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Abstract—We prove existence, uniqueness, and smoothness theorems for weak solutions of the
problem
du(t)/dt + A(t)u(t) = f(t), t€]0,T7; u(0) =up € H,

where, for almost all ¢, the linear unbounded operators A(t) with domains D(A(t)) depending
on t are closed and maximal accretive and have bounded inverses A~!(t) discontinuous with
respect to t in the Hilbert space H. There exists an « € [1/2,1] such that the following is
true in H for almost all ¢: the power A%(t) is subordinate to the power A**(t) of the adjoint
operators A*(t), the operators A%(t) and A**(t) do not form an obtuse angle, and the domains
D(A*%(t)) of the operators A**(t) are not increasing with respect to .

This paper is the first to prove the well-posedness of the mixed problem for the multidimen-
sional linearized Korteweg—de Vries equation smooth in time with boundary conditions piecewise
constant in time.

DOI: 10.1134/50012266109080072

In the present paper, we generalize the well-known Theorems 5.1 and 5.2 in [1, pp. 62-65] on
the existence and uniqueness of solutions of the Cauchy problem for first-order operator-differential
equations with variable domains of discontinuous positive self-adjoint operator coefficients with
exponent = 1/2 to the case of discontinuous accretive operator coefficients with exponents
1/2 < a < 1. We prove a local smoothness increasing theorem for the weak solutions of this Cauchy
problem.

1. STATEMENT OF THE CAUCHY PROBLEM

In a Hilbert space H with inner product (-, -) and norm |- |, we consider the operator-differential
equation
du(t
Oy Awun = 10, el M)

with the initial condition

u(0) = uo, (2)
where u and f are functions of the variable ¢ with values in H and the A(t) are linear unbounded
operators in H that are defined for almost all ¢t € |0, 7| and have domains D(A(t)) depending on t¢.
The operators A(t) are subjected to the following conditions.

I. For almost all ¢, the closed operators A(t) are maximal accretive in H, or, which is the same,
the closed operators —A(t) are maximal dissipative in H; i.e., for almost all ¢ the operators A(t)

with dense domains D(A(t)) in H and their adjoint operators A*(t) in H with domains D(A*(t))
depending on t satisfy the inequalities
Re (A(t)u,u) >0 Vu € D(A(t)), (3)
Re (A*(t)v,v) >0 Vv € D(A*(t)). (4)

1148



GENERALIZATION OF THE LIONS THEORY 1149

For almost all ¢, the operators A(t) have bounded inverses
A1) € Loo()0, L, £(H)).

These inequalities are necessary and sufficient conditions for the maximal dissipativity (accre-
tivity) of the closed operators —A(t) and —A*(t) [respectively, A(t) and A*(¢)] in H [2, p. 109].
By [3], the maximal accretive operators A(t) and A*(¢) have maximal accretive fractional powers
AP(t) and A*?(t), 0 < B < 1, with domains D(A”(t)) and D(A*?(t)), respectively.

II. There exists a number o € [1/2,1] (the case in which a = 1/2 and the A(t) are self-adjoint
operators was considered in [1]) such that the operators A*(t) are subordinate to the operators
A**(t) for almost all ¢; i.e., there exists a constant ¢;(«) > 0 independent of w and ¢ such that

[A%(w| < cr(@) A (Hw]  Vw € D(A™ (1)) (5)

for almost all ¢. The operators A%(t) and A**(¢) do not form an obtuse angle for almost all ¢; i.e.,
by Definition 1 below and condition (5),

Re (A%(t)w, A (t)w) > 0 Vw € D(A™(t)) (6)
for almost all ¢.

Definition 1. We say that operators B; and By with domains D(B;) and D(B;), respectively,
in a Hilbert space H do not form an obtuse angle if

Re (Byw, Bow) > 0 Vw € D(By) N D(By).

III. For almost all ¢, the operators A?*~*(t) and A*?*~1(t) are the restrictions to their domains
D(A20=1(t)) and D(A*2*1(t)) of some linear operators A22~1(t) and A*>*~1(¢), t € [0,T], whose
domains D(/P"‘“) and D(A*m*l), respectively, are independent of ¢ and which have strong deriva-
tives in Hf_a’t with respect to ¢ in the strong sense [2, p. 218] for almost all ¢,

dA2a71(t)/dt c L@(]O,T[,S(D(Aa(t)),H;imt)),
dA* 7N (t) /dt € Loo(10,T[, £(D(A™ (1)), H{ ),

such that

(@A (E)/dt) + (dAH(E) fdt) yw, w)] < () (A% (1) + A= (1)w, w)
Vw € D(A* (1)) N D(A™* (1)),
(dA** () [dt)ul o < c2(@)|A*(t)ul  Yu € D(A*(t)),

[(dA™*7(t) /dt)v]1—ay < ca(a)|A™(t)v] Vv € D(A™(t))

(7)

(8)

for almost all ¢, where the Hilbert spaces H;", , are the domains D(A'~“(t)) of the powers A'~“(t)
equipped with the Hermitian norms [u]; . = |A'"*(¢)u|, equivalent to the corresponding graph
norms, and the constants ¢;(a) > 0 and cz(a) > 0 are independent of w, u, v, and t.

IV. There exists a constant ¢* > 0 such that |A**(¢t)v| < ¢*|A**(s)v]| for all v € D(A**(s)) and for
almost all s € |¢,T], t € [0,7]. This means that the family of domains D(A**(¢)) is nonincreasing
uniformly for almost all ¢; i.e.,

D(A™ (1)) D D(A™(t,)), 0<t, <ty <T, 9)

uniformly for almost all ¢; and t,. The operators A'~*(t) and A**(t) for almost all ¢ are ob-
tained as the restriction to D(A'™*(t)) and D(A**(t)), respectively, of some linear operators
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1150 LOMOVTSEV

A= (t) € B([0,T], &(D(A'=), H)) and A*(t) € B([0,T], £(D(A**), H)) whose domains D(A'~®)
and D(A**) are independent of ¢t and which have weak derivatives
dA'™(t)/dt € Lo (10, T[, £(D(A'™),H)),  dA™(t)/dt € Lo(]0,T[, £(D(A™), H))

with respect to ¢ in the weak sense [4, p. 172 of the Russian translation] for almost all ¢ in H such
that ~
|(dA'2(t)/dt)u] < cs(a)| AT (t)u|  Vu € D(AT*(t)),
|(dA™(t)/dt)v] < ()| A (t)o] Vv € D(A™(1)),
where the constants c3(«) > 0 and ¢;(a) > 0 are independent of u, v, and ¢. For almost all ¢, the
domains D(A*3(t)) of the squares A*?(t) of the operators A*(t) are dense in H, and the powers
A*2tL(t) A*2273(t), and A*?(t) are accretive on D(A*?(t)) in H; i.e.,

Re (A*** (t)v,v) >0, Re (A*** 72 (t)v,v) > 0, Re (A**(t)v,v) > 0 (11)

(10)

for almost all ¢ and for arbitrary v € D(A*2(t)). Here the Banach spaces D(A'"®) and D(A*®)
are the same domains with the graph norms of the operators /Nll_"‘(to) and /Nl*o‘(to), respectively,
for some t, € [0,T], and B([0,T], E) is the set of all bounded functions of ¢t € [0,7] ranging in a
Banach space E with the norm ||h(t)|| s = sup,c 1 [|2(2)]] 5

In the present paper, we first prove the existence Theorem 1, the uniqueness Theorem 3, and
Theorem 4 on the local smoothness of weak solutions (in the sense of Definition 2) of the Cauchy

problem (1), (2). Then, by using them, in a similar way, we suggest to prove the existence Theorem 5
and the uniqueness Theorem 6 for weak solutions (in the sense of Definition 4) of the mixed

problem (36)—(38) for the multidimensional linear KdV equation.

Remark 1. For positive self-adjoint boundedly invertible operators A(t), conditions I and II
are always satisfied for ¢;(a) = 1 and for any a € [1/2,1], condition IIT disappears for v = 1/2,
and in condition IV inequalities (11) hold for any « € [1/2,1], the embeddings (9) with a = 1/2
coincide with the embeddings (5.8) in [1, p. 63], and inequalities (10) with o = 1/2 degenerate
into a single inequality that provides the validity of the estimate in [1, p. 64] for the derivative
a’(t; u,v) of the sesquilinear forms a(t; u,v) with respect to t. In the case of inequalities (10), we

have only the inessential difference that in [1] the constraints on the smoothness of the operators
A(t) with respect to t are expressed only by constraints on the t-smoothness of the forms a(t; u,v)
generating the operators A(t). However, if a = 1/2, then, instead of the subordination of the norm

of values of the operators AY2(t) on D(A'2(t)) in condition IV, the more restrictive condition
of their equality for all ¢ € [0,7] is imposed in [1]. Therefore, conditions I-IV indeed generalize

the Lions assumptions for positive self-adjoint operators A(¢) and a = 1/2 to the case of maximal
accretive operators A(t) and a € [1/2,1].

2. EXISTENCE THEOREM

First, we introduce the spaces and the notion of weak solutions of the original Cauchy problem.
Suppose that the family of Hilbert spaces H fr_a’t in Section 1 is measurable and square integrable

with respect to t € ]0,T[ [1, p. 62]. Then the space of weak solutions is the Hilbert space Hi_, =
Ly(]0,T[, Hi_ ). Let the set of antidual Hilbert spaces H,, of the Hilbert spaces H, obtained
by equipping the domains D(A**(t)) with the Hermitian norms Ju[, , = |A**(t)v| equivalent to the
graph norms of the operators A**(t) be measurable and square integrable with respect to ¢ € ]0, T7[.
For the space of right-hand sides of Eq. (1), we take the antidual Hilbert space W}~ = Ly(]0,T'[, H; ;)
of the Hilbert space Hi:" = Ly(]0,T[, H.%). Set H = Ly(]0, T[, H).

Definition 2. A function u € H;"_, is called a weak solution of the Cauchy problem (1), (2) for
f e H: and uy € H if the integral identity

/T {awuo,a=0p) - (a0, 242 )} ar - / (0. 2Ot + (10, (0)
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GENERALIZATION OF THE LIONS THEORY 1151

holds for any function ¢ € ® = {¢ € H : @(t) € D(A*(t)) for almost all ¢; the weak derivative
dp/dt and A**(t)@ lie in H; ¢(T') = 0}, where the (-, ), are the sesquilinear forms specifying the
antiduality of the spaces H" and H, ot

Let us now prove the existence theorem for weak solutions of the Cauchy problem (1), (2), whose
special case, by virtue of Remark 1, is given by Theorem 5.1 in [1, p. 63].

Theorem 1. If conditions I-111 are valid, then for any f € H:™ and uy € H, there exists a
weak solution u € H{_, of the Cauchy problem (1), (2).

e’
Proof. To prove the theorem, it suffices to use the projection Theorem 2 in [1, p. 37].

Theorem 2. Let F be a Hilbert space with Hermitian norm || - ||r, and let ® be a pre-Hilbert
space with Hermitian norm ||| - ||| continuously embedded in F'; i.e., there exists a constant cs > 0

such that ||¢||lr < csll|pll| for all ¢ € ®. Let E(w,) be a given sesquilinear form on F x ®

continuous with respect to w on F' for each ¢ € ®, and suppose that there exists a constant cg > 0
such that |E(p, )| > colllell|? for all ¢ € ®. If the antilinear functional L(p) is continuous with

respect to ¢ on ®, then there exists an element w € F satisfying the equation E(w,p) = L(yp) for
all p € .

1/2
On the Hilbert space F' = H;_, with Hermitian norm ||w||r = <f0T [w(t)]i_ . dt) and on the
pre-Hilbert space ® formed by all functions p(t) € H such that ¢*(t) = [Nen_1 (t) + 1] tp(t) € @* =
{e*(t) € H : ¢*(t) € D(A*(t)) for almost all ¢; the weak derivative dy*(t)/dt and A**(t)p*(t)
1/2
belong to H; ¢*(T) = 0} with the Hermitian norm |||¢||| = <fOT |A*(t)p* (t)]* dt + |90*(0)|2> , We
choose the following sesquilinear form and antilinear functional:

B(w.¢) = / e { e wu,am0e o) - (w0, 20 )}

0
T

L(p) = / (), " () s dt + (0, 0" (0)).

0

Here the self-adjoint operators
Naq1(t) = (A*7H(t) + A2271(t)) /2

in H with domains D(A%*~1(t)) N D(A*?**~1(t)) are the so-called real parts of the corresponding
sesquilinear forms [2, pp. 122-127; 3|, and the operators [Ny, 1(t) + I]~* are the bounded inverses
of Royy 1(t) +1in H.

By virtue of the estimates (5) and the existence of bounded inverses A=!(t) € L, (]0,T[, £(H))
and hence of the powers A=#(t), A*=A(t) € L.(]0,T[,L£(H)), 0 < B < 1 [3], for almost all ¢, the
continuous embedding of the spaces ® in F' with the constant

s = (1/2)e1(0) + ((1/2) +ess sup |42 (1) o) tan(m(3 — 20)/4)

for 1/2 < a <1 follows from the inequalities

|AT ()| = AT () Raa—1 (t) + 1]
< (1/2)[[A%7H () + AT ()]e"| + [ATT ()¢
< (1/2)|A%()¢"| + (1/2) tan(m(3 — 2a0) /4)|A™ ()" |
+ tan(7(3 — 2a) /4)|A* 7 (t) ¥
< [(1/2)e1 (@) + (1/2) tan(x(3 — 20)/4)
bess sup [JA0) e tan(a(3 — 20)/ DA™ O], 12)
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1152 LOMOVTSEV
since, by Theorem 1.1 in [3], the closed maximal accretive operators A(t) satisfy the inequalities
|AY*(t)w| < tan(7(3 — 2a) /4)|A* " (H)w| Yw € D(A*(t)) (13)

for 1 — o < 1/2 and for almost all ¢. Obviously, in the case of positive self-adjoint operators A(t)
and o = 1/2, the embedding of the spaces ® in F' takes place with the constant c¢5 = 2.

The form E(w, ) is obviously continuous with respect to w on F = H_, for each ¢ € ®,
since the operators A 1(t) € L (]0,T[,£(H)) are bounded and the functional L(¢p) is obviously
continuous with respect to ¢ on ® for any f € H!~ and up € H. Let us estimate the form

T

ReE(p. ) = Re [ { (@0, 400 0) - (o0, G0 )}t vpeo

from below for 1/2 < a < 1.
For the first inner product, we have

Re (AT™()ip(t), A ()" (t)) = Re (A7 () Raa—1(t) + 10" (1), A ()" (1))
= (1/2)Re (A% (t)¢" (1), A™ ()" (1))
+ (1/2)Re (AT () A7 ()" (1), A7 (1) A1 ()" (1))

+ Re (AT (1)@ (1), A" ()¢" (1)) (14)

For the closed maximal accretive operators A(t), the fractional powers A'~%(t) and A*'~*(t) with
1 —a < 1/2 form an acute angle [3, Th. 1.1]; i.e.,

Re (A" (t)w, A~ ()w) > cos m(1 — a)|A*(t)w| | A"~ (t)w| Yw € D(A*'(t))  (15)

for almost all . By using inequalities (6), (15), inequalities (13) with A**~(¢) instead of A*~*(¢) and
Al=(t) instead of A*'~*(t) [3, Th. 1.1], and inequality (4) on the right-hand side in relation (14),
for almost all ¢, we have the estimate

Re (A7 (t)ep(t), A™ ()" (1)) = (1/2) cos m(1 — a) ctan(m (3 — 20) /)| A™ ()" (1), (16)

In this case, before applying inequalities (4) to the last term in (14), we approximate the values of
the power A**(t) by its values on elements in D(A*(t)) [2, p. 140; 3, Lemma A3].

For the second inner product in the form Re E(y, ), we use the self-adjointness of the operators
No,_1(t) in H, perform integration by parts with respect to ¢, and obtain the relation

~ Re /T et (gp(t), dw;t(t)> dt

= 5 (eas(0) + 21707 0) [ X (aas(t) + " (1) " ()

T

+i / (d[A o <t>;A* (1)) w*(t%w(t)) "

0

whose right-hand side, by virtue of the accretivity of the operators A?*~!(t) and A***~1(t) in H
and inequality (7), can be estimated from below by the expression

e OF + (c= ) [ e+ Do 0,70 . (")
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GENERALIZATION OF THE LIONS THEORY 1153

As a result, the estimates (16) and (17) with ¢ = ¢,(«)/2 lead to the inequality Re E(p, ) >
csl||]||? for all p € ® with the constant ¢ = (1/2) cos (1 — a) ctan (7w (3 — 2)/4) for 1/2 < a < 1.
One can readily see that, in the case of positive self-adjoint operators A(t) and o = 1/2, this
inequality holds with the constant cg = 2.

In view of Definition 2, to complete the proof of the fact that the Cauchy problem (1), (2)
has a weak solution u = exp{c,(a)t}w, where w € H;_, by Theorem 2, it remains to prove the
embedding ® C ®*, where ® is the set occurring in Definition 2. In turn, to this end, it suffices
to show that the function [No_1 () + I]¢ belongs to the space H for any function ¢ € ®. This is
indeed the case, since, by inequalities (5) and the boundedness of the inverses A*~!(¢), A**~1(t) €
L..(]0,T[,£(H)), for 2a — 1 < o and, for any function ¢ € D(A**(t)), we have the estimates

A2 () + AT (1)@ < [|A™T )l ean | A ()] + 1A (B e |A™ ()]
< (c1(a)ess sup [[A“'(8)|lecmry +ess sup [[A™ (D) e )| A ()], 1/2<a<1,
0<t<T 0<t<T

for almost all ¢.

3. THE UNIQUENESS THEOREM

Let us prove the uniqueness theorem for weak solutions of this Cauchy problem, whose special
case is given by Theorem 5.2 in [1, p. 64] by virtue of Remark 1.

Theorem 3. If conditions -1V are satisfied, then the weak solution u € H; ., of the Cauchy
problem (1), (2) is unique for any f € H:™ and uy € H.

Proof. First, let us show that, for almost all ¢, the domains D(A**(t)) are closed subspaces of
the Banach space V* = D(A*®) occurring in condition IV. If v, (t) € D(A**(t)) for almost all ¢ and
v, (t) — vo(t) in V¥ as n — oo, then, for almost all ¢, by virtue of the boundedness of the operators
A (t) € £(Vr, H), we find that A**(t)v,(t) — go(t) in H as n — oco. The operators A**(t) have
bounded inverses A*~*(t) € L, (]0,T[, £(H)) for almost all ¢, since the maximal accretive operators
A(t) have bounded inverses A~'(t) € L..(]0,T[, £(H)) [3] for almost all ¢. Therefore,

A7) go(t) = A*7(t) lim A**(t)v,(t) = lim v, (t) = ve(t) € D(A*(t))
for almost all ¢.
Now let H{_, 2 u be a weak solution of the Cauchy problem (1), (2) for f = 0 and u, = 0.
Then from Definition 2, we have the identity

/ {(Ala(t)u(t),A*a(t)go(t)) _ (u(t), d*‘c’l—f)>} Q=0 Vpcd (18)

Here one can set
o(t) = — /eQCS[Ngal(s) + I u(s) ds, (19)
o(t) = —/eQCsA*a(s)A*"‘—l(s)[Nga_l(s) + 171 A2 (s) A~ (s)u(s) ds, (20)

t

where the bounded operator B;(s) = A**~1(s)[Nyq_1(s) + I]-1A(s) is the strong closure (with
respect to continuity in H) of the product B;(s) = A**71(s)[Naa_1(s) + I]7*A%(s) for almost all s.
In what follows, we derive the boundedness of the operators B;(s) in H for almost all s from the
boundedness of the operators By(s) = A**(8)[Naq_1(s) + I] 1 A**(s) in H for almost all s.
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1154 LOMOVTSEV

Lemma 1. The operators A**(s)[Raq_1(s) + I]7*A*"!(s) are bounded in H for almost all s.

Proof. Let us show that the product
By(s): H D D(By(s)) — R(By(s)) C H

of three operators A°~!(s), [Nyn_1(s) + I]71, and A**(s) is continuous in H for almost all s and its
domain is D(Bsy(s)) = H.
First, for almost all s, the operators By(s) are continuous in H by virtue of the inequality

|A* (5)[Raa_1(s) + I] 7T A (s)g]
< (2/[cos (1 — a) ctan(7(3 — 2a)/4)])|g| Vg € D(Bs(s)), (21)

which can readily be derived from the estimate (16).

Second, it follows from inequality (12) that the inverses By '(s) = A'=%(5)[Noq_1(s) + I]A*(s)
of the operators By(s) are bounded in H for almost all s; in particular, the domains of the operators
B;'(s) are R(By(s)) = H.

Third, the domains D(Bs(s)) of the operators Bs(s) are at least dense in H for almost all s.
Suppose that there exists an element v € H such that (u,v) = 0 for all v € D(Bx(s)) and for
almost all s. Then, by virtue of the relation R(B(s)) = H, for almost all s here, one can set
u = A"%(s)[Non_1(s) + I[JA*~%(s)v, take the real part, and obtain the relations

Re (A'%(8)[Naq_1(8) + IJA**(s)v, )
= Re (A'"*(8)[Noq_1(8) + Tw, A**(s)w) = 0, w=A"%(s)v,

which, together with the estimate (16), imply that w = 0 for almost all s and hence v = 0.

Since the operators By (s), being the inverses of the bounded operators B; *(s), are bounded for
almost all s, it follows from (21) that D(By(s)) = H for almost all s. The proof of Lemma 1 is
complete.

The adjoints of bounded operators are always bounded. By the lemma in [5, p. 201], for almost
all s, the adjoint B;(s) of the operator Bs(s) is equal to the strong closure in H of the product of
the adjoints of the unbounded operator A**(s) and the bounded operator [Ny, _1(s) + I]7*A*"1(s);
i.e.,

(A™(8)Raa—1(s) + I] 7 A" (s))"
= (Raa-1(s) + 1]71 A71(s)) A (s) = A1 (s)[Raa-1(s) + I]71 A% (s) (22)

for almost all s, which implies that the operators B, (s) are bounded in H for almost all s.

The functions ¢ of the form (19) and (20) belong to the set ®. Their strong and hence weak
derivatives with respect to t in H belong to H, and ¢(T') = 0 since, by virtue of relations (21)
and (22), the integrals (19) and (20) are convergent in H for all ¢t € [0,7]. The function ¢ of the
form (20) belongs to the set D(A**(t)) for almost all ¢, and A**(t)¢ € H, since the integral (20)
is convergent in the space D(A**(t)) with the norm |- [, , for almost all ¢. The convergence of the
integral follows from the fact that the domains D(A**(t)) are nonincreasing with respect to ¢ in
view of the embeddings (9), the closedness of the operators A**(t) and the above-proved closedness
of the sets D(A**(t)) for almost all ¢, and the boundedness of the operators A**(t)A* *(s) €
L. (Jt,T[,£(H)) in H uniformly for almost all s > ¢ for almost all ¢ € [0,7] in view of the
inequalities written out before the embeddings (9) in condition IV and relations (21) and (22).
Moreover, ¢(t) € D(A**(7)) for almost all 7 € [0,t], but ¢(t) does not belong to D(A**(r)) for
all 7 € Jt,T[ in the case of the strict embeddings (9). For the same reason, the same is true
for the function ¢ of the form (19) since the operator in the integrand can be represented in
the form [No, 1(s) + I]7!' = A*7(s) A**(s)[Non_1(s) + I]7*A*1(s)A'~(s), where the operators
By(s) = A*(s)[Naq_1(s) + I]71A*"1(s) are bounded in H uniformly with respect to almost all
s € ]0,T[ by Lemma 1.
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GENERALIZATION OF THE LIONS THEORY 1155

In identity (18), we successively set the function ¢ equal to the expressions (19) and (20); i.e.,
we have first u = exp{2ct}[Ran_1(t) + I](dp(t)/dt), ¢(T) = 0 and then

w = exp{2et} A" (1) (AT O R0 1 () + 11 A7(0)) A (1)(dp(t) /dt), (T =0.
We add the results of substitutions, take the real part, and obtain the relation

T

Re / 62“{— <A1‘°‘(t)[N2a1( ) + 1] dfli) A*"‘(t)go(t))

0

- (R @ IEmAe 0 A 000

+ <[N2a 1( )“‘I]dz—i)v d%z_i)>
+ (4 A OR O F IO A () 5 dfz—m} =0 >

since, by Lemma 2 (see Theorem 3 in [6]), the inverse of the closure is equal to the closure of the
inverse operator,

(AT () Roqa (8) + 1] 1A (1))~ = (A L) Raar (1) + 1] TA()) T
= A=) [Roq_1 () + IJA (1), (24)

where the bar over an operator stands for the strong closure by continuity in H.

Lemma 2. Let X and Z be Banach spaces, let S : X D D(S) — Z be a linear operator, and
let S™': Z D R(S) — X be the inverse operator. If the operators S and S~ admit closures S

and S—1, respectively, then there exists an inverse operator 5 of the closure S, and S =51

The use of Lemma 2 for X = Z = H in relations (24) is justified, since the closability of
the operator S = A** 1 (1)[Ny_1(t) + I[P A%(t) in H for almost all ¢ follows from relations (22),
and the closability of the operator S™' = A~%(t)[Nyq_1(t) + I[JA*17(¢) in H is a consequence
of the boundedness of the adjoint operator (S™1)* = A'"™*(¢)[Nyq_1(t) + I[JA*~*(¢) in H by the
theorem in [7, pp. 198-199 of the Russian translation|. This operator (S~!)* is computed below in
formula (25).

For the second inner product in relation (23), we pass to the adjoint operators in H first with
the use of Theorem 3 in [4, p. 271 of the Russian translation] for the product of the unbounded
operator [Na,_1(t)+IJA**=*(t) by the bounded operator A~“(¢) and then with the use of Lemma 3

in [8, p. 43, Th. 11.4] for the product of two unbounded operators S = A*'=*(t) and P = Ny, 1 (t)+1
and obtain

(A-a(t)[aza_mt) AT egAe )P g )w(t)>

dt
_ (A*"‘( D0 (.0 )+I]A*1‘“(t))*so(t)>
_ (A*a( )ﬁ ~ () [Naa_1 (£) + I]go(t)) (25)

for almost all ¢, since for almost all ¢, the function ¢(t) belongs to the set D(A**(t)), the operator
Alfa(t)Amxfl(t) — Aa(t)
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is subordinate to the operator A**(t) by inequality (5), and
AT (AT () g] < tan(m(3 — 2a) /4)[A™ ()]

by inequality (13); i.e., the function ¢(t) belongs to the domain D(A'~*(¢)[Ny_1(t) + I]) of the
product A™(¢)[Noq_1(t) + I].

Lemma 3. Let X, Y, and Z be Banach spaces, and let
S: X>D(S)—-Y, P:YD>DP)—Z

be linear closed operators with dense domains D(S) and D(P) in X and Y, respectively. If S is a
d-normal operator [its range R(S) is closed in'Y, and its deficiency is finite, dim Coker S < +0o0],
then the adjoint operator

(P-S): Z'>D(P-9)) — X'

of their product (P -S): X D D(P-S) — Z exists and is equal to (P - S)* = S* - P*, where S*
and P* are the adjoints of S and P, respectively.

The use of Lemma 3 for X =Y = Z = H in relations (25) is justified, since the closedness
of the range R(S) in Y = H of the closed operator S = A*'~“(¢) in H for almost all ¢ is pro-
vided by the boundedness of its inverse operator S™! = A**~!(¢) in H, and the finite dimension
of the deficiency of the operator S = A*'~%(t) is provided by the relations R(S)* = N(S*) =
N(A=(t)) = {0} [8, p. 14].

For the last inner product in relation (23), in a similar way, we obtain

(40 TR @ T TA— @A 0, 0
- (a0 4 a0+ 14 (050 (26)

for almost all ¢.

By taking into account the Hermitian property of the sum of the first two inner products in
relation (23) and by using relations (25) for the single integration by parts with respect to ¢ in both
inner products, we conclude that the real part of the integral of the sum of the first two inner
products in relation (23) is equal to the expression

Re (A"™(0)Rza-1(0) + I]ip(0), A (0)(0))

+2cRe [ @A O (0 + 11600, A 0p(0) d

dA™(t)

+ Re /62“ (T[Nza1(t)+1]90(t)7A*“(t)90(t)) dt

Re /T et (Ala(t)

0

dAQa—l ¢ A*Qa—l t
(1) , A*7(1)

* dt dt

] (1), A*“(t)SO(t)) dt

N —

+ Re / g2t (Ala(t)[Nza_l(t) + 1o(), dA;:(t)gp(t)> dt. (27)
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By relations (14) and inequalities (16), (10), (8), (5), and (12), this expression for 1/2 < o« < 1 can
be estimated from below by the quantity

ccos (1l — ) ctan (%(3 - 2a)) /eM|A’“"(t)go(t)|2 dt

- 5leala) + esla) + eu(@)enfa) + (14 25 sup LA (0)z)

0<t<T
T

* tan (2(3 - 2a))} / €2t A% () (t)|? dt. (28)

Obviously, in the case of positive self-adjoint operators A(t) and o = 1/2, the expression (27) can
be estimated from below by the quantity

4C/T62°t|A1/2(t)g0(t)|2dt -2 <03 <%> + ¢4 <%>> /TeQCt|A1/2(t)g0(t)|2dt. (29)

The third inner product in relation (23) is nonnegative for almost all ¢ by virtue of inequalities (3)
and (4), which imply that the fractional powers A%*~!(¢) and A*?**~!(t) are accretive in H for almost
all t. Let us show that the real part of the last inner product in relation (23) is also nonnegative
for almost all ¢. Since the values of the power A**(¢), whose domain, by construction, contains the
function dy/dt, can be approximated by its values on elements of the domains D(A*?(t)), it follows
from (26) that the above-mentioned real part is equal to the sum

1 o BP) oy gt dP(E)
5Re<A (== A%(1)A (t)7>

—|—§Re <A*a( )dZ() Al a( )A*2a 2() ())

+ Re (4% o a)0)

1 *2a+1 e ndp(t) o, de
—§Re<A A (t)——= 7 ,A ()d—>

dt d

delt) .y delt)
o “>7>

+ %Re <A*2a3(t)A*( )dSO( ) A*( )—(>

+ Re (A*z(t)A*‘l(t) (30)

for almost all ¢, each of whose terms is nonnegative for almost all ¢ by inequalities (11). Obviously,
in the case of positive self-adjoint operators A(t) and a = 1/2, the last two inner products in
relation (23) are nonnegative for almost all ¢.

Therefore, we can claim that, as a result of integration by parts on the left-hand side in rela-
tion (23), we have an expression that, by (27) and (30), is estimated from below by the quantity (28)
for 1/2 < a < 1 and by the quantity (29) in the case of positive self-adjoint operators A(t) and
a = 1/2. In turn, by estimating these last quantities from below for

_ (e2(@) + es(a) + eal@))er(@) + (1 + 2ess supoyep A (1) [lea) tan(n (3 — 20)/4)]
2cos (1l — a) ctan(7(3 — 2ar) /4) ’

we pass from relation (23) to the inequality c;(a) fOT et | A*(t)p(t)[* dt < 0, ez(a) > 0, for 1/2 <
a < 1 and the inequality cg(a) fOT Xt A2 (t)p(t)]? dt <0, cg(a) > 0, for ¢ > (c3(1/2) +ca(1/2))/2
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in the case of positive self-adjoint operators A(t) and o = 1/2. The last two inequalities imply that
@ =0inH for all 1/2 < o <1 and hence u = 0 in H;"_,. The proof of Theorem 3 is complete.

Remark 2. Under the assumptions of Theorem 3, all weak solutions v € H{_, of the Cauchy
problem (1), (2) satisfy the a priori estimate (see [1, p. 38, Remark 1.2])

T T

/[u(t)]f_%t di < ¢5(a) (/]f(t)[it dt + |U0|2>, cola) = c5(o¢)’

0 0

where the | - [, _, are norms of the antidual Hilbert spaces H,,

c1(@) + (1 + 2esssupyy g | A (1) [ o)) tan(w (3 — 2a)/4)
cos (1 — ) ctan(m(3 — 2cr) /4)

co(a) =

for 1/2 < <1, and ¢g(cr) = 1 in the case of positive self-adjoint operators A(t) and oo = 1/2.

4. SMOOTHNESS THEOREM

On any interval J = Ja,b[ C ]0,T, we analyze the local smoothness of weak solutions of the
Cauchy problem (1), (2) in the Hilbert scale of spaces H*(J, H) = Ly(J, W*(t)), where the Hilbert
spaces W*(t) are the domains D(A*(t)) of the power A*(t) of the operators A(t) equipped with
the Hermitian norms |v|s, = |A®°(¢)v| equivalent to the graph norms of the operators A°(t), s > 0.
We have the following smoothness increasing theorem for the weak solutions of the original Cauchy

problem in the time-dependent Hilbert scale {IW*(¢)} induced by the accretive operators A(t) with
t-dependent domains D(A(t)), t € J.

Theorem 4. Let conditions I-1V be satisfied. If, for some q > 0, the bounded inverse operators
A9(t) are strongly continuous with respect tot € J in H and, for almost all t € J, have a bounded
weak derivative dA™(t)/dt € Lo (J,L(H)) in H such that

|(Rza—1(t) + I, (dA™7(8) /dt) A" (£))| < cr0(Raar (t) + T, ) 2| A" ()| (31)

for all ¢ € D(A*(t)), where dA*~9(t)/dt is the weak derivative of the operators A*~1(t) in H,
ap = max{w,q}, and ciop > 0 is a constant independent of ¢ and t, then, for any right-hand side
feHYJ, H) of the equation and any initial data u, € D(A(a)), the Cauchy problem (1), (2) has
a weak solution u € H{_, satisfying the inclusion u € H*~**4(J, H), and its generalized derivative
satisfies the inclusion

du/dt € H~*"(J, H) (32)
for g > a.

Proof. One can readily see that if the operators A79(t) in H are strongly continuous with
respect to t € J and, for almost all ¢t € J, have a bounded weak derivative dA~%(t)/dt, then their
adjoint operators A*~%(¢) in H are weakly continuous with respect to ¢ € J and have a bounded
weak derivative dA*79(t)/dt = (dA7(t)/dt)*, where (dA™9(t)/dt)* is the adjoint operator of the
bounded operator dA~9(t)/dt.

On the interval J, we introduce the auxiliary Cauchy problem [9]

dw(t) .
T A(t)w(t) + Al(t)

dA=4(t)
dt

w(t) = f(),  ted, (33)
w(a) = Uy, (34)
and consider its weak solutions instead of strong solutions in [9].
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Definition 3. A function w € H'~*(J, H) is called a weak solution of the Cauchy problem (33),
(34) for f € H**~(J,H) = Ly(J,H, ;) and @, € H if the integral identity
b

J{ee . av @ - (w52 - L a0t )| ar

a

b

— /(f(t), O(t)) o dt + (Tiq, ©(a))

a

holds for all functions ¢ € ®,, = {@ € Lo(J, H) : @(t) € D(A**(t)) for almost all ¢ € J; the weak
derivative dg/dt and A**(t)¢ belong to Lo(J, H); ¢(b) = 0}.

First, just as in the proof of Theorem 1, we use Theorem 2 to show that, for any f € H**~(J, H)
and 4, € H, there exists a weak solution w € H'~*(J, H) of the Cauchy problem (33), (34).
The only difference is that, unlike the proof of Theorem 1, the form E(w, ) with an integral over
J instead of |0, T[ contains the additional term

/b et (wie), e ) di

a

in the form Re E(¢, ¢), by virtue of inequality (31) and the d-inequality —2ab > —§~'a* — §b* for
sufficiently small § > 0, this term, together with the remaining terms in the form Re E(¢p, ¢), can
be estimated from below by ¢i1]||¢|||?, 11 > 0, for sufficiently large ¢ > 0 and for all ¢ € ®,,.
Therefore, there exist weak solutions w € H'~*(J, H) of the Cauchy problem (33), (34).

If we set f = A9(t)f, Gy = A%(a)u,, and p = A*~9(t)y in the integral identity in Definition 3 for
all 4 in the set ®(]a, b[) obtained from the set ® in Definition 2 by the replacement of the interval
10, T with the interval ]a, b[, then we obtain the identity

b

J{at. a@u) - (awuo, ) a- / (0,00t + (0, 6(a),

a a

since (f, ) = (f,¢) for f € H and ¢ € D(A**(¢)). This identity, together with Theorem 3 on
the uniqueness of weak solutions of the Cauchy problem (1), (2) and the identity in Definition 2,

implies that
u(t) = A7 (tw(t), te (35)

Relation (35) means that u(t) € D(A'~*%4(t)) for almost all ¢t € J and u € H'~**4(J, H), since
w e H'™*(J,H). But if ¢ > a, then, to prove the inclusion (32), we transpose the operators A**(t)
in the integral identity in Definition 2 from the left-hand side to the right-hand side in the first
inner product, use elementary estimates, and obtain the inequality

[ (0. 222)

a

b 1/2
< ci2 </Is0(t)l2dt) ;e >0, Ve(t) € O (], H),

where C§°(J, H) is the set of all infinitely differentiable functions of the variable ¢ € J that

take values in H and are compactly supported in J. This inequality implies that a weak solu-
tion u has a regular generalized derivative du/dt € Lo(J, H) [10, p. 19 of the Russian transla-
tion]; consequently, u satisfies Eq. (1) for almost all ¢ € J. Then, by using Eq. (1), we obtain
A7 () (du/dt) = A=T(t)f — AT (t)u € Ly(J, H), since f € HI(J,H). The proof of Theo-
rem 4 is complete.
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Remark 3. If the operators A(t) are positive self-adjoint operators, « = ¢ = 1/2, and
dAY2(t)/dt € Lo(J, £(H)) under the assumptions of Theorem 4, then inequality (31) holds, and
the weak solution u € H{_, of the Cauchy problem (1), (2) has the local smoothness d"u/dt* €

H=#(J,H), k = 0,1. The smoothness increasing theorem for weak solutions of the Cauchy prob-
lem (1), (2) is lacking in [1].

5. APPLICATION

As an example of a boundary value problem whose well-posedness can be proved on the basis of
the abstract results obtained above, we consider the following mixed problem for the multidimen-
sional linearized KdV equation.

Statement of the Mized Problem

In the domain G =0, T[ x Q, where Q = [];_, |3, 7| is a bounded parallelepiped in R, n > 2,
of the variables x = {xy,...,x,} € Q with boundary S = 99, consider the differential equation

8”5{; :L‘) N ;ak(t)%:? — f(t7;z)7 (t,x) € G, (36)

where the coefficients satisfy the conditions ay(t) € C[0,T] and a(t) > ag > 0 and have bounded
first derivative day(t)/0t, k =1,...,n, for almost all ¢, with the boundary conditions

- 0%u IV
uls, = 0; 52, . =0, k=1,...,n; kz_;a;@(t)({)—xl2€ cos(P(x'), €y)|s\s, = 0, (37)

where {S;} is a set of parts of the boundary S with positive surface measure and S, is the set of

all points 2’ € S with negative cosines of the angles between the unit outward normal vectors v/ (')
to S at the point 2’ € S and the unit vector €}, of the axis Ox;, and with the initial condition

u(0,x) = ug(x), x €. (38)

A straightforward application of the abstract Theorems 1 and 3 to this mixed problem is rather
difficult owing to the involved nature of the fractional powers and their variable domains, especially
for nonself-adjoint differential operators. Therefore, we suggest to derive the well-posed solvabil-
ity of some mixed problems [for example, (36)—(38)] by replacing the abstract integro-differential
operators specifying the fractional powers (for example, with exponent o = 2/3) of the original
differential operators A(t) by some close dominating differential operators and by reproving the
existence and uniqueness theorems on the basis of the above-given proofs of the corresponding
abstract theorems (for example, Theorems 1 and 3). This technique permits one to avoid the
rather difficult assumptions in conditions III and IV that some fractional powers of the corre-
sponding linear unbounded operators with ¢-dependent domains are obtained by the restriction of
some fractional-degree unbounded operators with ¢-independent domains. Thus, we illustrate the
suggested approach by the above-posed mixed problem.

Ezistence of Solutions

To eliminate fractional powers of operators, we first need to modify Definition 2 of weak solutions
for @« = 2/3. Let the Hilbert spaces H ;L/B’t(Q) (for almost all t) be the closure of the set of all
functions in the Sobolev space W3 () satisfying the boundary conditions (37) in the Hermitian

norms
n 1/2
[[ulliyze = (/Zak(t)|5u(t,a:)/8$k|2 daz) ,
o k=1
equivalent to the norm || - ||; of the Sobolev space W, () (see an estimate with a constant ¢4

below). We denote the norms of the Sobolev spaces W2(Q) by || ||,, p € Z. Note that the functions
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we Hy 1/3.+(£2) satisfy the boundary condition u[s, = 0 in the classical sense for almost all . Let the
Hilbert spaces ﬁf/}t(Q) with the norms

1/2
oll . = ( [0l d:p)

Q

(for almost all t) be the antidual spaces of the Hilbert spaces H f;rg .(2) obtained by the closure of

the set of all functions v € W3(Q) satisfying the adjoint boundary conditions

ol =0; | 0 k=1, zn:a LY cos(7(@), ) srs, =0 (39)
Sy — Y 8mk S;r — Y — Ly ey il £ k 8%% s CEJIS\S¢ —
in the norms [ - [J1/3+, where S} is the set of all points 2’ € S with cos(#(z'), é;) > 0.

We assume that the families of Hilbert spaces H;, 15.+(€2) and H}, /3.+(€2) are measurable and square
integrable with respect to ¢ € ]0,T[. We denote the spaces by the symbols

Hijs(G) = La(10, T[ Hiy (), Hip(G) = La(0, T Hijy ().
Definition 4. A function u € Hl/g(G) is called a weak solution of the mixed problem (36)—(38)
for f € H1/3(G) and ug € Ly(Q) if

T

//{ ;,i 2;: tu Zf} dr dt = /<f,¢>1/3,t dt+/uo(x)¢(o,a;) dr  (40)

0 Q

for any function ¢ € ®(G) = {o € Wy*(G) : o(t) € (39) for almost all ¢ € )0, T[; dp/0t € Ly(G),
o(T,z) =0, z € Q}, where (-, -)1/3, are the sesquilinear forms of antiduality of the Hilbert spaces
Hf/’; .(22) and H1/3 ,(2) and the bar stands for complex conjugation.

One can readily see that Definition 3 of weak solutions is an extension of the notion of classical
solutions of problem (36)—(38).

Lemma 4. If the embedding
S o s (41)
k=1

holds in the parallelepiped ) for almost all t, then, for each function v € W2172(G), the condition
(82}/8$k)|53 =0, k=1,...,n, provides the validity of the condition

Zak )(@0/0z1) cos(7 (@), &)\, = 0

for almost all t.

Proof. The boundary of any parallelepiped satisfies S = (J,_, S, ) U (U,_, Si), and hence
(S\U;—, S%) € U,_, Si- This inclusion, together with (41), implies that

(S\S,) C U S (42)
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for almost all . For each £k =1,...,n, we have
ar(t)(Ov(t,x")/0xy,) cos(V (2'),é,) =0

for any 2’ € Sf and m =1,...,n, m # k, since cos(¥ (2'),€,) =0forallz’ € Sf andm=1,...,n
m # k. Therefore,

81)153: L o N
Zak v cos(u(:r),ek)—am(t)Tmcos(u(a:),em)

:am(t)%:& m=1,...,n,

for all 2/ € S}, since (0v/0zn)|g: = 0, m = 1,...,n. In particular, this, together with the
inclusion (42), implies that

Zak )(Ov(t, 2")/Oxy,) cos(V ('), €x)|s\s, = O

for almost all ¢ and for any =’ € S\S;. The proof of Lemma 4 is complete.

Theorem 5. If ay(t) € C[0,T}, ar(t) > ag > 0, Jay(t)/0t € Loo(0,T), k=1,...,n, and the set
{S,} satisfies the inclusion (41) for almost all t € 10,T[, then for any f € Hl/g(G) and ug € Ly(2),

there exists a weak solution u € HT/B( ) of the mized problem (36)—(38).

Proof. In the projection Theorem 2, we use the Hilbert space F' = H1 /3(G) with the Hermitian

norm
T n 1/2
|lw|r = (//Zak(t)|8w/8xk|2da:dt>
0q k=t

and the pre-Hilbert space ® that is the set ®(2) in Definition 3 with the Hermitian norm

T  n 1/2
lelll = ( / / S (D)0 /0 |? dar dt + / \so<o,x>|2da:> .

On these spaces, we consider the sesquilinear form and the antilinear functional

- 8w 0*p @ Jp
// { 83: axk—l-cz_:ak — 8t}dazdt c> 0,

L(p) = /(f(t,w)@(t,x))l/g,t dt+/u0(az)¢(0,x) dr,  (z) =21+ + 0.

0 Q

The continuous embedding of the spaces ® in F' with constant ¢5 = 1 is obvious. Obviously,
the form E(w,¢) is continuous with respect to w on F' for any function ¢ € ®. For arbitrary
v € ®(G), the form Re E(p, ) with sufficiently small ¢ = ¢;3 € ]0,1] can be estimated below
by (c13/2) exp{ciz min, 5 (2) }|[|¢|[]*; i-e., the inequality |E(p, )| > csll[¢]l[, ¢ € ®(G), holds for
¢ = (c13/2) exp{ciz min, g(z)}. This fact can readily be proved by single integration by parts
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with respect to x;, and ¢ in the three double inequalities

8@ ’p so
— drdt > = e(z) - d dt
Re // 8$k ox;, // Zak v
n a 2
> CG//Zak(t)‘a—gp dx dt,
00 k=1 T

2
—Re// gpg?dajdt

//z

k=1

n

T
2 _
0
dx dt + cRe // et ak(t)gp—gp dx dt
aﬂj’k
00

> O</T/ e kz:ak(t) 2 dz dt> " 7
[(// 2S 2d$dt) _c(// wdxdt)“],

1
— Re // da:dt E/ec<w>|gp(0,x)|2 dz Zcﬁ/|g0(0,a:)|2 dx Ve<1
! 0

with the use of the second boundary condition in (39) in the first inequality, Lemma 4 and the

Cauchy—Schwarz inequality in the second one, and the condition p(7T,z) = 0, = € Q, in the third
inequality. Here, by virtue of the well-known estimate

/\gp\? dx < 014/2 |0/ 0z, |? dx, c1q > 0,
Q o k=1

which is valid for almost all ¢ in view of the first boundary condition in (39) and the assumption
that 1(S;) # 0 for almost all ¢, the right-hand side of the second inequality can be estimated from

below by the quantity
1/2
(// mzak |2 dmdt)
. 1/2
\/—exp{ min(x >} — ¢ | max a(t) exp {E ma_x(x>} v
z€eQ tG[O)T] =1 2 TEN
T 9 1/2
y < / 9\ g dt) :
0o k=1

which is nonnegative for sufficiently small ¢ = ¢;3 > 0 and hence can be omitted in the estimate
from below. Obviously, the functional L(y) is continuous with respect to ¢ on ®(G).

8!Ek

Oy

8$k

8$k

Therefore, by Theorem 2, there exists a solution w € Hl /3(G) of the equation
Ew, ) = L{p) Vo e (G),
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and consequently, there exists a weak solution u = exp{e;s(z)}w € H; /3(G) of the mixed prob-

lem (36)—(38), since the left-hand side of identity (40) can be reduced by the change of variables
u = exp{ci3(x) }w to the form E(w, ) with ¢ = ¢;3 used in the proof. The proof of Theorem 5 is
complete.

Uniqueness of Solutions

In addition, we require that the family {S;} be nondecreasing almost everywhere with respect
to t; i.e., the inclusion S;, C S;,, 0 < t; < ty < T, be valid for almost all ¢; and ¢,. Then the

family of Hilbert spaces {H1 /3t( )} is nonincreasing almost everywhere with respect to ¢; i.e.,

the inclusion H1/3t (Q) > H;r/3 b (Q), 0 < t; <ty <T, holds for almost all ¢; and t,.

Theorem 6. Let the assumptions of Theorem 5 hold, and let the family {S;} be nondecreasing

and piecewise constant almost everywhere with respect to t € 10,T[. Then, for any f € H1/3(G)

and uy € Ly(Q2), the weak solution u € Hf/g( ) of the mized problem (36)—(38) is unique.

Proof. Let Hf/:a(G) > u be a weak solution of the mixed problem (36)—(38) for f = 0 and

uo = 0; i.e., from identity (40), we have

ou 0%p op _
//{ 8—u8—%+ at}dmdt_o Vo € &(Q). (43)

If {S;} = S for almost all ¢ € [0,¢1], 0 < ¢t; < T, then one can set
ty
o(t,x) = — /eQCSA*l(s)u(s,m) ds, 0<t<ty, x €,

t
and p(t,x) =0,t; <t < T,z € Q, or, which is the same, u = exp{2ct} A*(t)(dp/0t), t € [0,t,], and
p(t,z) =0, t € [t,,T], x € Q, where A*~'(t) are the bounded inverses in L, () of the operators
A*(t) generated in Ly(Q2) by the differential expressions A*(t)v = >, _, ak(t)(?g‘v/@xi) on all
functions of the set D(A*(t)) = {v € La2(Q) : v € (39) for almost all ¢ € ]0,T[, A*(t)v € L2(Q)}.

Since {S,;} is a constant set for almost all ¢t € [0,¢;], it follows that this function ¢ satisfies the
boundary condition (39) for almost all t € [0,¢,[ by virtue of the relation

t1 t1

A*(t)/e2csA*1(s)u(s,x) ds = /eQCSA*(t)A*l(S)u(s,a:) ds

t t

valid for almost all ¢ < ¢;, the closedness of the operators A*(¢), and the boundedness of the
operators

A (DA™ 1(5) € Loo(10,62] 10, 1], £(L2(2)))
[2, p. 176, Lemma 7.1]. For this function ¢, from identity (43), we have

ou 0%p 0p
//{ %7@* m}““—Q

which, after one integration by parts with respect to x;, acquires the form

// { A 89”A*() +A*(t)§—f%—f}d;pdt:o. (44)
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Since the operators A*(t) are the restrictions of the operators A*(t) to D(A*(t)), we have

ty
~ Re / / e2CtA*(t)g—fA*(t)¢d:r dt
0 Q

Zl/\A*( )(0, x)\2da:+c// e A* (t)p|? dx dt + Re // 2ct aAt()
C—Cl5 // 20t|A* Q0|2d.7}'dt

YA (t)pdxdt

1165

because there exists a constant ¢y > 0 such that [, |(9A*(t)/0t)A* L (t)g|>dz < & [, |g|* dx for
all g € Ly(2) and for almost all ¢ € ]0,¢,[ by [2, p. 176, Lemma 7.1]. Therefore, by estimating the
real part of the left-hand side of relation (44) from below, we obtain the inequality

t1
(c—c15) // > A*(t)p|* dx dt <0,
00

which, for ¢ > ¢;5, implies that ¢ = 0 and hence u = 0 for almost all ¢ € ]0, ¢,].
Then, from identity (43), we obtain the identity

8u 0*p 8g0 B
//{ 8a:k 022 +u T } dxdt =0 Vo € ©(G).

If {S;} = S;, for almost all t € [t1,t5], t; < t5 < T, then one can set

0 for te€[ty, T], z€Q
to

o(t,z) =< — [e A (s)u(s,x)ds for t€ [ti,tz, z€Q
t

W(t, ) for te[0,t], x € 9Q,

where ¥(t,x) is a weak solution of the mixed problem in reverse time,

N(t, x) _ iak(o)w =0, (t,x) €10,81[ x Q,

ot o}
k=1
€ (39) for almost all ¢ €]0,t[;

ta

Y(ty,z) = —/eQCSA*l(S)u(s,a:) ds, x €€,

t1

(45)

which can be reduced by the change of variables ¢ = t; — ¢ to the corresponding mixed problem
with direct time. By using Theorem 4 on the smoothness in the Hilbert spaces H = Ly(2) and
He(J,H) = Ly(]0, ¢, [, W5(§2)), where W*(Q) is the domain D(A**(0)) of the operator A**(0) with
the norm |v|, = ||A**(0)v]|o, for J = ]0,¢;] and ¢ = o = 2/3, we find that its weak solution 1)
has the smoothness ¢ € Wy"*(]0,¢,[ x Q), 1 satisfies the boundary conditions (39) for almost all
t €]0,t.[, and 9 /0t € Ly(]0,t1[ x ), since dA=%3(t)/dt = 0 on the interval ]0,¢,[, the initial data

satisfies the inclusion (¢, z) € W?/3(), and Hy)5,(Q) C W3(Q).
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Let us show that the function 1 (t;,z) indeed belongs to the set D(A**/3(0)). The obvious
inequalities ||A*(0)v]|o < cigl|v||3, c16 > 0, and ||A*~1(0)A*(0)v||o = ||v]|o for arbitrary v € D(A*(0))

permit one to claim that the linear continuous operator m = A*(0) satisfies the relation
™= A%(0) € L5 (Q), Lo(2)) N £(La (), W),

and therefore, by Theorem 5.1 on interpolation, the operator m belongs to £([W3 (), Lo(22)]s,
[La(Q), W 1(Q)]s), 0 < 6 < 1 [10, p. 41 of the Russian translation]. If § = 1/3, then for the
intermediate spaces, we have [W3(Q2), Lo(Q)]1 /3 = W3 (Q) by Theorem 9.1 in [10, p. 56 of the Russian
translation] and

[La(Q), W (Q)hys = [WO(Q), W ([ Q)ys = W()

by Definition 2.1 in [10, p. 23 of the Russian translation]|. Therefore, the linear continuous operator
7 belongs to L(WZ(Q), W-13(Q)); i.e.,

1A (0)ollo = [A2(0) A" (0)vllo < exrllvllzs x>0, Vve D(A2(0).  (47)

In addition, first, by the definition of powers of operators, for any v € D(A*2/3(0)), there exists
a sequence v, € D(A*(0)) such that v, — v and A*?/3(0)v, — A*?/3(0)v in Ly(Q) as n — oo
[2, p. 140]. Second, it is known that the closure of the domain D(A*(0)) in the norm || - || is equal
to the set

D(t) = {v € WEQ): vls, =0; (Bv/dm)|g =0, k= 1n}
for t = 0. Since 9¥(t;,x) € D(t;) by construction and D(0) D D(t;) because the set {S;} is
nondecreasing with respect to ¢, it follows from (47) that v (t,,z) € D(A**/3(0)).
13,0(Q) € D(A*1/3(0))
() of weak solutions.

If 1 — a = 1/3, then, in a similar way, one can prove the embedding H

for almost all ¢ € ]0,¢,[ and for all functions in the space L(]0, ¢4], Hfr/3 0

Therefore, the function ¢ of the form (46) indeed belongs to the set ®(G), and for it identity (45)
becomes the relation

// { A 89”A*() +A*()%f%¢}d dt = 0,

t1 Q

which, just as in the case of relation (44), implies that uw = 0 for almost all ¢t € ]¢;,t;], and so
on. As a result, in finitely many steps, we find that v = 0 for almost all ¢t € ]0,T[. The case of
countably many intervals of constant value of the family {S;} with respect to ¢ can be reduced to

their finite number; it is only necessary to additionally use the definition of a set of zero measure
in [0,7]. The proof of Theorem 6 is complete.

r
Ea =
7| — 1
S z_ Z
, ! —] e
s O)__r/:'_T A
s, / i
2 Nk
Y1yl
Z1

Figure.
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Remark 4. In the rectangle |0,7v,[ x ]0,7,[ C R?, the set S, nondecreasing with respect to 7

and satisfying the inclusion (41) (respectively, the assumptions of Theorem 6) for each 7 € [0, 7]
(respectively, for almost all 7 € [0,T7]) is bounded in the figure by the solid (respectively, dashed)
line. The sets {S,} and {S\S,} are the projections onto the plane ¢ = 0 of the intersections of
the nonshaded and shaded parts of the lateral area of the direct prism and the secant plane ¢t = 7,
T € [0,T], respectively. By analogy with Remark 2, one can claim that, under the assumptions of

Theorem 6, all weak solutions u € H . (G) of the mixed problem (36)-(38) satisfy the estimate

10.

1/3

2
dx dt

[l

4 IBZ r 2 9
= exp{2613 Icnlnz€§<x>} (//]‘f(t’x)|[l/3>—t dx dt+/‘u0(x)| dw)

0 Q
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