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Abstract—We prove existence, uniqueness, and smoothness theorems for weak solutions of the
problem

du(t)/dt + A(t)u(t) = f(t), t ∈ ]0, T [ ; u(0) = u0 ∈ H,

where, for almost all t, the linear unbounded operators A(t) with domains D(A(t)) depending
on t are closed and maximal accretive and have bounded inverses A−1(t) discontinuous with
respect to t in the Hilbert space H . There exists an α ∈ [1/2, 1] such that the following is
true in H for almost all t : the power Aα(t) is subordinate to the power A∗α(t) of the adjoint
operators A∗(t), the operators Aα(t) and A∗α(t) do not form an obtuse angle, and the domains
D(A∗α(t)) of the operators A∗α(t) are not increasing with respect to t.

This paper is the first to prove the well-posedness of the mixed problem for the multidimen-
sional linearized Korteweg–de Vries equation smooth in time with boundary conditions piecewise
constant in time.

DOI: 10.1134/S0012266109080072

In the present paper, we generalize the well-known Theorems 5.1 and 5.2 in [1, pp. 62–65] on
the existence and uniqueness of solutions of the Cauchy problem for first-order operator-differential
equations with variable domains of discontinuous positive self-adjoint operator coefficients with
exponent α = 1/2 to the case of discontinuous accretive operator coefficients with exponents
1/2 ≤ α ≤ 1. We prove a local smoothness increasing theorem for the weak solutions of this Cauchy
problem.

1. STATEMENT OF THE CAUCHY PROBLEM

In a Hilbert space H with inner product (· , ·) and norm | · |, we consider the operator-differential
equation

du(t)
dt

+ A(t)u(t) = f(t), t ∈ ]0, T [, (1)

with the initial condition
u(0) = u0, (2)

where u and f are functions of the variable t with values in H and the A(t) are linear unbounded
operators in H that are defined for almost all t ∈ ]0, T [ and have domains D(A(t)) depending on t.
The operators A(t) are subjected to the following conditions.

I. For almost all t, the closed operators A(t) are maximal accretive in H, or, which is the same,
the closed operators −A(t) are maximal dissipative in H; i.e., for almost all t the operators A(t)
with dense domains D(A(t)) in H and their adjoint operators A∗(t) in H with domains D(A∗(t))
depending on t satisfy the inequalities

Re (A(t)u, u) ≥ 0 ∀u ∈ D(A(t)), (3)
Re (A∗(t)v, v) ≥ 0 ∀v ∈ D(A∗(t)). (4)
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GENERALIZATION OF THE LIONS THEORY 1149

For almost all t, the operators A(t) have bounded inverses

A−1(t) ∈ L∞(]0, T [,L(H)).

These inequalities are necessary and sufficient conditions for the maximal dissipativity (accre-
tivity) of the closed operators −A(t) and −A∗(t) [respectively, A(t) and A∗(t)] in H [2, p. 109].
By [3], the maximal accretive operators A(t) and A∗(t) have maximal accretive fractional powers
Aβ(t) and A∗β(t), 0 < β < 1, with domains D(Aβ(t)) and D(A∗β(t)), respectively.

II. There exists a number α ∈ [1/2, 1] (the case in which α = 1/2 and the A(t) are self-adjoint
operators was considered in [1]) such that the operators Aα(t) are subordinate to the operators
A∗α(t) for almost all t; i.e., there exists a constant c1(α) > 0 independent of w and t such that

|Aα(t)w| ≤ c1(α)|A∗α(t)w| ∀w ∈ D(A∗α(t)) (5)

for almost all t. The operators Aα(t) and A∗α(t) do not form an obtuse angle for almost all t; i.e.,
by Definition 1 below and condition (5),

Re (Aα(t)w,A∗α(t)w) ≥ 0 ∀w ∈ D(A∗α(t)) (6)

for almost all t.

Definition 1. We say that operators B1 and B2 with domains D(B1) and D(B2), respectively,
in a Hilbert space H do not form an obtuse angle if

Re (B1w,B2w) ≥ 0 ∀w ∈ D(B1) ∩ D(B2).

III. For almost all t, the operators A2α−1(t) and A∗2α−1(t) are the restrictions to their domains
D(A2α−1(t)) and D(A∗2α−1(t)) of some linear operators Ã2α−1(t) and Ã∗2α−1(t), t ∈ [0, T ], whose
domains D(Ã2α−1) and D(Ã∗2α−1), respectively, are independent of t and which have strong deriva-
tives in H+

1−α,t with respect to t in the strong sense [2, p. 218] for almost all t,

dÃ2α−1(t)/dt ∈ L∞(]0, T [,L(D(Aα(t)),H+
1−α,t)),

dÃ∗2α−1(t)/dt ∈ L∞(]0, T [,L(D(A∗α(t)),H+
1−α,t)),

such that

|(((dÃ2α−1(t)/dt) + (dÃ∗2α−1(t)/dt))w,w)| ≤ c′2(α)((A2α−1(t) + A∗2α−1(t))w,w)

∀w ∈ D(A2α−1(t)) ∩ D(A∗2α−1(t)),
(7)

[(dÃ2α−1(t)/dt)u]1−α,t ≤ c2(α)|Aα(t)u| ∀u ∈ D(Aα(t)),

[(dÃ∗2α−1(t)/dt)v]1−α,t ≤ c2(α)|A∗α(t)v| ∀v ∈ D(A∗α(t))
(8)

for almost all t, where the Hilbert spaces H+
1−α,t are the domains D(A1−α(t)) of the powers A1−α(t)

equipped with the Hermitian norms [u]1−α,t = |A1−α(t)u|, equivalent to the corresponding graph
norms, and the constants c′2(α) ≥ 0 and c2(α) ≥ 0 are independent of w, u, v, and t.

IV. There exists a constant c∗ > 0 such that |A∗α(t)v| ≤ c∗|A∗α(s)v| for all v ∈ D(A∗α(s)) and for
almost all s ∈ ]t, T ], t ∈ [0, T ]. This means that the family of domains D(A∗α(t)) is nonincreasing
uniformly for almost all t; i.e.,

D(A∗α(t1)) ⊃ D(A∗α(t2)), 0 < t1 < t2 < T, (9)

uniformly for almost all t1 and t2. The operators A1−α(t) and A∗α(t) for almost all t are ob-
tained as the restriction to D(A1−α(t)) and D(A∗α(t)), respectively, of some linear operators
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1150 LOMOVTSEV

Ã1−α(t) ∈ B([0, T ],L(D(Ã1−α),H)) and Ã∗α(t) ∈ B([0, T ],L(D(Ã∗α),H)) whose domains D(Ã1−α)
and D(Ã∗α) are independent of t and which have weak derivatives

dÃ1−α(t)/dt ∈ L∞(]0, T [,L(D(Ã1−α),H)), dÃ∗α(t)/dt ∈ L∞(]0, T [,L(D(Ã∗α),H))

with respect to t in the weak sense [4, p. 172 of the Russian translation] for almost all t in H such
that

|(dÃ1−α(t)/dt)u| ≤ c3(α)|A1−α(t)u| ∀u ∈ D(A1−α(t)),

|(dÃ∗α(t)/dt)v| ≤ c4(α)|A∗α(t)v| ∀v ∈ D(A∗α(t)),
(10)

where the constants c3(α) ≥ 0 and c4(α) ≥ 0 are independent of u, v, and t. For almost all t, the
domains D(A∗2(t)) of the squares A∗2(t) of the operators A∗(t) are dense in H, and the powers
A∗2α+1(t), A∗2α−3(t), and A∗2(t) are accretive on D(A∗2(t)) in H; i.e.,

Re (A∗2α+1(t)v, v) ≥ 0, Re (A∗2α−3(t)v, v) ≥ 0, Re (A∗2(t)v, v) ≥ 0 (11)

for almost all t and for arbitrary v ∈ D(A∗2(t)). Here the Banach spaces D(Ã1−α) and D(Ã∗α)
are the same domains with the graph norms of the operators Ã1−α(t0) and Ã∗α(t0), respectively,
for some t0 ∈ [0, T ], and B([0, T ], E) is the set of all bounded functions of t ∈ [0, T ] ranging in a
Banach space E with the norm ‖h(t)‖B = supt∈[0,T ] ‖h(t)‖E .

In the present paper, we first prove the existence Theorem 1, the uniqueness Theorem 3, and
Theorem 4 on the local smoothness of weak solutions (in the sense of Definition 2) of the Cauchy
problem (1), (2). Then, by using them, in a similar way, we suggest to prove the existence Theorem 5
and the uniqueness Theorem 6 for weak solutions (in the sense of Definition 4) of the mixed
problem (36)–(38) for the multidimensional linear KdV equation.

Remark 1. For positive self-adjoint boundedly invertible operators A(t), conditions I and II
are always satisfied for c1(α) = 1 and for any α ∈ [1/2, 1], condition III disappears for α = 1/2,
and in condition IV inequalities (11) hold for any α ∈ [1/2, 1], the embeddings (9) with α = 1/2
coincide with the embeddings (5.8) in [1, p. 63], and inequalities (10) with α = 1/2 degenerate
into a single inequality that provides the validity of the estimate in [1, p. 64] for the derivative
a′(t;u, v) of the sesquilinear forms a(t;u, v) with respect to t. In the case of inequalities (10), we
have only the inessential difference that in [1] the constraints on the smoothness of the operators
A(t) with respect to t are expressed only by constraints on the t-smoothness of the forms a(t;u, v)
generating the operators A(t). However, if α = 1/2, then, instead of the subordination of the norm
of values of the operators A1/2(t) on D(A1/2(t)) in condition IV, the more restrictive condition
of their equality for all t ∈ [0, T ] is imposed in [1]. Therefore, conditions I–IV indeed generalize
the Lions assumptions for positive self-adjoint operators A(t) and α = 1/2 to the case of maximal
accretive operators A(t) and α ∈ [1/2, 1].

2. EXISTENCE THEOREM

First, we introduce the spaces and the notion of weak solutions of the original Cauchy problem.
Suppose that the family of Hilbert spaces H+

1−α,t in Section 1 is measurable and square integrable
with respect to t ∈ ]0, T [ [1, p. 62]. Then the space of weak solutions is the Hilbert space H+

1−α =
L2(]0, T [,H+

1−α,t). Let the set of antidual Hilbert spaces H∗−
α,t of the Hilbert spaces H∗+

α,t obtained
by equipping the domains D(A∗α(t)) with the Hermitian norms ]v[α,t = |A∗α(t)v| equivalent to the
graph norms of the operators A∗α(t) be measurable and square integrable with respect to t ∈ ]0, T [.
For the space of right-hand sides of Eq. (1), we take the antidual Hilbert space H∗−

α = L2(]0, T [,H∗−
α,t)

of the Hilbert space H∗+
α = L2(]0, T [,H∗+

α,t). Set H = L2(]0, T [,H).

Definition 2. A function u ∈ H+
1−α is called a weak solution of the Cauchy problem (1), (2) for

f ∈ H∗−
α and u0 ∈ H if the integral identity

T∫

0

{
(A1−α(t)u(t), A∗α(t)ϕ(t)) −

(
u(t),

dϕ(t)
dt

)}
dt =

T∫

0

〈f(t), ϕ(t)〉α,t dt + (u0, ϕ(0))
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holds for any function ϕ ∈ Φ̃ ≡ {ϕ̃ ∈ H : ϕ̃(t) ∈ D(A∗α(t)) for almost all t; the weak derivative
dϕ̃/dt and A∗α(t)ϕ̃ lie in H; ϕ̃(T ) = 0}, where the 〈· , ·〉α,t are the sesquilinear forms specifying the
antiduality of the spaces H∗+

α,t and H∗−
α,t .

Let us now prove the existence theorem for weak solutions of the Cauchy problem (1), (2), whose
special case, by virtue of Remark 1, is given by Theorem 5.1 in [1, p. 63].

Theorem 1. If conditions I–III are valid , then for any f ∈ H∗−
α and u0 ∈ H, there exists a

weak solution u ∈ H+
1−α of the Cauchy problem (1), (2).

Proof. To prove the theorem, it suffices to use the projection Theorem 2 in [1, p. 37].

Theorem 2. Let F be a Hilbert space with Hermitian norm ‖ · ‖F , and let Φ be a pre-Hilbert
space with Hermitian norm ||| · ||| continuously embedded in F ; i.e., there exists a constant c5 > 0
such that ‖ϕ‖F ≤ c5|||ϕ||| for all ϕ ∈ Φ. Let E(w,ϕ) be a given sesquilinear form on F × Φ
continuous with respect to w on F for each ϕ ∈ Φ, and suppose that there exists a constant c6 > 0
such that |E(ϕ,ϕ)| ≥ c6|||ϕ|||2 for all ϕ ∈ Φ. If the antilinear functional L(ϕ) is continuous with
respect to ϕ on Φ, then there exists an element w ∈ F satisfying the equation E(w,ϕ) = L(ϕ) for
all ϕ ∈ Φ.

On the Hilbert space F = H+
1−α with Hermitian norm ‖w‖F =

(∫ T

0
[w(t)]21−α,t dt

)1/2

and on the
pre-Hilbert space Φ formed by all functions ϕ(t) ∈ H such that ϕ∗(t) = [ℵ2α−1(t)+I]−1ϕ(t) ∈ Φ∗ ≡
{ϕ∗(t) ∈ H : ϕ∗(t) ∈ D(A∗α(t)) for almost all t; the weak derivative dϕ∗(t)/dt and A∗α(t)ϕ∗(t)

belong to H; ϕ∗(T ) = 0} with the Hermitian norm |||ϕ||| =
(∫ T

0
|A∗α(t)ϕ∗(t)|2 dt + |ϕ∗(0)|2

)1/2

, we
choose the following sesquilinear form and antilinear functional:

E(w,ϕ) =

T∫

0

e2ct

{
(A1−α(t)w(t), A∗α(t)ϕ∗(t)) −

(
w(t),

dϕ∗(t)
dt

)}
dt,

L(ϕ) =

T∫

0

〈f(t), ϕ∗(t)〉α,t dt + (u0, ϕ
∗(0)).

Here the self-adjoint operators

ℵ2α−1(t) = (A2α−1(t) + A∗2α−1(t))/2

in H with domains D(A2α−1(t)) ∩ D(A∗2α−1(t)) are the so-called real parts of the corresponding
sesquilinear forms [2, pp. 122–127; 3], and the operators [ℵ2α−1(t) + I]−1 are the bounded inverses
of ℵ2α−1(t) + I in H.

By virtue of the estimates (5) and the existence of bounded inverses A−1(t) ∈ L∞(]0, T [,L(H))
and hence of the powers A−β(t), A∗−β(t) ∈ L∞(]0, T [,L(H)), 0 < β < 1 [3], for almost all t, the
continuous embedding of the spaces Φ in F with the constant

c5 = (1/2)c1(α) + ((1/2) + ess sup
0<t<T

‖A∗1−2α(t)‖L(H)) tan(π(3 − 2α)/4)

for 1/2 < α ≤ 1 follows from the inequalities

|A1−α(t)ϕ| = |A1−α(t)[ℵ2α−1(t) + I]ϕ∗|
≤ (1/2)|[A2α−1(t) + A∗2α−1(t)]ϕ∗| + |A1−α(t)ϕ∗|
≤ (1/2)|Aα(t)ϕ∗| + (1/2) tan(π(3 − 2α)/4)|A∗α(t)ϕ∗|

+ tan(π(3 − 2α)/4)|A∗1−α(t)ϕ∗|
≤ [(1/2)c1(α) + (1/2) tan(π(3 − 2α)/4)

+ ess sup
0<t<T

‖A∗1−2α(t)‖L(H) tan(π(3 − 2α)/4)]|A∗α(t)ϕ∗|, (12)
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since, by Theorem 1.1 in [3], the closed maximal accretive operators A(t) satisfy the inequalities

|A1−α(t)w| ≤ tan(π(3 − 2α)/4)|A∗1−α(t)w| ∀w ∈ D(A∗1−α(t)) (13)

for 1 − α < 1/2 and for almost all t. Obviously, in the case of positive self-adjoint operators A(t)
and α = 1/2, the embedding of the spaces Φ in F takes place with the constant c5 = 2.

The form E(w,ϕ) is obviously continuous with respect to w on F = H+
1−α for each ϕ ∈ Φ,

since the operators Aα−1(t) ∈ L∞(]0, T [,L(H)) are bounded and the functional L(ϕ) is obviously
continuous with respect to ϕ on Φ for any f ∈ H∗−

α and u0 ∈ H. Let us estimate the form

Re E(ϕ,ϕ) = Re

T∫

0

e2ct

{
(A1−α(t)ϕ(t), A∗α(t)ϕ∗(t)) −

(
ϕ(t),

dϕ∗(t)
dt

)}
dt ∀ϕ ∈ Φ

from below for 1/2 < α ≤ 1.
For the first inner product, we have

Re (A1−α(t)ϕ(t), A∗α(t)ϕ∗(t)) = Re (A1−α(t)[ℵ2α−1(t) + I]ϕ∗(t), A∗α(t)ϕ∗(t))
= (1/2)Re (Aα(t)ϕ∗(t), A∗α(t)ϕ∗(t))

+ (1/2)Re (A1−α(t)A∗2α−1(t)ϕ∗(t), A∗1−α(t)A∗2α−1(t)ϕ∗(t))
+ Re (A1−α(t)ϕ∗(t), A∗α(t)ϕ∗(t)). (14)

For the closed maximal accretive operators A(t), the fractional powers A1−α(t) and A∗1−α(t) with
1 − α < 1/2 form an acute angle [3, Th. 1.1]; i.e.,

Re (A1−α(t)w,A∗1−α(t)w) ≥ cos π(1 − α)|A1−α(t)w| |A∗1−α(t)w| ∀w ∈ D(A∗1−α(t)) (15)

for almost all t. By using inequalities (6), (15), inequalities (13) with A∗1−α(t) instead of A1−α(t) and
A1−α(t) instead of A∗1−α(t) [3, Th. 1.1], and inequality (4) on the right-hand side in relation (14),
for almost all t, we have the estimate

Re (A1−α(t)ϕ(t), A∗α(t)ϕ∗(t)) ≥ (1/2) cos π(1 − α) ctan(π(3 − 2α)/4)|A∗α(t)ϕ∗(t)|2. (16)

In this case, before applying inequalities (4) to the last term in (14), we approximate the values of
the power A∗α(t) by its values on elements in D(A∗(t)) [2, p. 140; 3, Lemma A3].

For the second inner product in the form Re E(ϕ,ϕ), we use the self-adjointness of the operators
ℵ2α−1(t) in H, perform integration by parts with respect to t, and obtain the relation

− Re

T∫

0

e2ct

(
ϕ(t),

dϕ∗(t)
dt

)
dt

=
1
2
([ℵ2α−1(0) + I]ϕ∗(0), ϕ∗(0)) + c

T∫

0

e2ct([ℵ2α−1(t) + I]ϕ∗(t), ϕ∗(t)) dt

+
1
4

T∫

0

e2ct

(
d[Ã2α−1(t) + Ã∗2α−1(t)]

dt
ϕ∗(t), ϕ∗(t)

)
dt,

whose right-hand side, by virtue of the accretivity of the operators A2α−1(t) and A∗2α−1(t) in H
and inequality (7), can be estimated from below by the expression

1
2
|ϕ∗(0)|2 +

(
c − c′2(α)

2

) T∫

0

e2ct([ℵ2α−1(t) + I]ϕ∗(t), ϕ∗(t)) dt. (17)
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As a result, the estimates (16) and (17) with c = c′2(α)/2 lead to the inequality ReE(ϕ,ϕ) ≥
c6|||ϕ|||2 for all ϕ ∈ Φ with the constant c6 = (1/2) cos π(1−α) ctan(π(3− 2α)/4) for 1/2 < α ≤ 1.
One can readily see that, in the case of positive self-adjoint operators A(t) and α = 1/2, this
inequality holds with the constant c6 = 2.

In view of Definition 2, to complete the proof of the fact that the Cauchy problem (1), (2)
has a weak solution u = exp{c′2(α)t}w, where w ∈ H+

1−α by Theorem 2, it remains to prove the
embedding Φ̃ ⊂ Φ∗, where Φ̃ is the set occurring in Definition 2. In turn, to this end, it suffices
to show that the function [ℵ2α−1(t) + I]ϕ̃ belongs to the space H for any function ϕ̃ ∈ Φ̃. This is
indeed the case, since, by inequalities (5) and the boundedness of the inverses Aα−1(t), A∗α−1(t) ∈
L∞(]0, T [,L(H)), for 2α − 1 ≤ α and, for any function ϕ̃ ∈ D(A∗α(t)), we have the estimates

|A2α−1(t)ϕ̃ + A∗2α−1(t)ϕ̃| ≤ ‖Aα−1(t)‖L(H)|Aα(t)ϕ̃| + ‖A∗α−1(t)‖L(H)|A∗α(t)ϕ̃|
≤ (c1(α) ess sup

0<t<T

‖Aα−1(t)‖L(H) + ess sup
0<t<T

‖A∗α−1(t)‖L(H))|A∗α(t)ϕ̃|, 1/2 ≤ α ≤ 1,

for almost all t.

3. THE UNIQUENESS THEOREM

Let us prove the uniqueness theorem for weak solutions of this Cauchy problem, whose special
case is given by Theorem 5.2 in [1, p. 64] by virtue of Remark 1.

Theorem 3. If conditions I–IV are satisfied, then the weak solution u ∈ H+
1−α of the Cauchy

problem (1), (2) is unique for any f ∈ H∗−
α and u0 ∈ H.

Proof. First, let us show that, for almost all t, the domains D(A∗α(t)) are closed subspaces of
the Banach space V ∗

α = D(Ã∗α) occurring in condition IV. If vn(t) ∈ D(A∗α(t)) for almost all t and
vn(t) → v0(t) in V ∗

α as n → ∞, then, for almost all t, by virtue of the boundedness of the operators
Ã∗α(t) ∈ L(V ∗

α ,H), we find that Ã∗α(t)vn(t) → g0(t) in H as n → ∞. The operators A∗α(t) have
bounded inverses A∗−α(t) ∈ L∞(]0, T [,L(H)) for almost all t, since the maximal accretive operators
A(t) have bounded inverses A−1(t) ∈ L∞(]0, T [,L(H)) [3] for almost all t. Therefore,

A∗−α(t)g0(t) = A∗−α(t) lim
n→∞

Ã∗α(t)vn(t) = lim
n→∞

vn(t) = v0(t) ∈ D(A∗α(t))

for almost all t.
Now let H+

1−α � u be a weak solution of the Cauchy problem (1), (2) for f = 0 and u0 = 0.
Then from Definition 2, we have the identity

T∫

0

{
(A1−α(t)u(t), A∗α(t)ϕ(t)) −

(
u(t),

dϕ(t)
dt

)}
dt = 0 ∀ϕ ∈ Φ̃. (18)

Here one can set

ϕ(t) = −
T∫

t

e−2cs[ℵ2α−1(s) + I]−1u(s) ds, (19)

ϕ(t) = −
T∫

t

e−2csA∗−α(s)A∗α−1(s)[ℵ2α−1(s) + I]−1Aα(s)A1−α(s)u(s) ds, (20)

where the bounded operator B1(s) = A∗α−1(s)[ℵ2α−1(s) + I]−1Aα(s) is the strong closure (with
respect to continuity in H) of the product B1(s) = A∗α−1(s)[ℵ2α−1(s) + I]−1Aα(s) for almost all s.
In what follows, we derive the boundedness of the operators B1(s) in H for almost all s from the
boundedness of the operators B2(s) = A∗α(s)[ℵ2α−1(s) + I]−1Aα−1(s) in H for almost all s.
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Lemma 1. The operators A∗α(s)[ℵ2α−1(s) + I]−1Aα−1(s) are bounded in H for almost all s.

Proof. Let us show that the product

B2(s) : H ⊃ D(B2(s)) → R(B2(s)) ⊂ H

of three operators Aα−1(s), [ℵ2α−1(s) + I]−1, and A∗α(s) is continuous in H for almost all s and its
domain is D(B2(s)) = H.

First, for almost all s, the operators B2(s) are continuous in H by virtue of the inequality

|A∗α(s)[ℵ2α−1(s) + I]−1Aα−1(s)g|
≤ (2/[cos π(1 − α) ctan(π(3 − 2α)/4)])|g| ∀g ∈ D(B2(s)), (21)

which can readily be derived from the estimate (16).
Second, it follows from inequality (12) that the inverses B−1

2 (s) = A1−α(s)[ℵ2α−1(s) + I]A∗−α(s)
of the operators B2(s) are bounded in H for almost all s; in particular, the domains of the operators
B−1

2 (s) are R(B2(s)) = H.
Third, the domains D(B2(s)) of the operators B2(s) are at least dense in H for almost all s.

Suppose that there exists an element v ∈ H such that (u, v) = 0 for all u ∈ D(B2(s)) and for
almost all s. Then, by virtue of the relation R(B2(s)) = H, for almost all s here, one can set
u = A1−α(s)[ℵ2α−1(s) + I]A∗−α(s)v, take the real part, and obtain the relations

Re (A1−α(s)[ℵ2α−1(s) + I]A∗−α(s)v, v)
= Re (A1−α(s)[ℵ2α−1(s) + I]w,A∗α(s)w) = 0, w = A∗−α(s)v,

which, together with the estimate (16), imply that w = 0 for almost all s and hence v = 0.
Since the operators B2(s), being the inverses of the bounded operators B−1

2 (s), are bounded for
almost all s, it follows from (21) that D(B2(s)) = H for almost all s. The proof of Lemma 1 is
complete.

The adjoints of bounded operators are always bounded. By the lemma in [5, p. 201], for almost
all s, the adjoint B∗

2(s) of the operator B2(s) is equal to the strong closure in H of the product of
the adjoints of the unbounded operator A∗α(s) and the bounded operator [ℵ2α−1(s) + I]−1Aα−1(s);
i.e.,

(A∗α(s)[ℵ2α−1(s) + I]−1Aα−1(s))∗

= ([ℵ2α−1(s) + I]−1Aα−1(s))∗Aα(s) = A∗α−1(s)[ℵ2α−1(s) + I]−1Aα(s) (22)

for almost all s, which implies that the operators B1(s) are bounded in H for almost all s.
The functions ϕ of the form (19) and (20) belong to the set Φ̃. Their strong and hence weak

derivatives with respect to t in H belong to H, and ϕ(T ) = 0 since, by virtue of relations (21)
and (22), the integrals (19) and (20) are convergent in H for all t ∈ [0, T ]. The function ϕ of the
form (20) belongs to the set D(A∗α(t)) for almost all t, and A∗α(t)ϕ ∈ H, since the integral (20)
is convergent in the space D(A∗α(t)) with the norm ] · [α,t for almost all t. The convergence of the
integral follows from the fact that the domains D(A∗α(t)) are nonincreasing with respect to t in
view of the embeddings (9), the closedness of the operators A∗α(t) and the above-proved closedness
of the sets D(A∗α(t)) for almost all t, and the boundedness of the operators A∗α(t)A∗−α(s) ∈
L∞(]t, T [,L(H)) in H uniformly for almost all s ≥ t for almost all t ∈ [0, T ] in view of the
inequalities written out before the embeddings (9) in condition IV and relations (21) and (22).
Moreover, ϕ(t) ∈ D(A∗α(τ)) for almost all τ ∈ [0, t], but ϕ(t) does not belong to D(A∗α(τ)) for
all τ ∈ ]t, T [ in the case of the strict embeddings (9). For the same reason, the same is true
for the function ϕ of the form (19) since the operator in the integrand can be represented in
the form [ℵ2α−1(s) + I]−1 = A∗−α(s)A∗α(s)[ℵ2α−1(s) + I]−1Aα−1(s)A1−α(s), where the operators
B2(s) = A∗α(s)[ℵ2α−1(s) + I]−1Aα−1(s) are bounded in H uniformly with respect to almost all
s ∈ ]0, T [ by Lemma 1.
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In identity (18), we successively set the function ϕ equal to the expressions (19) and (20); i.e.,
we have first u = exp{2ct}[ℵ2α−1(t) + I](dϕ(t)/dt), ϕ(T ) = 0 and then

u = exp{2ct}Aα−1(t)(A∗α−1(t)[ℵ2α−1(t) + I]−1Aα(t) )−1A∗α(t)(dϕ(t)/dt), ϕ(T ) = 0.

We add the results of substitutions, take the real part, and obtain the relation

Re

T∫

0

e2ct

{
−

(
A1−α(t)[ℵ2α−1(t) + I]

dϕ(t)
dt

,A∗α(t)ϕ(t)
)

−
(

A−α(t)[ℵ2α−1(t) + I]A∗1−α(t)A∗α(t)
dϕ(t)

dt
,A∗α(t)ϕ(t)

)

+
(

[ℵ2α−1(t) + I]
dϕ(t)

dt
,

dϕ(t)
dt

)

+
(

Aα−1(t)A−α(t)[ℵ2α−1(t) + I]A∗1−α(t)A∗α(t)
dϕ(t)

dt
,

dϕ(t)
dt

)}
dt,= 0 (23)

since, by Lemma 2 (see Theorem 3 in [6]), the inverse of the closure is equal to the closure of the
inverse operator,

(A∗α−1(t)[ℵ2α−1(t) + I]−1Aα(t) )−1 = (A∗α−1(t)[ℵ2α−1(t) + I]−1Aα(t))−1

= A−α(t)[ℵ2α−1(t) + I]A∗1−α(t), (24)

where the bar over an operator stands for the strong closure by continuity in H.

Lemma 2. Let X and Z be Banach spaces, let S : X ⊃ D(S) → Z be a linear operator, and
let S−1 : Z ⊃ R(S) → X be the inverse operator. If the operators S and S−1 admit closures S

and S−1, respectively , then there exists an inverse operator S
−1

of the closure S, and S
−1

= S−1.

The use of Lemma 2 for X = Z = H in relations (24) is justified, since the closability of
the operator S = A∗α−1(t)[ℵ2α−1(t) + I]−1Aα(t) in H for almost all t follows from relations (22),
and the closability of the operator S−1 = A−α(t)[ℵ2α−1(t) + I]A∗1−α(t) in H is a consequence
of the boundedness of the adjoint operator (S−1)∗ = A1−α(t)[ℵ2α−1(t) + I]A∗−α(t) in H by the
theorem in [7, pp. 198–199 of the Russian translation]. This operator (S−1)∗ is computed below in
formula (25).

For the second inner product in relation (23), we pass to the adjoint operators in H first with
the use of Theorem 3 in [4, p. 271 of the Russian translation] for the product of the unbounded
operator [ℵ2α−1(t)+ I]A∗1−α(t) by the bounded operator A−α(t) and then with the use of Lemma 3
in [8, p. 43, Th. 11.4] for the product of two unbounded operators S = A∗1−α(t) and P = ℵ2α−1(t)+I
and obtain

(
A−α(t)[ℵ2α−1(t) + I]A∗1−α(t)A∗α(t)

dϕ(t)
dt

,A∗α(t)ϕ(t)
)

=
(

A∗α(t)
dϕ(t)

dt
, ([ℵ2α−1(t) + I]A∗1−α(t))∗ϕ(t)

)

=
(

A∗α(t)
dϕ(t)

dt
,A1−α(t)[ℵ2α−1(t) + I]ϕ(t)

)
(25)

for almost all t, since for almost all t, the function ϕ(t) belongs to the set D(A∗α(t)), the operator

A1−α(t)A2α−1(t) = Aα(t)

DIFFERENTIAL EQUATIONS Vol. 45 No. 8 2009



1156 LOMOVTSEV

is subordinate to the operator A∗α(t) by inequality (5), and

|A1−α(t)A∗2α−1(t)ϕ| ≤ tan(π(3 − 2α)/4)|A∗α(t)ϕ|

by inequality (13); i.e., the function ϕ(t) belongs to the domain D(A1−α(t)[ℵ2α−1(t) + I]) of the
product A1−α(t)[ℵ2α−1(t) + I].

Lemma 3. Let X, Y, and Z be Banach spaces, and let

S : X ⊃ D(S) → Y, P : Y ⊃ D(P ) → Z

be linear closed operators with dense domains D(S) and D(P ) in X and Y, respectively. If S is a
d-normal operator [its range R(S) is closed in Y, and its deficiency is finite, dim Coker S < +∞],
then the adjoint operator

(P · S)∗ : Z ′ ⊃ D((P · S)∗) → X ′

of their product (P · S) : X ⊃ D(P · S) → Z exists and is equal to (P · S)∗ = S∗ · P ∗, where S∗

and P ∗ are the adjoints of S and P, respectively.

The use of Lemma 3 for X = Y = Z = H in relations (25) is justified, since the closedness
of the range R(S) in Y = H of the closed operator S = A∗1−α(t) in H for almost all t is pro-
vided by the boundedness of its inverse operator S−1 = A∗α−1(t) in H, and the finite dimension
of the deficiency of the operator S = A∗1−α(t) is provided by the relations R(S)⊥ = N(S∗) =
N(A1−α(t)) = {0} [8, p. 14].

For the last inner product in relation (23), in a similar way, we obtain

(
Aα−1(t)A−α(t)[ℵ2α−1(t) + I]A∗1−α(t)A∗α(t)

dϕ(t)
dt

,
dϕ(t)

dt

)

=
(

A∗α(t)
dϕ(t)

dt
,A1−α(t)[ℵ2α−1(t) + I]A∗−1(t)

dϕ(t)
dt

)
(26)

for almost all t.
By taking into account the Hermitian property of the sum of the first two inner products in

relation (23) and by using relations (25) for the single integration by parts with respect to t in both
inner products, we conclude that the real part of the integral of the sum of the first two inner
products in relation (23) is equal to the expression

Re (A1−α(0)[ℵ2α−1(0) + I]ϕ(0), A∗α(0)ϕ(0))

+ 2cRe

T∫

0

e2ct(A1−α(t)[ℵ2α−1(t) + I]ϕ(t), A∗α(t)ϕ(t)) dt

+ Re

T∫

0

e2ct

(
dÃ1−α(t)

dt
[ℵ2α−1(t) + I]ϕ(t), A∗α(t)ϕ(t)

)
dt

+
1
2

Re

T∫

0

e2ct

(
A1−α(t)

[
dÃ2α−1(t)

dt
+

Ã∗2α−1(t)
dt

]
ϕ(t), A∗α(t)ϕ(t)

)
dt

+ Re

T∫

0

e2ct

(
A1−α(t)[ℵ2α−1(t) + I]ϕ(t),

dÃ∗α(t)
dt

ϕ(t)

)
dt. (27)

DIFFERENTIAL EQUATIONS Vol. 45 No. 8 2009



GENERALIZATION OF THE LIONS THEORY 1157

By relations (14) and inequalities (16), (10), (8), (5), and (12), this expression for 1/2 < α ≤ 1 can
be estimated from below by the quantity

c cos π(1 − α) ctan
(π

4
(3 − 2α)

) T∫

0

e2ct|A∗α(t)ϕ(t)|2 dt

− 1
2
(c2(α) + c3(α) + c4(α))

[
c1(α) + (1 + 2 ess sup

0<t<T

‖A∗1−2α(t)‖L(H))

× tan
(π

4
(3 − 2α)

)] T∫

0

e2ct|A∗α(t)ϕ(t)|2 dt. (28)

Obviously, in the case of positive self-adjoint operators A(t) and α = 1/2, the expression (27) can
be estimated from below by the quantity

4c

T∫

0

e2ct|A1/2(t)ϕ(t)|2 dt − 2
(

c3

(
1
2

)
+ c4

(
1
2

)) T∫

0

e2ct|A1/2(t)ϕ(t)|2 dt. (29)

The third inner product in relation (23) is nonnegative for almost all t by virtue of inequalities (3)
and (4), which imply that the fractional powers A2α−1(t) and A∗2α−1(t) are accretive in H for almost
all t. Let us show that the real part of the last inner product in relation (23) is also nonnegative
for almost all t. Since the values of the power A∗α(t), whose domain, by construction, contains the
function dϕ/dt, can be approximated by its values on elements of the domains D(A∗2(t)), it follows
from (26) that the above-mentioned real part is equal to the sum

1
2

Re
(

A∗α(t)
dϕ(t)

dt
,Aα(t)A∗−1(t)

dϕ(t)
dt

)

+
1
2

Re
(

A∗α(t)
dϕ(t)

dt
,A1−α(t)A∗2α−2(t)

dϕ(t)
dt

)

+ Re
(

A∗α(t)
dϕ(t)

dt
,A1−α(t)A∗−1(t)

dϕ(t)
dt

)

=
1
2

Re
(

A∗2α+1(t)A∗−1(t)
dϕ(t)

dt
,A∗−1(t)

dϕ(t)
dt

)

+
1
2

Re
(

A∗2α−3(t)A∗(t)
dϕ(t)

dt
,A∗(t)

dϕ(t)
dt

)

+ Re
(

A∗2(t)A∗−1(t)
dϕ(t)

dt
,A∗−1(t)

dϕ(t)
dt

)
(30)

for almost all t, each of whose terms is nonnegative for almost all t by inequalities (11). Obviously,
in the case of positive self-adjoint operators A(t) and α = 1/2, the last two inner products in
relation (23) are nonnegative for almost all t.

Therefore, we can claim that, as a result of integration by parts on the left-hand side in rela-
tion (23), we have an expression that, by (27) and (30), is estimated from below by the quantity (28)
for 1/2 < α ≤ 1 and by the quantity (29) in the case of positive self-adjoint operators A(t) and
α = 1/2. In turn, by estimating these last quantities from below for

c >
(c2(α) + c3(α) + c4(α))[c1(α) + (1 + 2 ess sup0<t<T ‖A∗1−2α(t)‖L(H)) tan(π(3 − 2α)/4)]

2 cos π(1 − α) ctan(π(3 − 2α)/4)
,

we pass from relation (23) to the inequality c7(α)
∫ T

0
e2ct|A∗α(t)ϕ(t)|2 dt ≤ 0, c7(α) > 0, for 1/2 <

α ≤ 1 and the inequality c8(α)
∫ T

0
e2ct|A1/2(t)ϕ(t)|2 dt ≤ 0, c8(α) > 0, for c > (c3(1/2) + c4(1/2))/2
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in the case of positive self-adjoint operators A(t) and α = 1/2. The last two inequalities imply that
ϕ = 0 in H for all 1/2 ≤ α ≤ 1 and hence u = 0 in H+

1−α. The proof of Theorem 3 is complete.

Remark 2. Under the assumptions of Theorem 3, all weak solutions u ∈ H+
1−α of the Cauchy

problem (1), (2) satisfy the a priori estimate (see [1, p. 38, Remark 1.2])

T∫

0

[u(t)]21−α,t dt ≤ c2
9(α)

( T∫

0

]f(t)[2α,−t dt + |u0|2
)

, c9(α) =
c5(α)
c6(α)

,

where the ] · [α,−t are norms of the antidual Hilbert spaces H∗−
α,t ,

c9(α) =
c1(α) + (1 + 2 ess sup0<t<T ‖A∗1−2α(t)‖L(H)) tan(π(3 − 2α)/4)

cos π(1 − α) ctan(π(3 − 2α)/4)

for 1/2 < α ≤ 1, and c9(α) = 1 in the case of positive self-adjoint operators A(t) and α = 1/2.

4. SMOOTHNESS THEOREM

On any interval J = ]a, b[ ⊂ ]0, T [, we analyze the local smoothness of weak solutions of the
Cauchy problem (1), (2) in the Hilbert scale of spaces Hs(J,H) = L2(J,W s(t)), where the Hilbert
spaces W s(t) are the domains D(As(t)) of the power As(t) of the operators A(t) equipped with
the Hermitian norms |v|s,t = |As(t)v| equivalent to the graph norms of the operators As(t), s ≥ 0.
We have the following smoothness increasing theorem for the weak solutions of the original Cauchy
problem in the time-dependent Hilbert scale {W s(t)} induced by the accretive operators A(t) with
t-dependent domains D(A(t)), t ∈ J .

Theorem 4. Let conditions I–IV be satisfied. If, for some q ≥ 0, the bounded inverse operators
A−q(t) are strongly continuous with respect to t ∈ J in H and , for almost all t ∈ J, have a bounded
weak derivative dA−q(t)/dt ∈ L∞(J,L(H)) in H such that

|([ℵ2α−1(t) + I]ϕ, (dA∗−q(t)/dt)A∗q(t)ϕ)| ≤ c10([ℵ2α−1(t) + I]ϕ,ϕ)1/2|A∗α(t)ϕ| (31)

for all ϕ ∈ D(A∗α0(t)), where dA∗−q(t)/dt is the weak derivative of the operators A∗−q(t) in H,
α0 = max{α, q}, and c10 ≥ 0 is a constant independent of ϕ and t, then, for any right-hand side
f ∈ Hq(J,H) of the equation and any initial data ua ∈ D(Aq(a)), the Cauchy problem (1), (2) has
a weak solution u ∈ H+

1−α satisfying the inclusion u ∈ H1−α+q(J,H), and its generalized derivative
satisfies the inclusion

du/dt ∈ H−α+q(J,H) (32)

for q ≥ α.

Proof. One can readily see that if the operators A−q(t) in H are strongly continuous with
respect to t ∈ J and, for almost all t ∈ J , have a bounded weak derivative dA−q(t)/dt, then their
adjoint operators A∗−q(t) in H are weakly continuous with respect to t ∈ J and have a bounded
weak derivative dA∗−q(t)/dt = (dA−q(t)/dt)∗, where (dA−q(t)/dt)∗ is the adjoint operator of the
bounded operator dA−q(t)/dt.

On the interval J , we introduce the auxiliary Cauchy problem [9]

dw(t)
dt

+ A(t)w(t) + Aq(t)
dA−q(t)

dt
w(t) = f̃(t), t ∈ J, (33)

w(a) = ũa, (34)

and consider its weak solutions instead of strong solutions in [9].
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Definition 3. A function w ∈ H1−α(J,H) is called a weak solution of the Cauchy problem (33),
(34) for f̃ ∈ H∗α−(J,H) = L2(J,H∗−

α,t ) and ũa ∈ H if the integral identity

b∫

a

{
(A1−α(t)w(t), A∗α(t)ϕ(t)) −

(
w(t),

dϕ(t)
dt

− dA∗−q(t)
dt

A∗q(t)ϕ(t)
)}

dt

=

b∫

a

〈f̃(t), ϕ(t)〉α,t dt + (ũa, ϕ(a))

holds for all functions ϕ ∈ Φ̃α0 ≡ {ϕ̃ ∈ L2(J,H) : ϕ̃(t) ∈ D(A∗α0(t)) for almost all t ∈ J ; the weak
derivative dϕ̃/dt and A∗α0(t)ϕ̃ belong to L2(J,H); ϕ̃(b) = 0}.

First, just as in the proof of Theorem 1, we use Theorem 2 to show that, for any f̃ ∈ H∗α−(J,H)
and ũa ∈ H, there exists a weak solution w ∈ H1−α(J,H) of the Cauchy problem (33), (34).
The only difference is that, unlike the proof of Theorem 1, the form E(w,ϕ) with an integral over
J instead of ]0, T [ contains the additional term

b∫

a

e2ct

(
w(t),

dA∗−q(t)
dt

A∗q(t)ϕ∗(t)
)

dt;

in the form ReE(ϕ,ϕ), by virtue of inequality (31) and the δ-inequality −2ab ≥ −δ−1a2 − δb2 for
sufficiently small δ > 0, this term, together with the remaining terms in the form ReE(ϕ,ϕ), can
be estimated from below by c11|||ϕ|||2, c11 > 0, for sufficiently large c > 0 and for all ϕ ∈ Φ̃α0 .
Therefore, there exist weak solutions w ∈ H1−α(J,H) of the Cauchy problem (33), (34).

If we set f̃ = Aq(t)f , ũa = Aq(a)ua, and ϕ = A∗−q(t)ψ in the integral identity in Definition 3 for
all ψ in the set Φ̃(]a, b[) obtained from the set Φ̃ in Definition 2 by the replacement of the interval
]0, T [ with the interval ]a, b[, then we obtain the identity

b∫

a

{
(A1−α−q(t)w(t), A∗α(t)ψ(t)) −

(
A−q(t)w(t),

dψ(t)
dt

)}
dt =

b∫

a

〈f(t), ψ(t)〉α,t dt + (ua, ψ(a)),

since 〈f, ψ〉α,t = (f, ψ) for f ∈ H and ψ ∈ D(A∗α(t)). This identity, together with Theorem 3 on
the uniqueness of weak solutions of the Cauchy problem (1), (2) and the identity in Definition 2,
implies that

u(t) = A−q(t)w(t), t ∈ J. (35)

Relation (35) means that u(t) ∈ D(A1−α+q(t)) for almost all t ∈ J and u ∈ H1−α+q(J,H), since
w ∈ H1−α(J,H). But if q ≥ α, then, to prove the inclusion (32), we transpose the operators A∗α(t)
in the integral identity in Definition 2 from the left-hand side to the right-hand side in the first
inner product, use elementary estimates, and obtain the inequality

∣∣∣∣∣
b∫

a

(
u(t),

dϕ(t)
dt

)
dt

∣∣∣∣∣ ≤ c12

( b∫

a

|ϕ(t)|2 dt

)1/2

, c12 > 0, ∀ϕ(t) ∈ C∞
0 (J,H),

where C∞
0 (J,H) is the set of all infinitely differentiable functions of the variable t ∈ J that

take values in H and are compactly supported in J . This inequality implies that a weak solu-
tion u has a regular generalized derivative du/dt ∈ L2(J,H) [10, p. 19 of the Russian transla-
tion]; consequently, u satisfies Eq. (1) for almost all t ∈ J . Then, by using Eq. (1), we obtain
A−α+q(t)(du/dt) = A−α+q(t)f − A1−α+q(t)u ∈ L2(J,H), since f ∈ Hq(J,H). The proof of Theo-
rem 4 is complete.
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Remark 3. If the operators A(t) are positive self-adjoint operators, α = q = 1/2, and
dA−1/2(t)/dt ∈ L∞(J,L(H)) under the assumptions of Theorem 4, then inequality (31) holds, and
the weak solution u ∈ H+

1−α of the Cauchy problem (1), (2) has the local smoothness dk u/dtk ∈
H1−k(J,H), k = 0, 1. The smoothness increasing theorem for weak solutions of the Cauchy prob-
lem (1), (2) is lacking in [1].

5. APPLICATION

As an example of a boundary value problem whose well-posedness can be proved on the basis of
the abstract results obtained above, we consider the following mixed problem for the multidimen-
sional linearized KdV equation.

Statement of the Mixed Problem

In the domain G = ]0, T [×Ω, where Ω =
∏n

k=1 ]βk, γk[ is a bounded parallelepiped in R
n, n ≥ 2,

of the variables x = {x1, . . . , xn} ∈ Ω with boundary S = ∂Ω, consider the differential equation

∂u(t, x)
∂t

−
n∑

k=1

ak(t)
∂3u(t, x)

∂x3
k

= f(t, x), (t, x) ∈ G, (36)

where the coefficients satisfy the conditions ak(t) ∈ C[0, T ] and ak(t) ≥ a0 > 0 and have bounded
first derivative ∂ak(t)/∂t, k = 1, . . . , n, for almost all t, with the boundary conditions

u|St
= 0;

∂u

∂xk

∣∣∣∣
S−

k

= 0, k = 1, . . . , n;
n∑

k=1

ak(t)
∂2u

∂x2
k

cos(
ν(x′), 
ek)|S\St
= 0, (37)

where {St} is a set of parts of the boundary S with positive surface measure and S−
k is the set of

all points x′ ∈ S with negative cosines of the angles between the unit outward normal vectors 
ν (x′)
to S at the point x′ ∈ S and the unit vector 
ek of the axis Oxk, and with the initial condition

u(0, x) = u0(x), x ∈ Ω. (38)

A straightforward application of the abstract Theorems 1 and 3 to this mixed problem is rather
difficult owing to the involved nature of the fractional powers and their variable domains, especially
for nonself-adjoint differential operators. Therefore, we suggest to derive the well-posed solvabil-
ity of some mixed problems [for example, (36)–(38)] by replacing the abstract integro-differential
operators specifying the fractional powers (for example, with exponent α = 2/3) of the original
differential operators A(t) by some close dominating differential operators and by reproving the
existence and uniqueness theorems on the basis of the above-given proofs of the corresponding
abstract theorems (for example, Theorems 1 and 3). This technique permits one to avoid the
rather difficult assumptions in conditions III and IV that some fractional powers of the corre-
sponding linear unbounded operators with t-dependent domains are obtained by the restriction of
some fractional-degree unbounded operators with t-independent domains. Thus, we illustrate the
suggested approach by the above-posed mixed problem.

Existence of Solutions

To eliminate fractional powers of operators, we first need to modify Definition 2 of weak solutions
for α = 2/3. Let the Hilbert spaces H̃+

1/3,t(Ω) (for almost all t) be the closure of the set of all
functions in the Sobolev space W 3

2 (Ω) satisfying the boundary conditions (37) in the Hermitian
norms

[|u|]1/3,t =

(∫

Ω

n∑
k=1

ak(t)|∂u(t, x)/∂xk |2 dx

)1/2

,

equivalent to the norm ‖ · ‖1 of the Sobolev space W 1
2 (Ω) (see an estimate with a constant c14

below). We denote the norms of the Sobolev spaces W p
2 (Ω) by ‖ ·‖p, p ∈ Z. Note that the functions
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u ∈ H̃+
1/3,t(Ω) satisfy the boundary condition u|St

= 0 in the classical sense for almost all t. Let the
Hilbert spaces H̃∗−

1/3,t(Ω) with the norms

]|v|[1/3,−t =

(∫

Ω

]v[1/3,−t dx

)1/2

(for almost all t) be the antidual spaces of the Hilbert spaces H̃∗+
1/3,t(Ω) obtained by the closure of

the set of all functions v ∈ W 3
2 (Ω) satisfying the adjoint boundary conditions

v|St
= 0;

∂v

∂xk

∣∣∣∣
S+

k

= 0, k = 1, . . . , n;
n∑

k=1

ak(t)
∂2v

∂x2
k

cos(
ν(x′), 
ek)|S\St
= 0 (39)

in the norms [| · |]1/3,t, where S+
k is the set of all points x′ ∈ S with cos(
ν(x′), 
ek) > 0.

We assume that the families of Hilbert spaces H̃+
1/3,t(Ω) and H̃∗−

1/3,t(Ω) are measurable and square
integrable with respect to t ∈ ]0, T [. We denote the spaces by the symbols

H̃+
1/3(G) = L2(]0, T [, H̃+

1/3,t(Ω)), H̃∗−
1/3(G) = L2(]0, T [, H̃∗−

1/3,t(Ω)).

Definition 4. A function u ∈ H̃+
1/3(G) is called a weak solution of the mixed problem (36)–(38)

for f ∈ H̃∗−
1/3(G) and u0 ∈ L2(Ω) if

−
T∫

0

∫

Ω

{
n∑

k=1

ak(t)
∂u

∂xk

∂2ϕ

∂x2
k

+ u
∂ϕ

∂t

}
dx dt =

T∫

0

〈f, ϕ 〉1/3,t dt +
∫

Ω

u0(x)ϕ (0, x) dx (40)

for any function ϕ ∈ Φ(G) ≡ {ϕ ∈ W 0,3
2 (G) : ϕ(t) ∈ (39) for almost all t ∈ ]0, T [; ∂ϕ/∂t ∈ L2(G),

ϕ(T, x) = 0, x ∈ Ω}, where 〈· , ·〉1/3,t are the sesquilinear forms of antiduality of the Hilbert spaces
H̃∗+

1/3,t(Ω) and H̃∗−
1/3,t(Ω) and the bar stands for complex conjugation.

One can readily see that Definition 3 of weak solutions is an extension of the notion of classical
solutions of problem (36)–(38).

Lemma 4. If the embedding

St ⊃
n⋃

k=1

S−
k (41)

holds in the parallelepiped Ω for almost all t, then, for each function v ∈ W 1,2
2 (G), the condition

(∂v/∂xk)|S+
k

= 0, k = 1, . . . , n, provides the validity of the condition

n∑
k=1

ak(t)(∂v/∂xk) cos(
ν (x′), 
ek)|S\St
= 0

for almost all t.

Proof. The boundary of any parallelepiped satisfies S = (
⋃n

k=1 S−
k ) ∪ (

⋃n

k=1 S+
k ), and hence

(S\
⋃n

k=1 S−
k ) ⊂

⋃n

k=1 S+
k . This inclusion, together with (41), implies that

(S\St) ⊂
n⋃

k=1

S+
k (42)
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for almost all t. For each k = 1, . . . , n, we have

ak(t)(∂v(t, x′)/∂xk) cos(
ν (x′), 
ek) = 0

for any x′ ∈ S+
m and m = 1, . . . , n, m �= k, since cos(
ν (x′), 
ek) = 0 for all x′ ∈ S+

m and m = 1, . . . , n,
m �= k. Therefore,

n∑
k=1

ak(t)
∂v(t, x′)

∂xk

cos(
ν (x′), 
ek) = am(t)
∂v(t, x′)

∂xm

cos(
ν (x′), 
em)

= am(t)
∂v(t, x′)

∂xm

= 0, m = 1, . . . , n,

for all x′ ∈ S+
m, since (∂v/∂xm)|S+

m
= 0, m = 1, . . . , n. In particular, this, together with the

inclusion (42), implies that

n∑
k=1

ak(t)(∂v(t, x′)/∂xk) cos(
ν (x′), 
ek)|S\St
= 0

for almost all t and for any x′ ∈ S\St. The proof of Lemma 4 is complete.

Theorem 5. If ak(t) ∈ C[0, T ], ak(t) ≥ a0 > 0, ∂ak(t)/∂t ∈ L∞(0, T ), k = 1, . . . , n, and the set
{St} satisfies the inclusion (41) for almost all t ∈ ]0, T [, then for any f ∈ H̃∗−

1/3(G) and u0 ∈ L2(Ω),
there exists a weak solution u ∈ H̃+

1/3(G) of the mixed problem (36)–(38).

Proof. In the projection Theorem 2, we use the Hilbert space F = H̃+
1/3(G) with the Hermitian

norm

‖w‖F =

( T∫

0

∫

Ω

n∑
k=1

ak(t)|∂w/∂xk |2 dx dt

)1/2

and the pre-Hilbert space Φ that is the set Φ(Ω) in Definition 3 with the Hermitian norm

|||ϕ||| =

( T∫

0

∫

Ω

n∑
k=1

ak(t)|∂ϕ/∂xk |2 dx dt +
∫

Ω

|ϕ(0, x)|2 dx

)1/2

.

On these spaces, we consider the sesquilinear form and the antilinear functional

E(w,ϕ) = −
T∫

0

∫

Ω

ec〈x〉

{
n∑

k=1

ak(t)
∂w

∂xk

∂2ϕ

∂x2
k

+ c

n∑
k=1

ak(t)w
∂2ϕ

∂x2
k

+ w
∂ϕ

∂t

}
dx dt, c > 0,

L(ϕ) =

T∫

0

〈f(t, x), ϕ (t, x)〉1/3,t dt +
∫

Ω

u0(x)ϕ (0, x) dx, 〈x〉 = x1 + · · · + xn.

The continuous embedding of the spaces Φ in F with constant c5 = 1 is obvious. Obviously,
the form E(w,ϕ) is continuous with respect to w on F for any function ϕ ∈ Φ. For arbitrary
ϕ ∈ Φ(G), the form ReE(ϕ,ϕ) with sufficiently small c = c13 ∈ ]0, 1] can be estimated below
by (c13/2) exp{c13 minx∈Ω〈x〉}|||ϕ|||2; i.e., the inequality |E(ϕ,ϕ)| ≥ c6|||ϕ|||2, ϕ ∈ Φ(G), holds for
c6 = (c13/2) exp{c13 minx∈Ω〈x〉}. This fact can readily be proved by single integration by parts
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with respect to xk and t in the three double inequalities

− Re

T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)
∂ϕ

∂xk

∂2ϕ

∂x2
k

dx dt ≥ c

2

T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)
∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt

≥ c6

T∫

0

∫

Ω

n∑
k=1

ak(t)
∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt,

− Re

T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)ϕ
∂2ϕ

∂x2
k

dx dt

=

T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)
∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt + cRe

T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)ϕ
∂ϕ

∂xk

dx dt

≥
( T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)
∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt

)1/2

×
[( T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)
∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt

)1/2

− c

( T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)|ϕ|2 dx dt

)1/2 ]
,

− Re

T∫

0

∫

Ω

ec〈x〉ϕ
∂ϕ

∂t
dx dt =

1
2

∫

Ω

ec〈x〉|ϕ(0, x)|2 dx ≥ c6

∫

Ω

|ϕ(0, x)|2 dx ∀c ≤ 1

with the use of the second boundary condition in (39) in the first inequality, Lemma 4 and the
Cauchy–Schwarz inequality in the second one, and the condition ϕ(T, x) = 0, x ∈ Ω, in the third
inequality. Here, by virtue of the well-known estimate

∫

Ω

|ϕ|2 dx ≤ c14

∫

Ω

n∑
k=1

|∂ϕ/∂xk |2 dx, c14 > 0,

which is valid for almost all t in view of the first boundary condition in (39) and the assumption
that µ(St) �= 0 for almost all t, the right-hand side of the second inequality can be estimated from
below by the quantity

( T∫

0

∫

Ω

ec〈x〉
n∑

k=1

ak(t)
∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt

)1/2

×
[
√

a0 exp
{

c

2
min
x∈Ω

〈x〉
}
− c

(
max

t∈[0,T ]

n∑
k=1

ak(t)

)1/2

exp
{

c

2
max
x∈Ω

〈x〉
}√

c11

]

×
( T∫

0

∫

Ω

n∑
k=1

∣∣∣∣ ∂ϕ

∂xk

∣∣∣∣
2

dx dt

)1/2

,

which is nonnegative for sufficiently small c = c13 > 0 and hence can be omitted in the estimate
from below. Obviously, the functional L(ϕ) is continuous with respect to ϕ on Φ(G).

Therefore, by Theorem 2, there exists a solution w ∈ H̃+
1/3(G) of the equation

E(w,ϕ) = L(ϕ) ∀ϕ ∈ Φ(G),
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and consequently, there exists a weak solution u = exp{c13〈x〉}w ∈ H̃+
1/3(G) of the mixed prob-

lem (36)–(38), since the left-hand side of identity (40) can be reduced by the change of variables
u = exp{c13〈x〉}w to the form E(w,ϕ) with c = c13 used in the proof. The proof of Theorem 5 is
complete.

Uniqueness of Solutions

In addition, we require that the family {St} be nondecreasing almost everywhere with respect
to t; i.e., the inclusion St1 ⊂ St2 , 0 < t1 < t2 < T , be valid for almost all t1 and t2. Then the
family of Hilbert spaces {H̃+

1/3,t(Ω)} is nonincreasing almost everywhere with respect to t; i.e.,
the inclusion H̃+

1/3,t1
(Ω) ⊃ H̃+

1/3,t2
(Ω), 0 < t1 < t2 < T , holds for almost all t1 and t2.

Theorem 6. Let the assumptions of Theorem 5 hold , and let the family {St} be nondecreasing
and piecewise constant almost everywhere with respect to t ∈ ]0, T [. Then, for any f ∈ H̃∗−

1/3(G)
and u0 ∈ L2(Ω), the weak solution u ∈ H̃+

1/3(G) of the mixed problem (36)–(38) is unique.

Proof. Let H̃+
1/3(G) � u be a weak solution of the mixed problem (36)–(38) for f = 0 and

u0 = 0; i.e., from identity (40), we have

T∫

0

∫

Ω

{
n∑

k=1

ak(t)
∂u

∂xk

∂2ϕ

∂x2
k

+ u
∂ϕ

∂t

}
dx dt = 0 ∀ϕ ∈ Φ(G). (43)

If {St} = S0 for almost all t ∈ [0, t1[, 0 < t1 < T , then one can set

ϕ(t, x) = −
t1∫

t

e−2csA∗−1(s)u(s, x) ds, 0 ≤ t < t1, x ∈ Ω,

and ϕ(t, x) = 0, t1 ≤ t ≤ T , x ∈ Ω, or, which is the same, u = exp{2ct}A∗(t)(∂ϕ/∂t), t ∈ [0, t1[, and
ϕ(t, x) = 0, t ∈ [t1, T ], x ∈ Ω, where A∗−1(t) are the bounded inverses in L2(Ω) of the operators
A∗(t) generated in L2(Ω) by the differential expressions Ã∗(t)v =

∑n

k=1 ak(t)(∂3v/∂x3
k) on all

functions of the set D(A∗(t)) = {v ∈ L2(Ω) : v ∈ (39) for almost all t ∈ ]0, T [, Ã∗(t)v ∈ L2(Ω)}.
Since {St} is a constant set for almost all t ∈ [0, t1[, it follows that this function ϕ satisfies the
boundary condition (39) for almost all t ∈ [0, t1[ by virtue of the relation

A∗(t)

t1∫

t

e−2csA∗−1(s)u(s, x) ds =

t1∫

t

e−2csA∗(t)A∗−1(s)u(s, x) ds

valid for almost all t < t1, the closedness of the operators A∗(t), and the boundedness of the
operators

A∗(t)A∗−1(s) ∈ L∞( ]0, t1[ × ]0, t1[,L(L2(Ω)))
[2, p. 176, Lemma 7.1]. For this function ϕ, from identity (43), we have

t1∫

0

∫

Ω

{
n∑

k=1

ak(t)
∂u

∂xk

∂2ϕ

∂x2
k

+ u
∂ϕ

∂t

}
dx dt = 0,

which, after one integration by parts with respect to xk, acquires the form

t1∫

0

∫

Ω

e2ct

{
−A∗(t)

∂ϕ

∂t
A∗(t)ϕ + A∗(t)

∂ϕ

∂t

∂ϕ

∂t

}
dx dt = 0. (44)
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Since the operators A∗(t) are the restrictions of the operators Ã∗(t) to D(A∗(t)), we have

− Re

t1∫

0

∫

Ω

e2ctA∗(t)
∂ϕ

∂t
A∗(t)ϕ dx dt

=
1
2

∫

Ω

|A∗(0)ϕ(0, x)|2 dx + c

t1∫

0

∫

Ω

e2ct|A∗(t)ϕ|2 dx dt + Re

t1∫

0

∫

Ω

e2ct ∂Ã∗(t)
∂t

ϕA∗(t)ϕ dx dt

≥ (c − c15)

t1∫

0

∫

Ω

e2ct|A∗(t)ϕ|2 dx dt,

because there exists a constant c15 > 0 such that
∫
Ω
|(∂Ã∗(t)/∂t)A∗−1(t)g|2 dx ≤ c2

15

∫
Ω
|g|2 dx for

all g ∈ L2(Ω) and for almost all t ∈ ]0, t1[ by [2, p. 176, Lemma 7.1]. Therefore, by estimating the
real part of the left-hand side of relation (44) from below, we obtain the inequality

(c − c15)

t1∫

0

∫

Ω

e2ct|A∗(t)ϕ|2 dx dt ≤ 0,

which, for c > c15, implies that ϕ = 0 and hence u = 0 for almost all t ∈ ]0, t1[.
Then, from identity (43), we obtain the identity

T∫

t1

∫

Ω

{
n∑

k=1

ak(t)
∂u

∂xk

∂2ϕ

∂x2
k

+ u
∂ϕ

∂t

}
dx dt = 0 ∀ϕ ∈ Φ(G). (45)

If {St} = St1 for almost all t ∈ [t1, t2[, t1 < t2 < T , then one can set

ϕ(t, x) =

⎧⎪⎪⎨
⎪⎪⎩

0 for t ∈ [t2, T ], x ∈ Ω

−
t2∫
t

e−2csA∗−1(s)u(s, x) ds for t ∈ [t1, t2[, x ∈ Ω

ψ(t, x) for t ∈ [0, t1[, x ∈ Ω,

(46)

where ψ(t, x) is a weak solution of the mixed problem in reverse time,

∂ψ(t, x)
∂t

−
n∑

k=1

ak(0)
∂3ψ(t, x)

∂x3
k

= 0, (t, x) ∈ ]0, t1[ × Ω,

ϕ ∈ (39) for almost all t ∈ ]0, t1[;

ψ(t1, x) = −
t2∫

t1

e−2csA∗−1(s)u(s, x) ds, x ∈ Ω,

which can be reduced by the change of variables t′ = t1 − t to the corresponding mixed problem
with direct time. By using Theorem 4 on the smoothness in the Hilbert spaces H = L2(Ω) and
Hs(J,H) = L2(]0, t1[,W s(Ω)), where W s(Ω) is the domain D(A∗s(0)) of the operator A∗s(0) with
the norm |v|s = ‖A∗s(0)v‖0, for J = ]0, t1[ and q = α = 2/3, we find that its weak solution ψ
has the smoothness ψ ∈ W 0,3

2 (]0, t1[ × Ω), ψ satisfies the boundary conditions (39) for almost all
t ∈ ]0, t1[, and ∂ψ/∂t ∈ L2(]0, t1[×Ω), since dA−2/3(t)/dt = 0 on the interval ]0, t1[, the initial data
satisfies the inclusion ψ(t1, x) ∈ W 2/3(Ω), and H+

1/3,0(Ω) ⊂ W 1/3(Ω).
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Let us show that the function ψ(t1, x) indeed belongs to the set D(A∗2/3(0)). The obvious
inequalities ‖A∗(0)v‖0 ≤ c16‖v‖3, c16 > 0, and ‖A∗−1(0)A∗(0)v‖0 = ‖v‖0 for arbitrary v ∈ D(A∗(0))
permit one to claim that the linear continuous operator π = A∗(0) satisfies the relation

π = A∗(0) ∈ L(W 3
2 (Ω), L2(Ω)) ∩ L(L2(Ω),W−1(Ω)),

and therefore, by Theorem 5.1 on interpolation, the operator π belongs to L([W 3
2 (Ω), L2(Ω)]θ,

[L2(Ω),W−1(Ω)]θ), 0 < θ < 1 [10, p. 41 of the Russian translation]. If θ = 1/3, then for the
intermediate spaces, we have [W 3

2 (Ω), L2(Ω)]1/3 = W 2
2 (Ω) by Theorem 9.1 in [10, p. 56 of the Russian

translation] and
[L2(Ω),W−1(Ω)]1/3 = [W 0(Ω),W−1(Ω)]1/3 = W−1/3(Ω)

by Definition 2.1 in [10, p. 23 of the Russian translation]. Therefore, the linear continuous operator
π belongs to L(W 2

2 (Ω),W−1/3(Ω)); i.e.,

‖A∗2/3(0)v‖0 = ‖A∗−1/3(0)A∗(0)v‖0 ≤ c17‖v‖2, c17 > 0, ∀v ∈ D(A∗2/3(0)). (47)

In addition, first, by the definition of powers of operators, for any v ∈ D(A∗2/3(0)), there exists
a sequence vn ∈ D(A∗(0)) such that vn → v and A∗2/3(0)vn → A∗2/3(0)v in L2(Ω) as n → ∞
[2, p. 140]. Second, it is known that the closure of the domain D(A∗(0)) in the norm ‖ · ‖2 is equal
to the set

D(t) =
{
v ∈ W 2

2 (Ω) : v|St
= 0; (∂v/∂xk)|S+

k
= 0, k = 1, . . . , n

}

for t = 0. Since ψ(t1, x) ∈ D(t1) by construction and D(0) ⊃ D(t1) because the set {St} is
nondecreasing with respect to t, it follows from (47) that ψ(t1, x) ∈ D(A∗2/3(0)).

If 1 − α = 1/3, then, in a similar way, one can prove the embedding H+
1/3,0(Ω) ⊂ D(A∗1/3(0))

for almost all t ∈ ]0, t1[ and for all functions in the space L2(]0, t1[,H+
1/3,0(Ω)) of weak solutions.

Therefore, the function ϕ of the form (46) indeed belongs to the set Φ(G), and for it identity (45)
becomes the relation

t2∫

t1

∫

Ω

e2ct

{
−A∗(t)

∂ϕ

∂t
A∗(t)ϕ + A∗(t)

∂ϕ

∂t

∂ϕ

∂t

}
dx dt = 0,

which, just as in the case of relation (44), implies that u = 0 for almost all t ∈ ]t1, t2[, and so
on. As a result, in finitely many steps, we find that u = 0 for almost all t ∈ ]0, T [. The case of
countably many intervals of constant value of the family {St} with respect to t can be reduced to
their finite number; it is only necessary to additionally use the definition of a set of zero measure
in [0, T ]. The proof of Theorem 6 is complete.

Figure.
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Remark 4. In the rectangle ]0, γ1[ × ]0, γ2[ ⊂ R
2, the set Sτ nondecreasing with respect to τ

and satisfying the inclusion (41) (respectively, the assumptions of Theorem 6) for each τ ∈ [0, T ]
(respectively, for almost all τ ∈ [0, T ]) is bounded in the figure by the solid (respectively, dashed)
line. The sets {Sτ} and {S\Sτ} are the projections onto the plane t = 0 of the intersections of
the nonshaded and shaded parts of the lateral area of the direct prism and the secant plane t = τ ,
τ ∈ [0, T ], respectively. By analogy with Remark 2, one can claim that, under the assumptions of
Theorem 6, all weak solutions u ∈ H̃+

1/3(G) of the mixed problem (36)–(38) satisfy the estimate

T∫

0

∫

Ω

n∑
k=1

ak(t)
∣∣∣∣∂u(t, x)

∂xk

∣∣∣∣
2

dx dt

≤ 4c−2
13

exp{2c13 minx∈Ω〈x〉}

( T∫

0

∫

Ω

]|f(t, x)|[21/3,−t dx dt +
∫

Ω

|u0(x)|2 dx

)
.
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