 LOMOVTSEV, MOTEVICH

Theorem 1. Let the set D*(L) be dense in H, and let the following conditions be satisfied.

1. For all t € T, the operators A;(t) are subordinate to the square roots AY2(t) [with domains
D(AY2(t))] of the operators A(t) [i.e., |A;(t)w| < ¢;|AY2(t)w| for all w € D(AY2(t)), ¢; > 0,
i = 1,2] and satisfy the estimate

—Re (Al(t)'l)l + Ag(t)’l)g,’l)l + '02) < C3("l)1|2 + |1)2|2) V'Ui S D(Az(t)), 1= 1, 2, c3 > 0. (3)

2. In H, for allt € T, there exist bounded inverse operators
ATH(t) € B(T, £(H)),

which are strongly continuous with respect to t and have the strong partial derivatives
8, pp. 216-218]

DA~ (t)/ot; € B(T, L£(H)), i=1,2,
such that

|((OA™Y(t)/0t:)g, 9)| < ca(A™(t)g, 9) Vg € H, cy >0, i=1,2. (4)
Then one has the energy inequality

llul% < es||Lull2 Yu € D(L), c5 =max{1,T} + Ty} exp{ (T} + T5) max{cy,2 + 2c5}}. (5)

This inequality readily implies the following assertion.

Corollary 1. The relation R(L) = R(L) holds under the assumptions of Theorem 1, where

(L
R(L) is the range of the operator L and R(L) is the closure of the range R(L) of the operator L
n F.

Then we use this corollary to prove the existence theorem for strong solutions with the use of
a regularizing Cauchy problem.

Theorem 2. Let the assumptions of Theorem 1 hold, and let the following conditions be satis-

fied.
3. The operators OA™(t)/0t;, i = 1,2, satisfy the inequalities

(DA™Y (t)/0t:)g, h)| < colgl|A™/2(t)h|  Vg,he H,  2>¢ >0, i=12  (6)

forallteT.
4. There exist constants c;,cg > 0 such that the estimates

cr[|AY2 () vy > + |AY2(H)e]?] Yoy, ve € D(A(L)),  (7)

—Re (A1 (t)vy + Az (t)va, A(t)(v1 +v2)) <
| <ecslg| |ATV2(tw]  VgveH, i=12, (8)

|(Ai(t)(0A™(t)/0t:)g, v)
hold for allt € T.
5. For almost all t € T, there exists a bounded strong mized derivative *A~'(t)/0t,0t, €
Lo(T,L(H)) satisfying the inequality
((9°A7H(t) /0t20t1)g,0)| < colg| A2 ()] Vgv € H, ¢ >0, (9)

Then for all ® = {f, 1,92} € F, there exists a strong solution w € E of the Goursat prob-
lem (1), (2).
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In Theorems 1 and 2, the constants ¢;, : = 1,...,9, are independent of w, vy, v, g, h, v, and ¢.

The stability of strong solutions of problem (1), (2) with respect to f, ¢1, and ¢, follows from
inequality (5).

3. REGULARIZING CAUCHY PROBLEM
Consider the Cauchy problem

du(t)  Ov(t) _ 71 —0(t)
o, 0t J5 (t)e w(t), teT, 6 >0, (10)

'U(tl,O) = 0, tl S [O,Tl], 'U(O,tg) = O, tg € [O,Tg], (11)

where 0(t) = cy(t) for all ¢ > 0, and the smoothing integral operators J; ' (t) = (I+46J(t))! are the
inverses of the operators Js(t) = I+46.J(t), § > 0, where the differential operator J(t)h = §*h/0t,0t,
has the domain

D(J) = {h e H: Oh/ot,, Ph)ot0t € H, i=1,2;

h(t1,0) = 0, t, € [0,T1]; 7(0,t5) =0, to € [O,Tz]}.

Set (T, H)={ve C(T,H): veC™ (T, H), k=1,2}, m=1,2,... Obviously, the following
assertion holds.

Theorem 3. All smooth solutions v = vs(t) € C®(T,H) of the Cauchy problem (10), (11)
satisfy the identity

2

2
ov
/7(t)|v|2dt—|—52/(Ti—ti) o &
T =17
ov  Ov
:2Re/’y(t)(ng,v)dt—2Re /(Tl—tl)(Tg—tg) Js §+§ o dt Vo> 0. (12)
1 2
T T

Corollary 2. Ifw € H, in Eq. (10), then for the solutions v = vs(t) of the Cauchy problem (10),
(11), there exists a constant cyq > 0, independent of v and d, such that

i/w)\v\ﬁdtwg/m—ti)

0
ot;

2
o dt < [0l d. (13)
T

Proof. It is known that the solution of the Cauchy problem

B0, 50y,

t c T7 5(t1,0) - 0, tl S [O,Tl], 5(0,t2) - 0, tQ S [O,TQ],

is given by the formula

to

/g(S+t1—t2,S)d8 for teTh={teT: 0<t <t,<Ty}
vt) =" (14)

ty

/g(s,s—t1+t2)ds for teT,={teT: 0<t,<t; <T)}.

t1—t2

DIFFERENTIAL EQUATIONS Vol. 48 No.1 2012



48 LOMOVTSEV, MOTEVICH

A straightforward verification shows that this formula gives unique solutions v € D for all right-
hand sides

gED={g€H: dg/dt; € H, O%g/Ot, Ot1 € Hy = Lo(Ty, H), k,i =1,2}.

First, by passage to the limit, one can generalize identity (12) from smooth solutions v € C®) (T, H)
of the Cauchy problem (10), (11) to all solutions v € D, because, by Eq. (10),

J5(0v/0t, + 0v/dts) €H, V5 > 0.

Then, by applying the Cauchy—Schwarz inequality and elementary estimates to the right-hand side
of identity (12), we obtain the inequality

i/y(t)|v|2dt+5iz::/(ﬂ' ~1;)

<2 / ()0l dt + / V(O)(Ts — 1) (Ts — t)

T

dt

o |’
ot;

2

dt.  (15)

ov ov
Js <8—tl + 8_752>

Lemma 1. The values of the operators Js(t) on the solutions v = vs(t), § > 0, of the Cauchy
problem (10), (11) have the form

ta

/ 679(s+t17t278)w(8 +t, —ty,8)ds for te€T;
J[S'U — to—t1 (16)

ty

e 0ttty (g g —t + ty)ds  for teTh

\t1—12

almost everywhere in 7T .

Proof. Formula (14) with g(t) = J; ' (t)e"?®w(t) implies that

t t
2 9 2

Jsv = / (J; e Pw)(s +t, — ta, 8)ds + 56— / (J5 e %w)(s +t, — ty,5) ds, teT.
Oty 0t

to—t1 to—11

Here in the second integral, we make the change of variables v = s —t,, differentiate with respect to
t; and t, by the formula for the derivative of a composite function, use the homogeneous Goursat
conditions for the operator J(t), and find that the mixed derivative of this integral is equal to

0
0%(J5 e w)
/7677@ (1,m)

p=v+ty
dv.

n=v+ta

—t1

In the last integral, we make the inverse change of variables s = v + ¢, and obtain relation (16)
in the domain 7;. Relation (16) in the domain 7; can be proved in a similar way. The proof of
Lemma 1 is complete.

The existence of a constant ¢;o > 0 independent of v and ¢ in the estimate (13) follows from
inequality (15) by virtue of relation (16) and Eq. (10). The proof of Corollary 2 is complete.

Corollary 3. If w € ‘H,, then the integral
/fy(t)uél(t)m? dt <+oc0  VheH, (17)

T

is uniformly bounded for all 6 > 0.
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Proof. By setting Jsv = h, from (13) we obtain the estimate (17) for functions A of the form (16).

For all functions w € H.,, the set of functions h = Jsv, where v = vs(t) are the solutions of the
Cauchy problem (10), (11), is dense in H.,. Indeed, by formulas (14) and (16), for all infinitely

differentiable functions w € C'* (T, H), the solutions of the Cauchy problem
8h/8t1 + 8h/8t2 = e_e(t)w, t e T, h(tl,O) = 0, tl S [O,Tl], h(o,tg) = 0, t2 S [O,TQ],

are given by functions h in the space
Co(T,H) = {h € C=(T,H): h(t,,0) =0, t, € [0,T1], h(0,t,) =0, t, € [O,Tz]},

which are brought by the equation of this Cauchy problem into functions w € CO"(T, H). Since
the set CA’[%‘]’(T, H) dense in H., is a set of second Baire category, it follows from the uniform
boundedness principle (Corollary in [9, p. 108 of the Russian translation]) that the estimate (17)
is indeed satisfied for all A € H,. The proof of Corollary 3 is complete.

By virtue of the estimate (17) and the Banach-Steinhaus theorem, we have the following asser-
tion.

Corollary 4. For each function w € H.,, one has 6v**(t)J(t)(Ov/0t, + Ov/dts) — 0 in 'H
as 0 — 0.

Remark 2. The integral smoothing operators J; *(t) differ from the integral smoothing opera-
tors in [10, 11] in that the operator J(t) = §*/dt,0t, defined on D(J) is not semibounded below or
above in H; consequently, one cannot used well-known proofs of the property that Jj5 Y(t)g — g for
all g € Hin H as § — 0. There is a more important difference: the integral smoothing operators
J;'(t) and the abstract smoothing operators A;'(t) converge to the identity operator in M., and
H, respectively, as 6 — 0, while the Cauchy problem (10), (11) has smoothed right-hand side and
converges to a Cauchy problem with nonsmooth right-hand side in H, as 6 — 0. The assertion of
Lemma 1 describes a typical property of the regularizing Cauchy problem (10), (11) as a smoothing
operator of a new type: for each § > 0, the function h = Jsvs is a solution of the corresponding limit
Cauchy problem in H as § — 0. One can show that, for all w € H.,, the Cauchy problem (10), (11)

has smoother solutions vy € CM(T, H), 8%vs/0t, Ot; € H, by virtue of properties of the smoothing
operators J; '(t) on the right-hand side in Eq. (10) and the homogeneous conditions

h(tl,O) = 0, tl € [07T1]7 h(o,tz) = 0, t2 € [O,TQ],
for the functions h € D(J). In what follows, this fact is used in the proof of Lemma 2.

4. PROOF OF THEOREM 1

We take the inner product of Eq. (1) by e?®~(t) x (du/dt, + du/dt,) in ‘H and obtain the
identity

ou  Ou : u_ Ou
o(t) —— 4 = = o) EYN-TIR-T
oot (2 82) 55 e (. 2
J =17

0 ou du O & 0
# [0 (g + a5t GE g ) ae Y [ @O (At gr) @ 09
J 1 2 1 2 i=1 3 i
for all w € D(L).
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50 LOMOVTSEV, MOTEVICH

We integrate by parts with respect to t;, 7 # ¢, in the first sum on the right-hand side in
relation (18):

ou|? Pu  Ou
o) | Y% —9 0(t) - - -
/e ot dt Re /e ~(t) <8t28t1’ 8ti> dt
T T
T; 9 o |ti=T} 9 2
. /ee(t),)/(t) 8_: dt, — c/ee(t)v(t) ‘a_tu dt, jFi, =12 (19)
0 ' =0 T '

By virtue of the estimate (3), the second integral on the right-hand side in relation (18) (we de-
note it by I;) satisfies the inequality

—263/60(t)’}/(t) (

In the second sum on the right-hand side in relation (18), we use the smoothing operators
AZNt) = (I +€A(t)) Y, e > 0, ranging in D(A(t)) and possessing the following properties [4].

1. |[AZ1(t)g — g| — 0 uniformly with respect to ¢ for all g € H as ¢ — 0.
2. In the Hilbert space H, for all t € T, there exist strong derivatives

2

ou

Oty

u
ot

2
> dt < 2Rel,. (20)

QA" (t)/ot, € B(T,L(H)),

and the relations

are satisfied.
By integrating once with respect to t;, by letting € tend to zero, and by taking into account the
properties of the operators A-'(t), we obtain the relation

ou t;=T;

/ /O (A(t)u, u) dt = 2 Re / e/0(1) (A(t)u, a_tj> it — 7ee(t)7(t)(A(t)u,u) dt,

t; =0

+ /ef’(%(t) [— <6A8tt(t)A(t)u,A(t)u> — C(A(t)u,u)] dt, j#i, j=12.

This, together with the estimate (4), implies the inequalities

AV2(twl?|  dt

t; =0

T;
/ /O AV2(1)uf? dt < 2 Re / /O (1) <A(t)u,g—tu> dt + (1 +T) / (T Tt
J
T T 0

He=o) [ OO OuP a2 =12 (21)
T

We add relations (19)—(21) term by term, use identity (18), the Cauchy—Schwartz—Bunyakovskii
inequality, and elementary transformations and estimates, and obtain inequality (5) for smooth
solutions u € D(L) of the Goursat problem (1), (2). Then we generalize this inequality by passage

to the limit to all strong solutions u € D(L). The proof of Theorem 1 is complete.
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5. PROOF OF THEOREM 2

By Corollary 1, to prove the existence of strong solutions of the Goursat problem (1), (2) for
arbitrary ® € F, it suffices to show that the set R(L) is dense in F. Thus, let some element
® = {w, 1,12} # 0 of the dual space F' = cH., x H; x H, be orthogonal to the set R(L); i.e., let

/'y(t)(ﬁ(t)u, w)dt + (11U, 7,[)1)1 + (lz’LL, 1/12)2 =0 Yu € D(L), (22)

T
where (-,-); is the inner products in H;, i = 1,2. By setting
u€ Do(L) ={ue D(L): lhu=lu=0}

in this relation, we obtain

/ FOLOuw)dt =0 Yue Do(L). (23)

Lemma 2. Let the assumptions of Theorem 2 be satisfied. If identity (23) holds for some
function w € ‘H.,, then w = 0.

Proof. In (23), we set u = A~'(t)v, where v = vs(t) is the solution in H of the Cauchy
problem (10), (11) with the function w defined in Lemma 2, take the double real part, and obtain

the relation
0?A~ () o) _ v v
(t)< o6t " on > dHZ / A g5 ar,)

IA~L(t) Ov  DAT(t) v (% Jv
o(t) v ov Ov
+ / ) ( o o, T on onon o)™
T

M .
N—
a
E
=

A (t) Ov  Ov dv v v

o(t) _ “v Y _ —1

+ E /e Y(t) [(Al(t) or Vot + 8t2> + <A1(t)A (t)_&fi’ T + —atzﬂ dt
T

+ /ee(t)’y(t) <v, g:) dt—i—/ee(t)’y(t)qh(wv) dt
. T T T

where @, (v, v) is the sesquilinear form given by the relation

=0, (24)

2 A—1 2 —1 —1 1
PA) gy Pv OATNO D0 AT D0 A

M”’U):(WHA R T T T o,

+ 025 o M0 05+ A 05 00 (5 50))

By virtue of inequality (9), we have the estimates
PATHt)  Ov
—2R O (t) (| —2 dt < 00 (¢
o [ (Lt g ) de < [ Ot
T T

DIFFERENTIAL EQUATIONS Vol. 48 No.1 2012
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By integrating by parts with respect to t;, j # ¢, and by taking into account the homogeneous
Goursat conditions, we obtain

Pv v OA~Y(t) Ov Ov
_ (t) -1 0(t) -
2Re / (®) <A (t)atgatl ot; > at < /e (®) ( ot; ot atj> dt
T T

2

dt,  j#i,  i=12. (26)

— c/ee(t)’y(t) ‘Al/z(t)g—z

T

By virtue of the estimate (8), we have the inequalities

AT (t) Ov  Ov

— 0(t) .

2Re /e ~(t) (Al(t) ot v, o, + 8t2> dt
T

2 2
< cg/ef’(%(t) > A—1/2(t)g—“ + 2] i=1,2. (27)
pa i=1 i
By virtue of the estimate (7), we obtain the inequality
ov Ov  Ov
- 2R !y A ()=, = dt
ez;/ < Q ()ati’8t1+8t2>
=T
2 8’[} 2

<2 Oy ) | ATV (1) == dt. 28
<23 [ eOn|attog (28)

=T

By integrating by parts with respect to t; and by taking into account the homogeneous Goursat
conditions, we arrive at the estimates

0
—2Re / O (1) <v, 8:) dt < —c/eé)(’t)7(2€)|v|2 dt, i=1,2. (29)
T ’ T
Relation (24), together with the estimates (25)—(29), implies the inequality
2 P 2 PWE
Z/ee(t)v(t)‘/ll/g(t)g dt < (14 2¢7+2c5+c9 — ) Z/ee Dy(t) 'A 12t )((%‘ dt
i=1 ¢ i=1 ¢

+ (2¢9 + 4cg —2c)/ee(t)fy(t)|v|2 dt — 2Re /ee(t) (t)®4(v,v) dt+/e Oy (1) Py (v,v)dt,  (30)
T

T T

where, by virtue of the estimate (4), we have the relations

By(0,0) = — (aAl(t)@ @) - (aAl(t)@ @)

ot, Oty Oty Oty Oty Ot
OA~Y(t) Ov Ov OA~Y(t) Ov v
-2 S, R ] -
Re < ot oty 8t1> Re < Oty 0Ot 8t2>

(AT (B0 dv) | 0ATw) (0 ov) v oo
oty ot 0Oty Oty ot, Oty ’8t1 Oty
JA~(t) v Ov JA~(t) v Ov

- (S )+ (5 o ) <> Z
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By integrating by parts with respect to t;, we find that all solutions v € C®)(7T) of the Cauchy
problem (10), (11) satisfy the identities

v v
_ o(t) -1
2Re /e ~(t) <A (t)atzatl,Jat > dt

T
7 o P DA7N(1) v O
_ o(t) —1/2 ) o(t)
/ e () ‘ O anar, i dt; + / ° 7(t)< at,  0t,0t, 8t28t1> dt
0 = T
v |? v |
_ 0(t) | A—1/2 _ 0(t) —1/2 . L
/e A (75)61526151 dt c/e ~(t) 'A (15)&526151 dt, j#1i, i=12. (32
T T

By differentiating Eq. (10) with respect to ¢;, we find the traces
(0%0/0t20t1)|1,—0 = (D(J5 e~ Dw) [0t;)]1,=0 — (8°0/0t)|1,=0 = O, J#F4 1=12,

according to the homogeneous Goursat conditions for the operator J and the initial conditions (11).
We extend the term-by-term sum of two identities (32) to all solutions of the Cauchy problem (10),
(11) by passage to the limit; then on the left-hand side in the resulting relation, we obtain the
corresponding term from the right-hand side of relation (30). By virtue of inequalities (4), the right-
hand side of identity (32) does not exceed zero for ¢ > ¢4.

By using the Cauchy—Schwarz inequality and by taking into account assumption 2, we obtain
the estimates

_ 9Re / O (1) (Ai(t)A()gt 57 (g;’l gt";)) dt

<c-/ee(t) | aem 2] dt+/e9<f> wlss (22 4+ 22|
- v 8tl v 8t1 8t2
T i

By using inequality (6) and elementary estimates, we obtain the relations
(2w on 0 g, <8_v . @))

ot, Oty Oty Oty’ ot, Oty
ov v\ |7
2or (5 5)

1 2

<7
=1

In inequality (30), we estimate the left-hand side from below and the right-hand side from above

by using relations (31)-(34) and by omitting all nonpositive terms for

dt, i=1,2. (33)

A™ 1/2 (34)

C:Cu:1+Cl+62+564+267+208+09.

As a result, we obtain the inequality

i/ee(t)’Y(t) 'A—W(t) <g—:1 + 8%) dt < 2Re/ Oy ()W (v, v)dt, (35)

T T

where

B o v O*A~L(t) 2 DA~L(t) o Ov
U(v,v) = <(1 +4c2)6J <8t1 + 8_t2> — 7&2({%1 v — ;Ai(t) ot v—u,0J <8t1 + 8_tg> .
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Since the operators 9?A~1(t)/0t,0t; and A;(t)0A~(t)/0t;, i = 1,2, are bounded in L. (7,H),
and, by virtue of the estimate (13), the functions v'/2(t)vs(t), i = 1,2, are bounded uniformly with
respect to § in H, it follows from Corollary 4 and Eq. (10) that, by passing in inequality (35) to
the limit as § — 0, we obtain the inequality (1/4) [, e *®(t)|A=*2(t)w[*dt < 0. Hence w = 0.
The proof of Lemma 2 is complete.

By using Lemma 2 in identity (22), we conclude that v = 0 and (I u, 1)1 + (lau, ) = 0 for
all w € D(L). By setting u = A7(t) (¢ (t1) + 2(t2) — 1(0)) in the last relation, we obtain

OAL(t) On;(t;) RPN (D)
(25 wnte, 2t ) [ 2580

2

>

i=1 0

tj:O
J#i

+ I«za-(ti)l?]

It follows from the estimate (5) and the condition ;(0) = 1»(0) that

o T
-y / 2 dts < 0,
7=1 0

which, for ¢g < 2, implies that ¥, = 0 and ¢, = 0. The proof of Theorem 2 is complete.

Remark 3. If B;(t), B(t)A=Y2(t) € Lo.(7,£(H)), i = 1,2, then the assertions of Theorems 1
and 2 remain valid (possibly, with a larger constant c¢;y) for the complete operator-differential

equation
ou(t) ou(t) B
5 G+ B = £(0)

with lower-order terms, because the lower-order terms are bounded operators from F to H,.

L(t)u(t) + Bi(t)

+ By(t)

6. PARTTALLY CHARACTERISTIC BOUNDARY VALUE PROBLEM

Consider the problem of finding solutions of the complete hyperbolic equation

O?u(t, ) O?u(t, ) Pult,x) 0 a(x)(‘)u(t, x)
8t28t1 ox 8t1 ox 8t2 ox ox
ou(t, ) ou(t, )

_l’_
0
uegi;x) ot @)= = + bl ) =5 =+ dolt 2)ult @) = f(t2) - (36)

in the domain G = ]0,71[ x ]0,T5[ x ]0,![ of the variables t = {t1,t,} and z with the boundary
conditions

L(t)u = a,(t, ) +a(t,x)

+ bl(t, .ZL')

du(t, 1)
ox

depending on the two-dimensional time ¢ and the coordinated Picard conditions

u(t,z)|i,—0 = p1(t1), t1 €[0,Th], w(t,z)|s,—0 = waltz), t2€[0,T2], ©1(0) = pa(0). (38)

u(t,0) =0, + B(t)u(t,l) =0, teT =[0,Ty] x [0,T3), (37)

One can show that the assumptions of Theorems 1 and 2 and Remark 3 hold for the boundary
value problem (36)—(38) provided that the coefficients satisfy the conditions a,(t,z) € CcCH(q),
ai(t,0) =0, ay(t,1) >0, t € T, by(t, ), do(t,z) € C(G),i=0,1,2, B(t) € CA(T), B(t) >0,t €T,
and

l

< 2 M2e, P (1+a(l)6(t)/%> (a(l)/j—j) : teT, i=1,2,

where ¢, = Zmax{a(l) (fol a(s)™t ds)zsupteT(l + B(1)), lagl}.
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